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TRANSLATOR’S FOREWORD 


For many years I have been looking for a language which would permit 
logical design and simulation problems to be compactly, simply, and rapidly 
programmed, and which at the same time would be associated with a 
system which would yield highly efficient object programs, to answer a 
need arising out of my own work in optical reading machine research and 
development at BULL-General Electric. Stopgap systems were developed 
by programmers working for me, but neither they nor people in program- 
ming research and development in the company ever had the leisure or 
the facilities to undertake a more ambitious solution to the problem. Nor 
did anything I ever came across in the literature suggest that the problem 
had been solved definitively elsewhere, although many were seeking a 
solution, and many suggestive candidate systems had been put forward. 
Perhaps the nearest hit has been Iverson’s language, but this also presents 
a certain number of disabling disadvantages for what I had in mind. 

Through my work for the English translation of the Soviet Cybernetics 
Abstracts Journal I came to be aware of the existence of LYaPAS and the 
potential interest that it would present. Through the kind assistance of 
Mr. P. P. Parkhomenko, who visited BULL-General Electric, I eventually 
obtained a copy of the book and immediately realized that this was almost 
the ideal answer to my needs. Considering that these needs were representa- 
tive of problems in advanced development and design automation in the 
construction of logical machines, I proposed a translation of the book to 
Professor Ashenhurst for the ACM monograph series, with the result that 
you are today reading these lines. 

A. D. Zakrevskii remarks that the language is largely inspired by Iverson 
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(p. 8). One great practical inconvenience of Iverson's notation has been 
removed, namely, the two-dimensional arrangement of symbols, which 
are replaced in LYaPAS by a linear arrangement, better suited for practical 
utilization with present-day keyboards. Likewise, having set themselves 
the much more limited goal of a "Language for the Representation of 
Synthesis Algorithms" rather than a universal language, LYaPAS is not 
diluted with à number of operators considered to be extraneous to the 
problem. 

The starting point for the design of LYaPAS was set theory; its highly 
dense and compact symbolism surely presents no difficulties to the mathe- 
matician or other scientist versed in that or related branches of mathe- 
matics. It was also designed for machines with relatively small memories— 
the typical Soviet machine of the late 1960's has 4096 words, although more 
generously endowed with bits (at least 32) than the typical Western 
machines. It is also heavily influenced by the fact that Soviet computers 
are almost exclusively endowed with purely numeric inputs and outputs 
(and octal at that). 

Under these conditions there was very little incentive or encouragement 
to design the language around the type of mnemonic syllables that we 
find in the most widely used Western languages, FORTRAN, ALGOL, 
and COBOL (the last two of which are used in the Soviet Union). In 
LYaPAS one symbol is given by three octal digits and represents one funda- 
mental LYaPAS entity, either an operator, an operand, or a modifier 
thereof, or a delimiter. The result is, of course, an enormous density of 
expression. Note the Cherry-Vaswani algorithm (p. 199) for reduced 
search in the Boolean problems, which requires only 84 symbols in its 
LYaPAS representation, with one additional subroutine of 56 symbols, or 
a total of 137 symbols! In fact LYaPAS has permitted its users to compile 
and run problems which would tax known systems currently used in the 
West on modern machines (except, of course, for supermachines like the 
GE 600 series or the CDC 6000 series). It is even used with the URAL-1 
(1024 word drum memory) for LYaPAS debugging runs, if not for useful 
work. 

In view of these remarkable characteristics, the language immediately 
suggests itself as a candidate for international standardization, in associa- 
tion with the three general purpose languages mentioned above. It seems 
to me, however, that to become really convenient for the average engineer 
in the fields for which it is intended, its external aspect would have to be 
modified somewhat, by permitting the majority of symbols to have an 
alternative mnemotechnic syllabic symbol, as in the three existing inter- 
national languages. I hope that the appropriate bodies in ACM, AFIPS, 
and IFIP, with the collaboration of the founders of the language, will be 
able to achieve this goal. 
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This project would be all the more attractive in that the present volume 
offers a large selection of synthesis and related algorithms in their “‘publica- 
tion" language, LYaPAS. 

* * x 

In the translation I was faced with several difficult decisions, not or- 
dinarily required of the translator, even of scientific and mathematical 
literature. One of these decisions had to do with the replacement of Cyrillic 
letter symbols by Latin, Greek, or others, commonly used in the Western 
literature. Precisely because I conceive of LYaPAS as a “publication” 
language, I have adopted the principle of retaining the Cyrillic letters that 
are LYaPAS symbols, whereas the Cyrillic letters in metalanguage (used 
to talk about LYaPAS) were transliterated. In this connection, the itali- 
cized acronyms representing the name of a subroutine appearing in a 
LYaPAS program were translated, since they are not, as the reader will 
easily determine, LYaPAS symbols. For the convenience of the reader, an 
index of these names is given, together with their Cyrillic equivalents and 
LYaPAS call numbers. 

Although, with the help of Dr. Zakrevskii, practically all of the typo- 
graphical errors remaining in the original Russian edition have been 
eliminated, it is inevitable that in a work of this typographical complexity 
new errors will have crept in. For this, I am alone responsible and I ask 
the reader’s pardon in advance. 

This book has the interesting feature of presenting all programs in 
LYaPAS, even those parts of the system, such as the translator, which 
are necessarily written in machine (or assembly) language in a concrete 
realization. The original did present, in addition, some twenty-odd pages 
of URAL-1 machine code for the translator (TRALU) and the debugger 
(OPLU); these have been omitted. They are available to the interested 
reader in the original, and as they are purely numeric in presentation, do 
not require the intervention of the (natural language) translator. 

I would like to take this occasion to express my thanks to Mr. Park- 
homenko and Dr. Zakrevskii for their assistance in the form of original 
documents and texts concerning LYaPAS, and in particular, Dr. Zakrev- 
skii and the members of his team for reading and painstakingly correcting 
the translation manuscript; to Professor Ashenhurst, for including this 
volume in the ACM monograph series; and to BULL-General Electric 
for certain facilities for producing the manuscript, particularly the time- 
sharing program for sorting the various index entries. (This program was 
prepared by my close collaborator and good friend M. André Oisel and 
manipulated by Mme. A. Fruchart. ) 


Morton NADLER 
Paris 


August 1969 
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One of the basic divisions of modern automatic control theory is the 
theory of switching circuits and finite automata. Its origin and develop- 
ment are connected with the study of the properties of and methods of 
constructing discrete computer, control, and monitoring devices, which 
are finding wide application both in the automatic control of production 
and other processes and in the automation of mental work (automatic 
computing and theorem proving, optimization of schedules, recognition 
of situations, ete.). 

The present state of the theory of switching circuits and finite automata 
can be characterized, on the one hand by the intrinsic complexity of the 
problems considered, and on the other by the ever increasing connection of 
these problems with problems arising in other fields of contemporary 
cybernetics (coding theory, reliability theory, theory of experiments, pro- 
gramming theory, etc.). 

The fundamental problem of switching circuit theory is the synthesis 
problem, which can be broken down in each concrete case into some set of 
other, more restricted problems. As a rule, these problems are characterized 
by the need to inspect many variants, which cannot be avoided in the 
general case but can only be mitigated to some degree by the application 
of improved algorithms. Therefore for nontrivial initial data the cost of 
solution of the synthesis problem is measured by an enormous volume of 
simple computational operations whose manual realization is impossible. 
This volume can be reduced only by abandoning the search for optimal 
solutions, i.e., by the use of approximate algorithms. However even in this 
case the complexity of the problems which can be solved will be substan- 
tially limited. 
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The “ceiling” on synthesis algorithms can be raised by automating their 
realization. 

There exists another reason for the development of automatie synthesis 
methods which is no less important. At the present time there exists a 
large gap between theory, which is the framework in which synthesis 
algorithms are developed, and the engineering practice of construction of 
real automata, in which the known methods of synthesis are by far not 
fully utilized. It can be assumed that with further development of theory 
synthesis algorithms will become more and more perfected and compli- 
cated, i.e., less accessible to “manual” application. This growing contra- 
diction can only be resolved by the automation of synthesis. 

Problems in the field of synthesis can be solved on general-purpose 
computers. However the direct programming of problems in machine 
language requires large expenditures of time for the writing and checking 
of programs. In the last analysis the programs obtained are suitable only 
for the machines for which they have been written and are practically in- 
accessible to human examination. 

Programming productivity in the field of synthesis problems ean be 
sharply increased by the development of a special language oriented toward 
the representation of synthesis algorithms and by the development of the 
corresponding programming system for passage from this language to 
machine language. 

Recently a tendency has been noted to develop, in addition to universal 
languages of the ALGOL-60 type, languages which are oriented toward 
the solution of given classes of problems, for example technieal, economie, 
linguistic, etc. Such specialized languages are more efficient and convenient 
of application. Problems of a logical character, which include synthesis 
problems, form a broad and interesting class with its own specific nature. 
This class also requires its own language. 

A number of projects have been carried out in this direction at the 
Siberian Physicotechnical Institute [SPTI] (Tomsk), where the LYaPAS 
language (the Russian acronym for the expression ‘logical language for 
the representation of synthesis algorithms’’) has been proposed. An auto- 
matic programming system has been constructed on this basis, and the 
possibilities of applying the language to the solution of various types of 
problems, particularly synthesis problems, have been explored. LYaPAS 
has been used at the SPTI and the Institute of Automation and Remote 
Control of the Academy of Sciences of the USSR to solve concrete synthesis 
problems, to obtain irredundant and minimal disjunctive normal forms of 
Boolean expressions, functional decompositions of Boolean functions, the 
synthesis of threshold and, in particular, majority logic circuits, minimiza- 
tion of the number of states of an automaton, the solution of certain prob- 
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lems in coding theory, and others. The results obtained testify to the high 
efficiency of the language. 

In the development of LYaPAS the goal has been the maximum exploita- 
tion of the possibilities offered by present-day computers. In particular 
the following problems were solved: (1) investigation of the specific charac- 
ter of the computation processes involved in the solution of synthesis 
problems; (2) segmentation of synthesis algorithms and their formulation 
in the form of abstract operators; (3) raising the efficiency of the program- 
ming system by completing it with subroutines for introducing new opera- 
tors into the language; optimization of these programs according to certain 
criteria (mainly the speed); (4) the development of programming methods 
based on the given language. 

The development of a language oriented toward facilitating the program- 
ming of synthesis problems went beyond the framework of switching theory 
proper, and set up the preconditions for the successful solution of many 
other logical problems. Thus LYaPAS has been used for the construction 
of its own automatie programming system (for example, the compiler and 
the block for finding syntax errors were completely written in this lan- 
guage). Algorithms for the solution of systems of logical equations, the 
analysis of the connectedness of graphs, testing of Boolean identities, etc., 
have all been programmed in LYaPAS. 

This book presents the results achieved in this direction; LYaPAS and 
the corresponding programming system are described, as well as algorithms 
for the solution of various problems in synthesis theory and certain logical 
problems outside this framework. The majority of these algorithms have 
an original character, and they are all presented in LYaPAS. 


M. A. GAVRILOV 
A. D. ZAKREVSKII 
1966 
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DESCRIPTION OF LYaPAS 


A. D. Zakrevskii 


1. GENERAL PRINCIPLES OF LYaPAS 


A. PURPOSE OF LYaPAS 


The complexity of modern devices for the automatic processing of dis- 
crete information has become so great in many cases that the practical 
design of such devices on the intuitive level leads to enormous expenditures 
of means, materials, and time in design, and to excessively large and far 
from perfect solutions. It is therefore necessary to replace intuitive design 
methods by a rigorous theory of the synthesis of discrete automata. 

The theory of synthesis of discrete automata is being intensively de- 
veloped at the present time, but there are two serious obstacles to its re- 
sulting in an engineering tool. The first is that the practical methods de- 
veloped within the framework of the theory are too complex for the broad 
circle of engineering designers. The second resides in the laboriousness of 
many of the well-known algorithms for the solution of practical synthesis 
problems; in a number of cases the realization of these algorithms is con- 
nected with the need to execute millions and billions of elementary com- 
putation steps. 

'Therefore the need arises to automate synthesis processes, according to 
the following criteria: 


(a) the practical application of the system of automated synthesis must 
be fairly simple; 
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(b) the range of problems covered by the system must be sufficiently 
broad; 

(c) the use of the system must yield high work productivity ; 

(d) the use of the system must favor further development of the theory 
of synthesis; 

(e) the system must be sufficiently flexible not to become obsolete as 
the theory of synthesis develops, and must have the capacity to be per- 
fected on the basis of this development; and 

(f) the development of the system in a fairly short time and at rela- 
tively low cost must be a realistic goal. 


Considering the present development of information processing tech- 
niques, it can be stated that the best way to satisfy the above requirements 
is to orient the solution toward general-purpose digital computers. 

Of course, it must be taken into account that present [Soviet ] general- 
purpose computers are specialized in the sense that they are intended prin- 
cipally for operations on numbers. The programming of problems of a 
logical character, among which are to be found synthesis problems, presents 
appreciable difficulties and requires special analysis and ingenuity. It can 
be facilitated by the development of a special language for the representa- 
tion of algorithms to be used for the solution of logical problems of the type 
occurring in the synthesis of discrete automata, and by the development 
on the basis of this language of an automatic programming system for the 
problems of interest to us. 

In the present chapter we describe such a language, called LYaPAS (the 
Russian acronym for the expression “logical language for the representation 
of synthesis algorithms”). LYaPAS has been developed in parallel with 
its programming program. In its development the following fairly clear goals 
were followed. In particular (even if precise formulations were lacking) : 


(a) LYaPAS must permit algorithms to be expressed compactly and 
clearly, so that LYaPAS can serve directly as a publication language; 

(b) LYaPAS must utilize to the maximum the facilities of present com- 
puters; at the same time it must be freed from the technical details of 
programming and the characteristics of concrete computers, in order to 
be a common language for a broad class of computers; 

(c) the programming programs corresponding to the language for con- 
crete machines must be fairly compact; they must be able to be com- 
pletely stored in core, enabling rapid interpretation and compilation; and 

(d) the possibility must be offered of realizing all contacts with the 
computer at the level of LYaPAS; in particular, the checking out process 
for programs must be reduced to the process of checking out algorithms 
through the checking out of the LYaPAS programs. 
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B. TYPES OF WORDS 


Expressions in LYaPAS are composed of strings of elements, called words. 

Each word is the symbol for a definite concept; e.g., a variable, a con- 
Stant, a certain operation on a variable (represented by an adjacent word 
in the string), etc. It is precisely the presence of this semantic content in 
the language elements which in the present case justifies the term “word.” 

Depending on their semantics, words are divided into types: the basic 
mass of words are the symbols for operands and operators, while certain 
other words play an auxiliary role, expressing the connections among the 
words in LYaPAS sentences or determining the mode of interpretation of 
the succeeding symbols. 

The basic LYaPAS operands are the variables, whose values are repre- 
sented by 32-bit binary codes and, in the general case, are not interpreted 
as numbers but as subsets of a certain abstract set of 32 elements. Such 
variables are standard, and they are fairly simply manipulated in modern 
computers. 

The possibility is also provided of operating with compound variables, 
whose values are 32+ w-bit binary codes, where w is a certain natural number, 
and the so-called complexes, also playing the role of operands in the lan- 
guage, comprise sets whose elements are analogous to the variables. A 
special system of indexing the elements of complexes permits the manipu- 
lation of both the complexes as a whole or their individual elements. In 
particular, the indexes of elements of complexes can be prescribed by the 
values of special standard variables, called indezes. 

Aside from the variables, LYaPAS operands may be constants, composed 
of 32-bit binary codes. 

A special type of constant can be prescribed directly by LYaPAS words, 
which in this case do not play the role of symbols of some particular 32-bit 
constants, but define at the right constants (of seven bits) in natural form, 
the remaining positions being filled by zeros. 

This manner of prescribing constants is particularly convenient if these 
constants are interpreted as natural numbers and used, in particular, to 
number the sentences in the program. 

We shall consider only such strings of LYaPAS words as constitute algo- 
rithms for the solution of given problems, and we shall call them L-programs, 
or simply programs, for the solution of these problems. 


C. TWO LEVELS OF LYaPAS 


LYaPAS has two levels. The first level is closer to machine language 
proper, is simpler, and is intended for the representation of not too complex 
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algorithms; to it there corresponds a more compact programming program. 
At this level it is possible to manipulate directly such variables as are given 
by 32-bit binary codes, i.e., simple variables, indexes, and individual ele- 
ments of complexes. 

The operations at this level are represented by a special set of standard 
first-level operators, or l-operators, many of which are close to the elementary 
operations of general-purpose machines, i.e., bitwise disjunction, inversion, 
shift, count of the number of 1’s in the code, etc. A particular role is played 
by the operator that assigns to one variable the value of another, the 
operators that increment the values of variables, and others. A small group 
of operators is used to control the order of execution of the program on 
the basis of the current information. Procedures are provided for the input 
of the initial values of the operands, and the output of the results, which 
are carried out by indexing—the values of the variables are accompanied 
by their symbols. Provision is made also for automatic checkout of pro- 
grams (in LYaPAS). This consists in the output of the sequences of values 
generated during the course of evolution of a program for those variables 
and indexes which are tagged by a special code, and in the output of the 
path of realization of the program. A special regulatory mechanism, built 
into the checkout block, ensures the practical uniformity of the control 
information supplied over all loops of the checked-out program, inde- 
pendently of the relative configurations of these loops. 

At the second level of LYaPAS the l-operators are generalized to the 
case of their application to compound variables (in programming practice 
this generalization corresponds to the joining of a number of memory 
registers). A number of the first level operations are also generalized to 
the case of manipulation of complexes. New operations are introduced. 
These are primarily the operations of union, intersection, and subtraction 
of the sets represented by the given complexes; the operations of finding 
the upper and lower bounds of sets, of finding in a given set subsets of the 
elements having a certain preassigned property, of finding a minimal in- 
terval of a set containing a given set, etc. The second level also provides 
for a special mode of execution of the operations occurring in the first level. 
For example, in case of binary operations executed on complexes, they are 
executed on all pairs composed of one element from each complex; the 
resultant complex is formed by canceling similar elements in the set of 
results obtained thereby. A particular place is occupied among the opera- 
tors of the second level by sifting operators, which are optimized with re- 
spect to various concrete situations. 

As additional examples we can mention an operator for testing the con- 
nectedness of a graph, an operator for optimal coverage of a given set, an 
operator for minimization of a Boolean function, and an operator for the 
simplification of a system of logical equations. 
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The second-level operators, called L-operators, are realized by means of 
suitable subroutines, expressed in LYaPAS. These subroutines may con- 
tain the symbols of other L-operators, representing a certain hierarchy of 
operators, expressed in the last analysis in first-level LYaPAS. LYaPAS 
can contain a practically unlimited number of L-operators, which thereby 
enrich the language in the process of its exploitation. 


D. THE AUTOMATIC PROGRAMMING SYSTEM 


The core of the automatic programming system provided for LYaPAS 
is the translator, which translates the expressions of first-level LYaPAS to 
the language of a concrete machine. Since the first level of LYaPAS is 
fairly simple, the translator is completely contained in core, occupying 
about 1000 registers, and translating at the rate of about 100 elementary 
machine operations for one symbol of the translated expression. 

For each type of computer the translator can take on a concrete form; 
however, it can also be described well in a more abstract form, by means 
of LYaPAS itself. 

To some degree the methods of input and output can also be bound to 
concrete machines. 

However, the basic principle adopted for the automatic programming 
system is universality, expressed by the fact that all blocks of the system, 
except the translator (compiler, checkout program, the block for com- 
pounding variables, the block for optimizing memory allocation, ete.), are 
expressed in first-level LYaPAS, and can be translated to machine language 
at any moment by passing them through the translator. The use of this 
principle has substantially reduced the work of developing the programming 
programs, and these programs themselves are written in easily read form. 
In fact, every programming program is a program for the solution of a 
typical nontrivial logical problem and is an excellent touchstone for a pro- 
gramming language for logical problems. 

In the realization of complex programs the interpretation and com- 
pilation modes are combined. This latter mode is entered, for example, 
when translating to machine language inner and close to inner loops of a 
program. Its combination with the interpretive mode avoids overload of 
core. 

In principle, LYaPAS can be represented in any machine whose core 
store is not too small. LYaPAS symbols are coded in 9-bit binary codes 
(or by three octal digits) and are packed fully into the memory registers 
which provides maximum compactness of program representation. The 
representation of LYaPAS is somewhat more convenient and natural in 
single-address machines (which are in general more suitable for automatic 
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programming) and in fixed-point machines. The problem is that the bits 
reserved for exponents are not easily utilized in the programming of logical 
problems. 


E. PERSPECTIVES AND SOME COMPARISONS 


It is hoped that the development and application of LYaPAS will open 
up perspectives for the efficient solution, of not only practical problems in 
the theory of discrete automata, but also a broad range of problems which 
can be expressed by means of set-theoretical concepts, which are at the 
foundation of LYaPAS. The application and development of LYaPAS 
can stimulate the development of the theory of synthesis in directions 
which take into account the possibilities of modern computers; and the 
development (on the basis of LYaPAS) of an experimental foundation 
for the theory of synthesis can enable new approaches to be applied in that 
theory (for example, statistical-experimental or analytical-comparative 
methods). 

Doubts may arise on the part of the reader concerning usefulness of de- 
veloping this language when such universal languages as, for example, 
ALGOL-60 [1, 2] exist, together with their automatic programming 
systems. We remark that more specialized languages, such as the one 
developed in the present article, can be substantially more efficient, just 
because they are specialized. Thus, the compactness and speed of the 
first-level LYaPAS programming program exceed by a factor of ten those 
of the known ALGOL-60 translators. 

Of those languages known to the author, the closest in purpose to 
LYaPAS is the language of Iverson [3], whose results were taken into 
account in the development of LYaPAS. 

The first version of LYaPAS was described in [4]. After a number of 
corrections and substantial additions, LYaPAS has taken on the form 
described in the sections which follow. 


2. OPERANDS 


A. REFERENCE SET 


It may be considered that, in the last analysis, the language of set theory 
is the most universal of mathematical languages, and the language of the 
theory of finite sets is the most convenient for the discussion of problems 
of a logical character and in the orientation toward discrete computers. 
In this connection it is useful to represent all of the information concerning 
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the problems to be solved by certain sets, their subsets, etc., and to in- 
terpret the process of the solution of these problems itself, in the language 
of set theory, expressing it by a certain sequence of definite operations on 
finite sets, which here represent the operands. 

Passing now to the consideration of certain methods of representing 
operands, we introduce the reference set A of certain abstract elements 


A = {ao à, ..., Q1]; 


the set A of all subsets of the set A 


A = {Ao, Ai, ..., Apal, where p = 2». 
and the set A of all subsets of the set A 
A = (As Ai,..., Aga}, where q = 2. 


Let us consider the variables £;, whose values are subsets of the set A 
or elements of the set A. It is convenient to interpret these variables as 
p-dimensional vectors with binary components 


£i = (£8, Ej, seg A 


or more simply, 
£; = Ef iu ' ER, 
and to represent their values by p-bit binary codes, assuming that 
Ef= 104. € A; 


if the value of the variable £; is the set A; C A(e € (0, 1, ..., p — 1}). 
Thus the notation £; = 101101---01 is equivalent to the proposition that 
the value of the variable £; is the set (Ao, A», As, As, ..., Ap}. 

This method of prescribing the values of the variables presents obvious 
advantages for use in digital computers which manipulate multiposition 
binary eodes, usually interpreted as the codes of numbers. By varying the 
interpretation, these binary codes can be used to represent the most varied 
objects: numbers, Boolean functions, graphs, ete. 

Generally speaking, the cardinality u of a set A can be taken fairly ar- 
bitrarily; however, in the attempt to obtain maximal efficiency in the ex- 
ploitation of modern computers, the value of u is usefully taken on the basis 
of the properties of these computers. It is convenient to take 


2s « k < WH, 
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where k is the number of bits in a memory register reserved for the mantissas 
of numbers. (We shall count on the use of only these bits, since in the ex- 
ecution of the elementary machine operations on which we shall orient 
our applications these bits are subject to homogeneous manipulation. ) 

Taking this into account, we shall adopt five as the standard value of y; 
in this case the values of the variables £; will be 32-bit binary codes, which 
are conveniently stored in the memory registers of the majority of modern 
computers. 

At the same time, to simplify our illustrations, we shall adopt the con- 
vention that, in the discussion of concrete examples to clarify the text, 
we shall henceforth use the value u = 3 (p = 8). 

We shall also provide for the use of other, nonstandard values of p, de- 
noting the corresponding variables by £;*, and considering that p = 32:a, 
where w is a special dimensional parameter, taking on values in the set of 
natural numbers. 

If 25 < k < 25 then for convenient representation of the variables £;*, 
w memory registers will be required. 

It is also useful to introduce the variables £;**, equivalent to certain 
sets of variables of the type £; or £;*; the values of the variables £;** are 
appropriate sets of 32-bit codes and they can be interpreted as subsets of A. 


B. SIMPLE AND COMPLEX VARIABLES, COMPLEXES, AND 
INDEXES 


We shall introduce into LYaPAS the symbols for the following concrete 
types of operands. 

Simple variables (or simply variables), denoted by the bold-face lower- 
case letters a, b, c, d, e, f, g, h, i, j, K, 1, m, n, p, q, r, s, t, u, V, w, x, y, Z, 
X, JL, Q, WI, 3, 10, A, which play the role of the basic operands in LYaPAS, 
are of the standard type £; and their values are 32-bit codes. 

The dimensions of the variables can be increased by preceding their 
symbols by primes (’); this will signify that the value of the “primed” 
variable is a 32+w-valued binary code in a set of w registers. By conven- 
tion, we shall call such variables compound. 

Complexes (sets whose elements are analogous to the above variables) 
are denoted by the boldface upper-case letters, A, B, C, D, E, F, G, H, I, 
J,K,L, M,N, P,Q, R,S,T, U, V,W, X,Y,Z, Æ, JI, ©, III, 9, IO, 5I. Their 
cardinalities are equal to oa, o», Ce, ..., respectively, and are, in general, 
variable. Complexes are prescribed by listing their elements (for example, 
A = fao, a1, ..., &,,.1]), each of which can be either a simple or a com- 
pound variable (but the dimensions of all elements of one complex must 
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be the same). It is possible to manipulate either complexes as a whole or 
their individual elements. The selection of a concrete element in a complex 
is realized by means of indexes, denoted by the lower-case italics, a, b, c, 
d, €, ts g; h, t, J; k, l, m, n, P, q, r, 8, t, u, v, Ww, T, Y, e, AR, JI, q, I, 9; IO, A, 
whose values are interpreted as the numbers of the elements. By conven- 
tion, we shall denote by a; the [5 |th element of the complex A, where [b] 
is the natural number whose binary code coincides with the value of the 
index 6 (the positional binary code used in modern machines is under- 
stood here). We admit the equivalent notation Ab, i.e., a; ~~ Ab. The codes 
for these two expressions are identical. Indexes can be LYaPAS operands 
on a level with simple variables, but the former cannot be primed, and 
the latter cannot be used for indexing elements of complexes. 

Of the variable here introduced, the variable a has a special signifi- 
cance—it serves as a random number generator, to which no value can be 
assigned by programmed means. It is assumed that each occurrence of 
the variable 3 is a random vector of zeros and ones, in which the prob- 
abilities of 0 and 1 are equal, and in which the individual bits are inde- 
pendent. 

Aside from these sets of variables and indexes there are analogously 
defined auxiliary sets for use in the subroutines corresponding to L-opera- 
tors. The elements of auxiliary sets are denoted by the same symbols 
a, b, ..., a, b, ..., but are coded differently. 

The variables and indexes represented by the letters x, x, d, m, 9, 10, A, 
will have a special significance (mainly in the automatic programming 
system), and therefore their utilization in programs on the same level as 
the other variables and indexes is not authorized. 


C. CONSTANTS 


LYaPAS operands can also be standard and natural constants. 

The set of standard constants consists of the following 32-bit codes, 
each of which has as its symbol an appropriate 9-bit code. Aside from this, 
the set is constructed in the form of four complexes, which permits the same 
manipulation of standard complexes as it does of the elements of com- 
plexes. 


Co 1000 0000 0000 0000 0000 0000 0000 0000 
C1 0100 40000 0000 0000 0000 0000 0000 0000 
C» 0010 0000 0000 0000 0000 0000 0000 0000 


C37 0000 0000 0000 0000 0000 0000 0000 0001 
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do 1010 1010 1010 1010 1010 1010 1010 1010 
dı 1100 1100 1100 1100 1100 1100 1100 1100 
d» 1111 0000 1111 0000 1111 0000 1111 0000 
d; 1111 1111 0000 0000 1111 1111 0000 0000 
d, 1111 1111 1111 1111 0000 0000 0000 0000 
€o 0101 0101 0101 0101 0101 0101 0101 0101 
a 0011 0011 0011 0011 0011 0011 0011 0011 
€» 0000 1111 0000 1111 0000 1111 0000 1111 
€z 0000 0000 1111 1111 0000 0000 1111 1111 
€4 0000 0000 0000 0000 1111 1111 1111 1111 
fo 0000 0000 0000 0000 0000 20001 1000 0000 
fı 0000 0000 0000 0000 0000 0001 1100 0000 
f 0000 0000 0000 0000 0000 20001 1110 0000 
fs 0000 0000 0000 0000 0000 0001 1111 0000 
fa 0000 0000 0000 0000 0000 0001 1111 1000 
fs 0000 0000 0000 0000 0000 0001 1111 1100 
fe 0000 0000 0000 0000 0000 0001 1111 1110 
fr 0000 0000 0000 0000 0000 0001 1111 111l 
fio 1111 1111 1111 1111 1111 1111 1111 1111 
fu 1111 1111 1111 1111 1111 1111 1111 1111 





The last of these constants, fu has particular significance. It is repre- 
sented in any machine by ones in all bits of the memory register, regard- 
less of the number of bits, whereas all the other constants can have ones 
only in 32 bits, designated in a definite way. This constant is intended 
mainly for use in the automatic programming system. 

We now introduce 128 natural constants prescribed directly by program 
codes. The symbols of these constants are the corresponding natural num- 
bers, expressed in the octal system as, for example: 


0000 0000 0000 0000 0000 0000 0000 0000 

1 0000 0000 0000 0000 0000 0000 0000 0001 

2 0000 0000 0000 0000 0000 0000 0000 0010 
7 0000 0000 0000 0000 0000 20000 0000 Olli 
10 0000 0000 0000 0000 0000 0000 0000 1000 
176 0000 0000 0000 0000 0000 0000 0111 1110 
177 0000 0000 0000 0000 0000 0000 0Ol111 1111 
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D. SPECIAL COMPLEXES 


As mentioned above in the listing of the standard constants, they are 
divided into the four complexes C, D, E, and F, belonging to the special 
complexes A, B, C D E,F,G, H, IJ, K, L, M, N, P, Q. The special com- 
plexes have fixed meanings, which will be discussed for certain of them in 
the present paragraph; others will be discussed in the description of the 
automatic programming system. The cardinalities of the special complexes 
are fixed. 

The working complex K is a complex such that the value of the ith ele- 
ment is the contents of the ith register in core storage. In this definition 
the memory allocation problem becomes the problem of establishing a 
definite correspondence between the working complex and the other com- 
plexes and individual variables representing the information to be processed. 

The complex A is the complex of initial addresses of all complexes A, 
B, ..., A in the working complex; i.e., we arrange that the element ao 
represent the index of that element of the working complex which is iden- 
tified with the element ao, the element a; is put into the same correspondence 
with the element bo, etc. 

We call the complex B the complex of cardinalities of the complexes A, 
B, ..., A; the value of bo will be s.—the cardinality of the set A, [51] = 
o», [be] = a, ete. 

We denote by G the complex of variables, putting go = a, gı = b, g» = C, 
etc. Similarly, we define the complex of indexes H and the complexes of 
auxiliary variables I and indexes J. 


3. OPERATORS OF FIRST-LEVEL LYaPAS 


As has been pointed out previously, at the first level of LYaPAS it is 
basically intended to operate directly only on variables £; whose values can 
be given by 32-bit binary codes, i.e., on simple variables, indexes, indi- 
vidual elements of complexes, and various types of constants. 

We introduce here the set of first-level standard operators and the 
corresponding notation. 


A. THE BASIC COMPUTATIONAL OPERATORS 
The Disjunction Operator V 
£V & = Ek ~ Eit V Ej = Ert, where t € {0,1,...,p — 1}. 
Example: 01000110 V 10001100 = 11001110. 
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The Conjunction Operator ^ 

EN & = &~ Eb AN GF = Ei’. 
Example: 01000110 A 10001100 = 00000100. 
The Exclusive Disjunction Operator © 
EO =~ bi O Ff = EF. 
Example: 01000110 © 10001100 = 11001010. 
The Addition Operator—Modulo 2? + 
& E = & ~ [E] + i] = [&] mod 2. 
Example: 01000110 + 10001100 = 11010010. 
The Subtraction Operator—Modulo 2? — 
é— & = & ~ [k] — Ci] = Cé] mod 27 
Example: 01000110 — 10001100 = 10111010. 
The Multiplication Operator—Modulo 2» X 
EX & = & ~ [EE] = Ci] mod 27. 
Example: 01000110 X 10001100 = 01001000. 
The Multiplication Operator With Round-off X 
£X & = & ~ [E] = (EJ LE] i] mod 27) :2*. 

Example: 01000110 X 10001100 = 00100110. 

The Division Operator : 

The expression £;:£; = & signifies that the value of the variable £; is the 
remainder after division of [£;] by [£;]. At the same time, in the realization 
of division operations the integer part of the quotient is always represented 


by the value of the index a. For example, 00001101:00000101 = 00000011, 
and a takes on the value 00000010. 
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In both of these operations the value £; = 00---0 is not permitted. This 
must be taken into account in the program. 


The Componentwise Inversion Operator | 
ET = i~ t S Gt. 
Example: 01000110 | = 10111001. 
The Order Inversion Operator I 
b I= hogt py 

Example: 01000110 I = 01100010. 
Leftmost 1 Position-Locating Operator | 

Eb = & ~[&] = tem with ¿t = 1. 
Example: 00010110 | = 00000011. 
When using this operator, by convention we put 

00000000 + = 10000000 } = 00000000. 


The Normalization Operator |— 


t if t+aq<p, 
til = Er ~ &t = 


0 if t+q 2p, 


where q = [£; H]. The effect of this operator is expressed by the shift of 
the operand to the left until a 1 appears in the extreme left position, if 
there is any in the code. 


Example: 00010110 |— = 10110000, 00000000 |<— 00000000. 


The Left-Shift Operator < 


ira if t+q <P, 
Ei < ij = Er ~ Et = 
0 if t+q ÈP, 


where q = [£;]. 
Example: 01101010 < 00000100 = 10100000. 
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The Right-Shift Operator > 
i if t—q>0, 
Ši >= ~ krt = 
0 if t— q< 0, 
where q = [£;]. 
Example: 01101010 > 00000101 = 00000011. 
The Cyclic-Shift Operator — 
Ei Ej = & ~ E! = EPIO mod p, 
where q = [£;]. 
Example: 01101010 —— 00100100 = 10100110. 
The Weighting Operator V 
£ V = & ~ [é] is the number of ones in the code ż;. 
Example: 01101010 V = 00000100. 


The Reflection Operator V 
EU" ifn 


0, 
t V E = irw it 
(7 if r=], 


where n = [£;] = 0, 1, 2, 3, 4, and t^ is the nth bit to the right in the binary 
positional code of the number ¢ (beginning the count from 0). 

If we consider a 32-bit code—the value of the variable £;—as the develop- 
ment of the 5-dimensional cube, the effect of the reflection operator can be 
represented as the mirror exchange over the 4-dimensional edges, corre- 
sponding to the distinct values of one of the five binary variables pre- 
scribed by the operand £;. 

Examples*: 

01001101 V 00000000 


10001110, 
01001101 V 00000001 = 00010111, 


01001101 V 00000010 = 11010100. 


For [£;] > log: p the result of the operation will be 00000000. 


* Translator’s note: In the first example the bits are exchanged between adjacent 
columns, in the second between columns one removed, and in the last between the first 
and fourth, second and fifth, etc. 
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B. ASSIGNMENT OPERATORS 


While the above listed operators admit a "static" interpretation, 1.e., 
it may be considered that they prescribe a certain functional relation hold- 
ing among the different variables, the operators given below can be inter- 
preted only dynamically, based on the concept of change in the values of 
the variables with time. 


The Assignment Operator — 
i => $j 
signifies that the variable £; takes on the value of the variable £;; 
GV Ej => Er 


signifies that the variable £& takes on the value of the result of the opera- 
tion £; V £j, etc. 

We shall introduce the following generalization of the operator = to the 
ease of exchange of information among groups of variables of the type £ 
and among complexes. 

We define 


(tit: *** Ek) => A, 


where £; can be the symbol of a simple variable, an index, or a constant, 
and where the cardinality c, of the complex A at the given moment is 
equal to n, to be the result of increasing the value of e, to n + k with addi- 
tion to the complex A of the elements with indexes n, n + 1, ...,n 3- k — 1 
taking on the values of the variables &, &, ..., £x, respectively. 

The expression 


A= (ff *** &), 


where £; can be only the symbol of a simple variable or index has the in- 
verse sense; that is, if the cardinality sa of the set A up to the given mo- 
ment has been equal to n, then the variables &, £2, ..., & take on the values 
of the elements of the complex A with indexes n — k,n — k + 1, ... n — 1, 
respectively, and the cardinality of the complex A is reduced to n — k. 
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The Interchange Operator — 
Ei € §; 
signifies that the variables £; and £; interchange their values. 
The Natural Assignment Operator — 


The expression 


£i = Vola, 


where the y; are arbitrary symbols of the language (constant vectors with 
nine binary components), is realized by assignment to the variable £; of 
the values defined by the vectors y; in the following way: 


(yi fr O<t< 5, 
T yr? for 5 <t < 14, 
'  \ys™ for 14 <t < 23, 
yr fo 23 <t < 32. 


We shall denote in boldface type those LYaPAS symbols which coincide 
with their codes (for example, the code 065 corresponds to the symbol 065). 
Then to assign to the variable a the value 
1011 0011 0011 0111 1001 0011 0101 0101 
it is sufficient to realize the operation 
a <= 026 315 711 525. 
The Positive Element-Incrementation Operator A 


Ayo ipt IrIS g: 


Example: If £j = 10011011, then the result of the operator A on the 
variable £; is that the latter takes on the value 10011100. 


The Negative Element-Incrementation Operator A 
Ab ~ & — 1 = &. 


Example: If £; = 10011011, then the result of the operator A on the 
variable £; is that the variable £; takes on the value 10011010. 
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The Null-Value-Assignment Operator o 


The result of the operator o on the variable £; is always that the variable 
£; takes on the value 00000000. 


The Maximum-Value-Assignment Operator o 
O £j C012 i 


The result of the operator © on the variable £; is always that the variable 
£; takes on the value 11111111. 


C. THE IMPLICIT VARIABLE « 


Let us pass now to the dynamic interpretation of the operators, as it 
occurs in LYaPAS. A string of symbols in this language, representing the 
L-program, reflects a certain computation process in time, in which the 
program operators are realized in succession. In the standard realization 
of the program the operators are realized in that order in which their 
symbols appear in the program, reading from left to right. The result of 
the realization of the current operator is the current value of the implicit 
variable 7, whose symbol never appears in the program. This variable plays 
the role of the left operand (denoted in the representations of the operators 
by £j), which makes possible greater program compactness through the 
connectedness of the computation processes. Thus 


Gg L+1LA & = & 
represents the following sequence of actions: 


£; = 7 00110100 

r |= 7 11001011 

7 + 1 = 7 11001100 
T A & = r 00000100 
7 = £; 00000100. 


The significance of this expression is the extraction (in the code repre- 
senting the value of the variable £;) of the rightmost 1. The computation 
process realized is represented by the column of codes at the right, showing 
the sequence of values taken on by the implicit variable 7 for the initial 
value £; = 00110100. 





20 A. D. ZAKREVSKII 


The program consists of sentences, separated from each other by the 
symbol §, accompanied by the number of the corresponding sentence, 
which is represented by the corresponding natural constant. Each sentence 
may contain an arbitrary number of words and must contain only once the 
symbol §, which appears in the sentence as its leftmost symbol. For con- 
venience, in written form we adopt the convention of starting each new 
sentence of the program on a new line. 

Here we have examined the standard order of operator realization in 
time in which, immediately after the current operator is realized, the opera- 
tor whose symbol in the L-program follows the symbol of the current opera- 
tor is realized. The standard order of operator realization can be altered 
only when one of the following program control operators is encountered. 


D. CONTROL-TRANSFER OPERATORS 


The Unconditional Transfer Operator — 


The pair of symbols — £; signifies that, immediately after the realization 
of the preceding portion of the program has been completed, there begins 
the realization of the sentence with number [£; J. 


The Conditional Transfer-on-Zero Operator o— 
This operator becomes equivalent to the operator — when 


(a) the operator o— is directly preceded by the operator + or — where 
it is found that [£;] + [£;] ¥ [£i + £;], i.e., either [£;] + [£;] > 2? (for 
the operator +) or [£;] « [£;] (for the operator —), where £; and £j are, 
respectively, the left and right operands, subject to the effect of the opera- 
tors + and —; or 

(b) the operator o — is not directly preceded by an operator + or — 
and the next value of the variable 7 is 00000000. 


? 


In all other cases the standard order of program realization is conserved. 


The Conditional Transfer-on-One Operator | 


The effect of this operator is inverse to the effect of the operator o-.! 

The following two operators are introduced mainly to simplify the 
manipulation of subroutines. We introduce the concept of depth of realiza- 
tion of à program, with the convention that the start of the realization 
of a program has zero depth, and that the depth can only change upon 
encountering the operators 4 and !. 


! Translator's note: The condition on 7 becomes 7 z^ 0. 
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The Exit Operator +> 


The expression +> £;o, where o is a certain arbitrary expression in 
LYaPAS, signifies that the depth of realization is to be increased by one, 
the “coordinates” of the expression a must be put into correspondence with 
the new value of the depth and stored, and transfer is to be realized to the 
sentence of number [£; |. 


The Return Operator ! 


When the operator ! is encountered at a nonzero depth, transfer is carried 
out to that expression whose coordinates" have been stored at the present 
depth. The depth of realization is now decreased by unity. The realization 
of any program begins at zero depth. 

These transfer operators have meaning only if the value of the variable 
whose symbol follows the operator symbol agrees with the number of one 
of the L-program sentences. By convention, this symbol can only be that 
of a natural constant. 


The Transfer-to-Machine-Language Operator | 


The pair of symbols | £; indicates passage to the realization of a certain 
program in machine language, the first of whose instructions is the [£; |th 
element of the working complex. To ensure return to the realization of the 
L-program beginning at the symbol following the symbols | £;, the machine 
language program must terminate with an instruction for unconditional 
transfer to the core register which is reserved for the values of the vari- 
able 1o. The symbol £; can be either a variable or an index. 

This operator can be useful in those situations where it is desirable to 
express some computation process directly in machine language. Its utili- 
zation presupposes knowledge of certain characteristics of the automatic 
programming system (memory allocation, etc.). By convention, in the 
realization of transfer by any of the above operators the value of the im- 
plicit variable 7 does not change. The following two operators have a com- 
bined character. 


The Enumeration-of-Ones Operator X? 
EXE ~ E OF FFE: FRECHE O E> E 


Restrictions are placed on the operand &,—it can be an index only. The 
realization of the operator X is accompanied by the assignment of the new 
value of this index to the implicit variable r. 


2 Translator's note: In original LYaPAS the letter X with a bar across it, somewhat 
like an asterisk, is used. For typographical reasons it is replaced by the X here. 
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Example: Let the initial value of the variable £; — 01011010, the value of 
the index & arbitrary. Then after the realization of the operation £; X £j£&, 
the variable £; takes on the value 00011010, the index £, the value 00000001. 
If the initial value of the variable £; is 00000000, the realization of the 
sentence [£; ] begins. 


The Random-Enumeration-of-Ones Operator X: 


This operator differs from the preceding one in that the next 1 in the 
code of the variable £; is chosen at random, with equal probabilities of se- 
lecting each 1. 

For both operators X and X the left operand must be directly prescribed 
by the symbol appearing before the operator. (For example, an expression 
of the type a + b X 5c, cannot be used, when it is desired to operate with 
the value of the sum a + b.) _ 

Directly after the operators X and X, as after the previously discussed 
operators —, |-5, 0, +> only the symbol of a natural constant can appear. 

The operators and symbols presented below are auxiliary and are in- 
tended mainly for use in the automatic programming system, all of whose 
blocks except the translator must be expressed directly in LYaPAS. 


E. OPERATORS FOR EXCHANGING INFORMATION WITH 
THE EXTERNAL MEDIUM 


The following operators play an auxiliary role, providing principally 
for the exchange of information between the memory of the machine 
executing the algorithm and the external medium. 


The Print-One-Element Operator + 


The realization of the operator * consists of printing the current value 
of the implicit variable r. Considering the characteristics of current [Soviet ] 
computers, we shall require that 7 be printed in octal code. 


The Punch-One-Element Operator * 


This operator punches the current value of 7. It has certain advantages, 
for example, when the information produced during the realization of an 
algorithm is intended for reinput to the machine. 

The values of all elements of a complex are printed or punched in suc- 
cession if and only if the operator * or € follows directly after the symbol 
of that complex (for example, in the case A*). 


3 Translator's note: In original LYaPAS the symbol for this operator was the letter X 
with two bars across it (see note p. 21). 
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The Input Operator 7 


The information to be processed by the machine is set up in the form 
of a string of constants, which is divided initially into portions. At the 
start of each portion, its dimension (as well as the number of a certain ele- 
ment in the working complex of the machine) is indicated. To realize the 
operator 1 the next portion is input—the constants appearing in it become 
the values of the elements of that portion of the working complex which 
begins with the denoted element and which coincides in cardinality with 
the input portion. 

Aside from the working complex, corresponding to the core store of the 
machine, we introduce into consideration the external complex, correspond- 
ing to the auxiliary, peripheral storage of the machine. Information ex- 
change between these two complexes is earried out by means of the follow- 
ing two operators. 


The Data-Transfer-to-External-Complex Operator 7 


The expression / £,£;& signifies that the values of [£;] elements in 
succession in the working complex, beginning with element number [£;] 
are transferred to [£;] elements in succession in the external complex, be- 
ginning with element number [ & ]. 


The Data-Transfer-from-External-Complex Operator ,/ 


This operator represents transfer of information in the opposite direction: 
the values of [£;] elements of the external complex, beginning with element 
number [$] are transferred to the corresponding series of elements in core, 
beginning with element number [£; ]. 


F. OTHER OPERATORS 


The End-of-Algorithm Operator . 
The period symbol “.” plays a dual role: on the one hand, it serves as 
the sign for the end of the algorithm (the realization of the algorithm is 
terminated when this symbol is encountered) ; on the other hand, it always 
closes the expression representing the algorithm. 

To some degree the following operator is beyond the scope of our struc- 
ture, and is introduced in order to make possible a fuller utilization of 
the machine memory, specifically the complete utilization of the memory 
registers when they contain more than 32 bits, and also full utilization of 
the input/output channels of the machine. 
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The Unlimited-Shift Operator —— 


The expression £; = £; can be interpreted in the following way. The 
entire contents of the register in which are stored the values of the variable 
£; are shifted by q = [£;] mod 2* — 25 positions, where the left shift cor- 
responds to positive q, right shift to negative, and the positions freed are 
filled in by zeros. 


G. SYNTAX OF FIRST-LEVEL LYaPAS 


An expression in a first-level LYaPAS program is a certain string com- 
posed of the above-considered symbols. However not every string of these 
symbols is an L-program—only those that satisfy a set of conditions com- 
prising the syntax of first-level LYaPAS. 

Of course, not even every such string can be considered to be a suff- 
ciently reasonable program. For example, it may contain obvious redun- 
dancy, permitting some parts of the string to be eliminated without altering 
the sense of the program. Nevertheless, any string satisfying the defined 
syntax is called an L-program, and must be reproduced uniquely by the 
translator from first-level LYaPAS to machine language. Therefore it can 
be said that the given syntax defines the domain of definition of the trans- 
lator functions. 


We define 
71 € (a, b, : ; A}; 
T2 € (a, b, naj 
T3 € {0, 1, ) 177]; 
T4 € {Co, C1, ..., C37; do, di, ..., da; €o, €1, .. -, €a; fo, fry <- +, fa}; 
ms € {A,B, ...,3; A, B, ...,Q}; 
Te € (A, B, .-- A; A, B, G, H, , Q}; 
T; € (A, B, ..., sl]; 
m€tble 71, L, Vj 
p € {+, =, V, ^; ©, E, X, X: Dy e ex h 
ps € (>; o>, [-» 15] ; 
p4 € (o, O, A, A} 


We shall consider that if 


7] S im, 72, ..., Nm} and ¢ € Ie" (2, ere ea 
then 


nọ E Unfi "$2; as iiy mn, 7261, note, .. 3 720 n, .. 3} Nm$1, NmÅ 2; 6 9 veg iala: 
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We define 
T! € (m, T2}, 
T? E { T2, T3}, 
7 E m T2, T3, T4], 
T^ E im, 72, Te” } , 
T C [T), rsx}. 


We shall call an a-string an arbitrary finite sequence of composite sym- 
bols a: 


ae (T, pi, P2T, paa, pat’, * x Xm, l T, 15%, Tk, T , 
Z miri, mimm, m; => (mqhlml...ml), Lae ..17) — T7, 
zi X TT, T^ X 131%, T ‘WW, m €» q*, !, $m], 


considering that y is an arbitrary elementary symbol (i.e., one encoded 
by a single 9-bit binary code). 

The symbols $ v; divide an a-string into sentences whose numbers are 
the values of the symbol v; appearing at the start of each sentence in the 
label § 73. 

An L-program is an o-string closed by the symbol “.” and satisfying 
the following conditions. 

The numbers of the sentences must not be repeated and must compose 
a set N such that for all combinations pr, X T347T» and X mm: encountered 
in the given a-string the condition 7; € N is satisfied. 

Let us construct an oriented graph whose vertices correspond to the 
sentences of the program and whose branches correspond to possible trans- 
fers by the operators ps, X, and X, as well as to transfers to the immediately 
succeeding sentence (when the precoding sentence is not terminated by 
the symbol — r; or !). We mark the branches corresponding to the trans- 
fers by the operator ++ and the nodes corresponding to the sentences ter- 
minating with the symbol !. 

The marked graph must not contain cycles which include the marked 
paths. In the graph obtained by deleting the marked branches there must 
be no paths from nodes corresponding to the start of a sentence (such a 
node must not be marked) to any marked node. 

Let us now clarify the rules for determining the current values of the 
implicit variable r. We consider that 7 retains its preceding value for the 
operations *, f, = 7‘, O— m, |— m3, and in passage to a new sentence 
labeled § 73. In the realization of operation x4 €» v^, r obtains the new value 
of the right operand, and in the realization of the operations tt = yyy, 
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the new value of x‘. In the execution of the operations rs *, m5 *, f, 
mig maa oy = (mir! ..a!), (Tr... 2) = m, and also in the 
realization of conditional transfer by the operators X and X, 7 takes on the 
value zero. 


G. THE SYMBOL ? 


To make it possible to trace the order in which the working complex is 
used during program execution, we introduce a special symbol ?. Its pres- 
ence after a combination 177m, where 


7; € ÍA, B, ..., fA} and T» € fa, b, ..., a}, 


serves as a signal for testing the complex 7; for “creeping” of the working 
complex into other operands, and as a signal to take measures to correct 
this if it occurs. The combination Bzg??, where ms € (0, 1, ..., 37 isa 
signal to find a location in the working complex for the complex whose 
number is prescribed by the value of zz. 

These operations are realized in the corresponding block of the pro- 
gramming system. 

To clarify this description of the syntax of first-level LYaPAS, we note 
that a string of symbols which satisfies it can be extended by substituting 
tm? for mrz and Brs?? for Bars. However, repeated substitutions of this 


type are inadmissible. for example, to obtain combinations of the form 
17172? ?, 


4. EXAMPLES OF FIRST-LEVEL L-PROGRAMS 


A. THE APPLICATION OF BINARY-RELATION MATRICES 
TO DESCRIBE ALGORITHMS 


In the statement of an arbitrary problem and its solution algorithm, we 
shall use the latin alphabet and the other LYaPAS symbols, but with a 
different significance. To match this description to the corresponding 
L-program we shall agree to use C matrices of binary relations between 
the elements of two sets A = (ao, a1, ..., an-ı} and B = [0o bi, ..., bua], 
defining these matrices in the following way. 


C= ||A~<B| 
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signifies that c;7 = 1 if a; < b;, where the symbol — is the symbol of some 

binary relation, and c; = 0 otherwise. In a number of cases it is more con- 

venient to begin the numbering of the elements in the sets under considera- 

tion from one, i.e., to put A = (a, de, ..., dn} and B = (by, bs, ..., Dm}. 
We shall denote by || {A} — B || a row matrix of the binary relation < 

between the single element A of the set {A} and the elements of the set B. 
We define the expression 


A::|| A ~< B |I 


to mean that the complex A represents a matrix || A — B ||, i.e., the rows of 
this matrix are the values of the elements of the complex A. Similarly, 


a::|| {A} X B 


signifies that the value of the variable a is the row matrix || {A} <B ||. 
Let us give several examples of programs expressed in LYaPAS, in order 
of increasing complexity. 


B. OBTAINING THE COORDINATES OF UNITY IN A CODE a 


$0 aX1b«—0 
S1 ec ok 


The result of the execution of this program is a sequence of codes giving 
the locations of unity in the code a. For example, if the initial value of a 
is 00110101, the resultant sequence will have the form: 


00000010, 
00000011, 
00000101, 
00000111. 


C. OBTAINING THE LOWER BOUND OF A SET 


Let B C A, where A is a certain set. The lower bound of the set B is its 
subset consisting of those elements b; € B for which it is not possible to 
find b; € B such that b; C b.. 
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We propose one possible form of a program for obtaining the lower bound 
of a set B, assuming B::|| B > A ||. 


$0 ob 

831 AbGbo—40a 

$22 AaGQbo3aQbo2b | ^b,o12 
$3 b,*—1 

§4 


For example, as a result of applying this program to the complex 


10110010, 01000010, 
01101101, 01100001, 
10111011, 10001100, 
11110101, 00001000, 


we obtain the complex 


10110010, 
01000010, 
01100001, 
00001000. 


D. QUINE SIMPLIFICATION 


By Quine simplication we refer to the algorithm due to Quine for de- 
termining a reduced set B C A, proposed as one of the stages of minimiza- 
tion of Boolean functions in the class of disjunctive normal forms. Quine 
simplification consists in obtaining a subset of the set B whose elements 
are not absorbed by a kernel C of B (i.e., by the set of essential elements of 
the set B) or else enter into this kernel. An element b; € B is called an es- 
sential element of B if it contains a certain element a; of A not contained 
in any other element of B. It is also considered that the element b; € B 
is absorbed by a set B; C B if b; C B;*, where B;* is the union of all ele- 
ments of 5;. 

We present here a program for Quine simplification, in which 


B::jB24A||, 


and the values of the variables b, c, d, and e are defined in the process of 
realization of the program in the following way. 


[US 2 A II, 
[Bn] > Aj], 
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where B ** is the set of elements of A such that each of them enters into at 
least two elements of B, 


d::|| {B*\B**} 2 A ||, 
e::|| (c*j > A ||. 


$0 oaoboc 

$81 AaGQGbo2bA^Ab,Vc-—cbVvb-b-1 
$22 c lAb—doaoe 

$3 Aa@®bhio-4b, Ad o- 3 Vese—3 
$44 d l^efoa 

$5 AaQbo—06f | Ab, o5b,*—5 

$6 


5. OPERATIONS ON COMPOUND VARIABLES 


Let us introduce four independent parameters of dimensionality «i, c», 
w3, and «4, whose values, given by the indexes x, 11, Q, and m, can be natural 
numbers. We shall mark the variables and the elements of the complexes, 
whose dimensions will be defined by these parameters, by the symbols 
^, "", "^ !| and " " (preceding the corresponding symbols) respectively. We 
shall assume that the dimensions of all the elements in the same complex 
are identical. We shall admit the possibility of changing the values of the 
indexes x, J1, b, and m within reasonable limits during the course of realiza- 
tion of L-programs. 

We define operations on variables of extended dimensions, or compound 
variables, as the generalization of the already considered operations on 
variables of the type £; with the substitution of p = 32 by p = 32-w, where 
w C |o we, w, ws}. Among the operators to which this generalization is 
extended we include the unary operators 1, V,|—, -, A, A, 0,0, I 
and the binary operators +, —, V, A, 0, <, >, <, V. 

We assume that the right operands of the operators <, >, <, and V 
can only be of the type £; (for which p — 32) and that the left operand of 
the operator V can be a compound variable only if the dimensional param- 
eter w takes on a value 2”, where n is a natural number. The interpretation 
of the right operand of the operator V is broadened: [£;] = 0, 1, 2, 3, 4, 5, 
6, .... We admit that the operators +, —, V, A, and G can act on 
operands of different dimensions, i.e., we admit, for example, the operations 
a-+’b, 'c; 6 "d, etc. Before such operations are realized the dimensions 
of the operands are completed by adding to the right of the operand of the 
smaller dimensions a suitable number of zeros. 








30 A. D. ZAKREVSKII 


With the aim of simplifying the automatic programming system, we 
adopt the convention that the operators X, X, :, and & are not extended 
to complex variables. 

We shall consider that the dimensions of the implicit variable 7 are de- 
fined by the dimensions of the operands processed in the course of realiza- 
tion of the L-program. However, in order not to complicate the program- 
ming program, we assume that, under transfer operations, only values of 
r which are of standard dimensions can be transmitted, as in sentence 
progression. 

We shall assume that in the realization of the operations ’a — b, b takes 
on the value defined by the left components of the complex variable a. 

We admit the possibility of utilizing expressions of the type 
(a "b /c d) = C, in which “packing” (or *unpacking") of operands of 
various dimensions occurs in the complex C. 

A compound variable can be the left operand of an operator X or X 
(but never a right operand). 

The transfer conditions for the operators o —, |—, X, and X and their 
action on compound variable are defined analogously to the case of variables 
of the type &;. 

By convention we extend the complex of constants C, assuming that if 


32 € [t] < 32-a, 


then c; is a compound variable with a single 1 in the ith position. Analo- 
gously we extend the complexes D and E. 

Finally we consider that expressions of the type 'a* or "b£ represent the 
output of the values of the corresponding compound variables for printing 
or punching. 

Let us recall that the symbols ', ", " ', and " " can be placed only before 
the symbols of variables a, b, ... or symbols of elements of complexes, but 
not before indexes, which cannot be made compound. 


6. HIERARCHICAL PROGRAMMING 


A. GENERAL IDEA 


Complex computational processes can usually be divided into “pieces” 
which have independent meaning and which can be associated with certain 
operators. The introduction of these operators into the language and the 
formation of the corresponding programs permit the effectiveness of the 
language (enriched thereby) to be progressively improved, since an ever 
greater part of the programming work is realized automatically. The 
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representation of the computational processes also improves, the programs 
become more compact and readable, their assembly is speeded up, and 
checking out is facilitated. 

We shall realize this general idea in LYaPAS. 


B. THE PROBLEM OF FINDING A QUINE COVERAGE 


Let us consider the concrete example of the coverage of a Quine table. 
This problem can be formulated in general form in the following way. A 
Boolean matrix U is given, where u; € (0, 1}, a certain subset b of its rows 
u; and a subset c of its columns v? are chosen, and it is required to find a 
subset d C b of its rows such that together they cover all the columns in 
c, i.e., such that for each u’ € c there be found such u; € d that ui? = 1. 
In this it is desirable that the coverage be “‘inexpensive,” for example, that 
it contain the smallest possible number of elements. 

We shall consider here à very simple approximate algorithm for the 
solution of this problem, in order to use it as an illustration of the method 
of segmenting algorithms. 

We denote by Uxy the minor of the matrix U formed by the elements at 
the intersections of the rows in the set x and the columns in the set y. A 
minimal row (or column) of a minor is that row (or column) which con- 
tains the minimal number of ones. Analogously, we define the maximal 
rows and columns. If there are several such rows or columns any one of 
them can be taken, for example the first. The algorithm consists in the se- 
lection of a minimal column e; of the minor Ubc and in finding a maximal 
row fı in the minor Ub'c, where b’ is the set of rows having unit elements 
in the intersections with the column ej. After this we substitute the minor 
Ubic for the minor Ubc, where by = b\{ fi}, and q = c\c’, and where c’ 
is the set of columns having unit elements at the intersections with the 
row fi. Then a minimal column e; is sought in Ubiq, etc., until the set of 
columns c; at some ith step is found to be empty. The set of rows found 
represents the solution 


d = { fi, Se, teer icai 


C. L-OPERATORS 


It is obvious that the fundamental part of the above algorithm can be 
represented in the form of two operators having independent significance. 
We shall call such operators L-operators (in contradistinction to first-level 
operators, called l-operators), and the programs in which they are en- 
countered external programs (in contradistinction to internal programs or 
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subroutines, necessary for the realization of the L-operators themselves). 
We shall assign individual names to the L-operators as they are introduced, 
fairly arbitrary abbreviations of which, in italics, will serve as the symbols 
for these operators and will be used in the external program. After the 
symbol of an L-operator there must appear the list of its operands, closed 
by the symbol //. 

For example, the above operation of finding the minimal column of a 
minor can be represented by the expression 


mincol Ubcd //, 


where mincol is the symbol for the operator used to find a minimal column 
of the minor Ubc, and U, b, c, and d are the operands subject to its opera- 
tion. The complex U represents the matrix U (ie., the elements of the 
complex are the rows of the matrix), and b and c are the variables defining 
the sets b and c rows and columns of the matrix U, forming the minor Ubc: 


b::|[ {b} 2 B],  ec::líe >c], 


where B and C are the complete sets of rows and columns of U. The mini- 
mal column found in the minor is the value of the variable d: 


d::[| (b 2 B ||, 


where 6’ is the set of rows of the minor having unit elements at the inter- 
sections with the column found. 

By analogy, we define the operator mazrow, finding a maximal row of 
the minor, where the expression 


maxrow Ubcd // 


signifies the operation of applying the given operator to the minor U bc, 
represented as in the above example. In the present case the value of the 
index d will be the number of the maximal row found in the minor Ubc. 


Using these two operators, we can write compactly the above algorithm 
for obtaining the coverage of a Quine table. 


$0 on 
$1 mincol Ubcd // maxrow Udcb // 
o vnn lAb-bu lAc-c|tl. 


The result of applying this algorithm, a list of the rows of the minor forming 
the required coverage, will be given by the final value of the variable n. 
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D. SUBROUTINES AND THEIR FORMATION 


In their turn, the L-operators mincol and maxrow must be represented by 
certain subroutines. We shall consider the rules for their formation. 

We shall assume that the variables and indexes required by the sub- 
routine are divided into internal and external. External operands of a sub- 
routine are, as a rule, the operands of the subroutine of an L-operator. 
The remaining variables and indexes required for the realization of the 
computation process are internal to the given program. 

For example, the operation maxrow Udcb can be realized by the following 
subroutine: 


$0 oboc 
$1 dX2au,AcV—co1-c-cca—b—1 
$2 


In this program the external operands are U, d, c, and b, and the internal 
operands are a and c. 
We shall adopt the following conventions in the formation of subroutines. 


(a) The sentences are numbered in succession, beginning with 1. The 
initial sentence, if there are no transfers to it in the given program, is not 
numbered. 

(b) Everywhere in the subroutine, the symbols a, 8, Y, 0, e, £, n, 9, x, ^, p, 
v, &, T, p, c Substitute for the symbols of the external operands in strict 
correspondence with the positions of the operands in the list accompany- 
ing the symbol of the L-operator (for example, the symbol y in the sub- 
routine substitutes for the symbol of the external operator occupying the 
third position in the list). f 

(c) By convention, the complexes used in the subroutine (except for 
special complexes) always relate to external operands (this convention 
permits the automatic programming system to be simplified). 


In the present example the subroutine will have the following form: 


. oóoc 
$1 8 X2aar ^y V—co1--c-5ca6—1 
$2 


E. AUXILIARY SETS OF VARIABLES AND INDEXES 


To facilitate second-level programming, we introduce auxiliary sets of 
variables and indexes, employing the same symbols to denote them as 
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above. It must be recalled that the sense of the symbols is defined by their 
positions—identical symbols will be differently encoded or interpreted, 
depending on whether they appear in a subroutine or in the external pro- 
gram. We agree to take all the variables and indexes which are internal 
operands of a subroutine only from these sets (except for the variable a). 
The danger of confusion of variables and indexes in subroutines and the 
external program is thereby avoided. In writing the external program the 
programmer need concern himself only with the external operands of those 
subroutines which correspond to the L-operators needed, without raising 
the question of their internal operands. 


F. EXTENDED CONCEPT OF EXTERNAL OPERAND 


Considering the characteristics of the chosen method of compilation, we 
declare that the elements of the list of operands of an L-operator can be, 
in particular, the symbols of variables, indexes, constants, complexes, and 
individual elements of complexes. Variables and complexes may be primed, 
by placing the prime symbol before the corresponding symbol. 

The formal substitution of elements of the list in place of the symbols 
a, B, ..., realized during compilation, permits the concept of external 
operand of a subroutine to be extended. For example, the external operands 
of a subroutine can be l-operators and even entire LYaPAS expressions. 
If a list element consists of more than a single symbol, it is called composite, 
and is enclosed in parentheses, except for primed variables and complexes. 
For example, expressions of the following type are admitted: 


operator 9'À + (b;)"a'm(a + b — c)//. 


It must be understood that in utilizing composite elements, the enclosing 
parentheses are removed when they are substituted for the symbols a, 
PN 

More detailed information on the possibilities of formal substitution of 
list elements can be found in the compiler description [5]. 


G. “PRIMED” VARIABLES 


Some discussion of “primed” variables is necessary. It is obvious that the 
dimensions of internal operands depend on the dimensions of the external 
ones, and that the “primed” external operands must be associated with 
“priming” of definite internal variables. We agree to represent the infor- 
mation necessary for executing this priming by listing the couplings among 
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the corresponding external and internal operands. For example, (o bdm) 
signifies that if the external operand a is primed, then the internal variables 
b, d, and m must be primed in the same way and must, therefore, all 
have the same dimensions. 


H. SUBROUTINE HEADER 


Translation of second-level LYaPAS expressions to first-level language 
must be carried out by means of a special program called a compiler. To 
facilitate the operation of the compiler, the subroutines of L-operators 
are given headers containing certain characteristics of the subroutines. 

The first symbol of a header is the number (code) of the L-operator; 
the second is its volume, expressed by the total number of symbols in the 
subroutine, and the third is the number of numbered sentences. These 
three numbers are set off by bold print. This signifies that they coincide 
with their codes. Then there follows in the above-described form the in- 
formation necessary to realize priming, followed by the subroutine proper. 

For example, the header 


53 116 5 (8a) (y cd) 


belongs to the subroutine of operator number 53. This subroutine contains 
116 symbols and has 5 sentences, numbered 1, 2, 3, 4, 5. When the external 
operand 6 is primed, the compiler must realize similar priming of the vari- 
able a, and when y is primed, c and d are primed. For example, if in the 
third position of the list of operands in the given L-operator there appears 
"m, then, everywhere in the subroutine generated by the compiler, the 
symbol " must be placed before the symbols c and d. 


I. MULTITERMINAL L-OPERATORS 


The L-operator mazrow is a two-terminal operator, and has one entry 
and one exit terminal. It will be useful to consider the more general case 
of multiterminal L-operators. We shall adopt the following conventions. 

We shall assume that the end of the subroutine corresponds to the basic 
exit terminal of the L-operator. By convention additional exit terminals 
can be represented in the corresponding subroutine by the transfer symbols 
(X, X, —. 45, 05, |), after which is placed the symbol of the external 
oDcrind (a B, ...), having in the present case a particular meaning. 

In composing the external program it 1s sufficient to substitute in place 
of the indicated symbol accompanying the symbol of the L-operator the 
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number of any sentence of the external program, in order to connect to 
this sentence the corresponding terminal of the L-operator. 

The start of the subroutine is the basic entry terminal. If the L-operator 
has additional entry terminals, they must necessarily correspond to the 
starts of some given sentences of the subroutine, and connections to them 
are represented in the external program by means of the same transfer 
operators, followed by the symbol of the L-operator and the number of 
the corresponding sentence of the subroutine, represented by a natural 
constant. 


J. SUBROUTINE CHARACTERISTICS 


Complex subroutines can have a multilevel hierarchical structure com- 
posed of L-operators, many of which can again be expressed in terms of 
L-operators. The rules for forming the subroutines of such L-operators 
have their specific features. 

Since the internal variables and indexes of such subroutines are taken 
from the same set as the variables and indexes of the subroutines of the 
subordinate L-operators, a careful informational matching is necessary. 
The following rule is established for this purpose. 

In forming each subroutine it is necessary to employ its internal vari- 
ables and indexes economically, using them in alphabetical order, and 
noting the last one. In composing subroutines containing L-operators it 
is necessary to take into account which of the variables and indexes have 
already been used in the subroutines corresponding to these L-operators. 

The information necessary for the programmer is incorporated into the 
characteristic of the subroutine in the following order: 


(a) the symbol of the L-operator realized by the given subroutine; 

(b) the list of numbers of the L-operators utilized in the subroutine, in 
order of appearance in the subroutine; 

(c) the list of external operands with declaration of the type of each 
operand (m—a variable, u—an index, K—a complex, u—2a number, o—an 
operator, B—an expression), tagging with the symbol + those operands 
whose values do not change during the execution of the subroutine, and 
with the symbols ? and ?? those complex operands whose symbols are en- 
countered in the subroutine accompanied by ? or ??; 

(d) the last (alphabetically) of the variables and indexes used in the 
subroutine; 

(e) the list of subsets of external operands whose elements can be iden- 
tified (for example, the presence in this list of the expression af signifies 
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that, at each appearance in the subroutine of the symbols a and £, a single 
symbol of a concrete operand can be substituted) ; 

(f) the list of subsets of external operands, including those whose di- 
mensions in the given subroutine must always coincide. 


These lists are separated in the given subroutine by the symbol /, the 
elements of a list are separated by commas, the elements of lists (b) and 
(f) are enclosed in parentheses. 

For example, the characteristic of a subroutine realizing a certain ab- 
stract L-operator oper, 


oper (5, 7, 3) /o Bo, YK +, ôn, ex?, ¢n/d, e/ô¢/ (ye) (ôt) 


signifies, in particular, that in the subroutine the L-operators with numbers 
5, 7, and 3 are used, in that order, that the operand a is a certain natural 
number given by a natural constant, that the value of the complex given by 
the operand y does not change during the execution of the subroutine, that 
the symbols of the complex designated by the operand e are encountered 
in the program, aecompanied by the symbol ? which reflects the growth of 
this complex during the evolution of the program, that in place of the sym- 
bols ô and ¢ in the subroutine there can be placed the symbol of a single 
operand, that the dimensions of the operands y and e must agree, etc. 

If any of the external operands is marked by the sign +, and at the 
same time 1t is indicated that it can be identified with some other operand, 
then it must be considered that in this identification the sign + loses its 
significance. 


K. CERTAIN RECOMMENDATIONS FOR SECOND-LEVEL 
PROGRAMS 


Let us consider certain characteristics of automatic compilation which 
must be taken into account in second-level programming. 

As we have already seen, two forms of reference are admitted in the 
utilization of L-operators. The first, corresponding to the basic entry ter- 
minal of the subroutine and containing the list of operands, is called the 
direct form. The second, corresponding to the use of the additional ter- 
minals of the subroutine and containing only the subroutine eode and the 
number of the required terminal, is called indirect. 

The essence of compilation, which occurs during the inspection of the 
external program from left to right, consists in the following. Each time 
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the direct form of reference to an L-operator is encountered, the subroutine 
of this L-operator is inserted into the first-level program being synthesized, 
after “adjustment” according to the instructions in the operand list. When 
the indirect form is encountered, the action of the compiler is limited to 
programming the transfer to one of the additional terminals of the sub- 
routine in the external program, where the set of operands is not altered. 

If, in the external program, several direct forms of reference to a single 
L-operator are required, the synthesized first-level program will have the 
same number of inclusions of the subroutine for this operator, differing 
from each other only in that they will be ‘‘adjusted”’ to different sets of 
external operands. 

Therefore, if the volume of the subroutine of a certain L-operator is 
fairly great, it is recommended to limit it to a single utilization of the direct 
form, carrying out the “adjustment” of its operands in the external program 
and forming an additional sentence at the start of which appears the direct 
form. 

This approach should also be used when the L-operator has several entry 
terminals. The point is that, after analysis of the indirect form of reference 
to some given L-operator, the compiler programs transfer to the terminal 
indicated in the indirect form in that subroutine of the L-operator which 
appears first in the synthesized first-level program. Therefore, if some 
subroutine with several entrances appears several times in the external 
program, all transfers to additional entry terminals of this subroutine will 
be connected to the first occurrence of the subroutine. 


L. INCREASING THE EFFICIENCY OF EXPLOITING 
CONCRETE COMPUTERS 


Certain computers are fitted with special devices (parameter registers, 
loop counters, etc.) which permit complex computational processes to be 
realized at the level of elementary machine operations. Taking these con- 
crete properties into account permits the efficiency of utilization of the 
machine to be increased. On the other hand, the inclusion in the developed 
language of a set of operators permitting these individual features to be 
exploited is undesirable, since it leads to a more cumbersome language, 
and would require knowledge of the specific features of the concrete machine 
and, in the last analysis, programming for it. 

Therefore LYaPAS is given an abstract form, in order to be applicable to 
practically any general-purpose computer. The problem of raising the effi- 
ciency of exploitation of a concrete machine is solved in the following way. 








DESCRIPTION OF LYaPAS 39 


Direct contact with the machine language is realized exclusively by the 
translator, which must take into account the properties of the given ma- 
chine in the composition of the working program. To facilitate the solution 
of this problem by the translator, provision is made for a certain extension 
of LYaPAS through the introduction of additional operators which are 
special to the given machine and the given translator. The system of “ma- 
chine plus translator” can be characterized as a whole by a set of costs 
of the operators of the extended language—the cost of an operator can be, 
for example, the number of machine cycles necessary for its execution. 
The problem of equivalence transformations of L-programs then arises, 
directed toward reducing the total cost of realization. This problem can 
be solved by a special optimizer which processes an L-program expressed 
in the above-described abstract language to a form optimal for various con- 
crete machines. The optimization of subroutines, described in abstract form, 
is obviously particularly useful at the time they are entered into the sib 
routine library stored in the memory of a concrete machine. 

Since subroutines are optimized only once, it can be carried out with 
particular care, while the subsequent use of already optimized subroutines 
does not require any additional outlay of time. 

The optimizer is expressed in abstract LYaPAS, and can therefore be 
put into operation on any machine, like any block of the automatic pro- 
gramming system except the translator. 

If some program or subroutine has not passed through the optimization 
stage of a concrete machine and concrete translator, it must be reproduced 
unconditionally by the other blocks of the automatic programming system. 
The difference will be only that the realization will be connected (in the 
general case) with a larger expenditure of machine time. 

Certain of the functions of the optimizer can be realized by the pro- 
grammer if he is interested in increasing the speed of realization of the 
program where an automatic optimizer is not provided. For example, if 
in some machine there appears a single index register, then, in the com- 
position of the working program, the translator connects this register with 
the index a. Therefore the use of the index a in internal loops in the pro- 
gram is recommended. 


7. SIMPLE OPERATIONS ON COMPLEXES 


As has been noted previously, the further development of LYaPAS 
proceeds along the lines of extending the set of second-level operators, or 
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L-operators. We shall examine a series of fairly simple L-operators, and 
the corresponding subroutines, which enable a number of first-level opera- 
tors to be extended in a certain manner to complexes. The subroutines 


brought to attention can serve as simple examples of the programming of 
concrete problems. 


A. REDUCTION OF SIMILAR TERMS 


The complex a may contain several equal elements. The operator redsim 
“reduces similar terms," i.e., it leaves only a single element of each type 
(elements which are not equal in this case are of different type) and forms 
from them the complex 4. 


redsim ak-+, BK/—, c/o8/ (aß) 
40 65 4 
oboc 
$l AbOb,o40a 
$22 AaQco-3o,90; 0512 
$39 oa—0.^c—1 
$4 € => bg. 


B. FINDING LOWER LIMIT 


We shall say that the variable a absorbs the variable b if for any i € 
(0, 1, ..., p — 1} there holds a‘ < b, where < is the implication sign, and 
if a Æ b. The lower limit of a complex is the set of those of its elements 
which do not absorb any of the other elements of this complex. The lower 
limit of a complex a (if this complex does not contain equal elements) is 
realized by the operator lowlim, which executes this limit in the complex £. 


lowlim ak-+, 8K/ —, c/ag/ (aß) 
41 74 4 
oboc 
S81 AbOb,o—40a 
8322 Aa®b, o> 3a, l A a| 2a 6 b o52—1 
$9 o, 8,/Ac—1 
$4 € => bg. 
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C. FINDING UPPER LIMIT 


The operator uplim finds the upper limit of a complex o, if this complex 
does not contain equal elements, defined as the set of those elements of the 
complex which are not absorbed by any other elements of the same com- 
plex. 

The result is represented by the complex 6. 


uplim ak+, BK/—, c/a8/ (aß) 
42 74 4 
oboc 
$1 AbGb,o402a4 
$22 AaGQb,o-3oa,| A a |> 2a 6 b o52—1 
$3 a> 0, Acl 
§4 € => bp. 


D. COMPRESSION OF A COMPLEX 
In the realization of the operator compress AbC//, a complex C is fotmed 
of those elements of the complex A which are tagged by ones in the code 


of the variable b. 


compress aK-L, 8n, y&/ — , b/oy/ (ay) 


43 33 2 
o b 
$1 8 X2ao,—Yvy5, A51 
$2 bb. 


E. THE UNION OPERATOR 


This operator adds to the complex o those elements of the complex 68 
which are not present in o. 


union ak, BK + / —, c/ (af) 
44 70 4 
O bba => c 
§1 Ab@bs 0-40 a 
$2 Aa® be O— 3aq © 8, 0512 
§3 Boma, Ac-l 
$4 c= > ba. 
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F. THE INTERSECTION OPERATOR 


This operator forms the complex y of those elements which are common 
to the complexes a and 8 (more exactly, of those elements of the complex 
a which appear in the complex 8). 


inters ak-+, BK+, yK/—, c/ay/(aBy) 
45 62 3 
oboc 
$1 AbGb,o30a 
$22 Aa O6 bs 0 los O Bal 2o 7 /A c1 
$3 c b,. 


G. THE DIFFERENCE OPERATOR 


The difference operator forms the complex y from those elements of the 
complex a which are not present in the complex . 


differ ak+, BK+, y&/ —, c/ay/ (ag) 
46 66 4 
oboc 
Sl AbGb,o0o402a 
$22 Aa® bg o> 3a ® 8, 0512 
§3 Op — Y Nc] 
$4 c b. 


H. CONVOLUTION OF A COMPLEX 
The expression convol © Ab// is equivalent to the expression 
a © a O +e: © asi b, 
where © is a binary operator. 
convol ao, BK+, yu/—, a/ (By) 
47 352 
O 0a Bo — 'y 


$1 Aa GO6bsg o 2ya8,— y —^1 
$2 . 
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I. CONVOLUTION WITH COMPRESSION 


The operation concom © Acb // is distinguished from the operation convol 
© Ab // by the participation of only those elements of A in the formation 
of the value of the variable b that are marked by ones in the code of the 
value of the variable y. 


concom ao, BK+, yu, 6u/—, a/ (Bò) 
50 342 
y X 2a, — 6 
$1 y X2a$08, ô — 1 
$2 


J. SCALAR PRODUCT 


We define the scalar product of complexes A and B with respect to the 
binary operator © as a complex C for which c; = min (ga, ob) and where 
re (0, 1, e, Oe — 1} C; = a; © b, 

The operation of obtaining this complex is realized by the operator 
proscal, for which in the given case © = a, A = 8, B = y, and C = ô. 


proscal «o, BK-+, YET, àK/ —, a/B6, yô/ (Byô) 


51 60 3 
O abs — b, 0 1b, > b — 2 
§1 bg — bs 
$22 Aa OG b; o 3B,oy, => 0, —n 2 
$3 


K. CARTESIAN PRODUCT 


The cartesian product of the complexes A and B with respect to the binary 
operator © is the complex C for which c; = a; © by, where i = j + k-o 
and? € {0, 1, ..., ce — 1,3 € {0,1,...,¢,—1},k € (0,1, ..., a — 1]. 
The operation of obtaining a complex with these properties is realized by the 
operator cartes, where © = a, A = 6, B = y and C = ô. 


cartes ao, BK+, yK+, 6K??/—, c/(By6) 
52 64 3 
bg X b, => bs?? oboc 
Sl AbGb,o—3oa 
$2 Aa 0 bs o— llbar => 0, /N c2 
$3 . 
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L. CARTESIAN PRODUCT WITH REDUCTION OF SIMILAR 
TERMS 


The operation carired combines the functions of the operators cartes 
and redsim, and is of interest in that the reduction is carried out during 
the calculation of the cartesian product, thereby enabling economical 
utilization of the working complex. For the operator carired, a is the binary 
operator with respect to which the cartesian product of the complexes 6 
and y is constructed, with assignment of the result to the complex ô. 


cartred ao, BK+, yK+, 6K?/a, d/ (-yó) 

53 112 5 (ga) 

oboc 

$1 Ab@®b,o-5 0a 
§2 Aa ® bg o-lBaymacd 
§8 AdGco-54a09 60,0523 
$4 a>6.? Ac—>2 
§5 c => bs. 


M. LOWER LIMIT OF A CARTESIAN PRODUCT 


The operator carlowlim is equivalent to the effect of the sequential ap- 
plication of the operators cartes and lowlim and, as in the case of the opera- 
tor cartred, provides economical exploitation of the working complex. The 
operands a, 8, y, and 6 are defined in the same way as for the operator 
cartred. 


carlowlim ao, BK+, yK+, 6K?/a, d/(By5) 
54 133 5 (Ba) 
oboc 
$1 Ab@®b,0-5 0a 
§2 Aa® bg Oo 1B.ay—> a O d 
$88 AdGco-4a | A & 0-24 | ^ a|3 


A cô: => 64 Ad—3 
§4 a=? Ac—2 
§5 c => bs. 


N. UPPER LIMIT OF A CARTESIAN PRODUCT 


The operator caruplim is defined analogously to the operator carlowlim, 
except that in place of the lower, the upper limit of the cartesian product 
of two complexes is found. 





DESCRIPTION OF LYaPAS 45 


caruplim ao, BK+, yK+, óx?/a, d/(By5) 
55 133 5 (Ga) 
Oboc 

$81 AbGb,o50a 
$2 Aa®bg o— lÓ,ovy,— a oO d 
$83 Ad@®co—464 1Aa0—-2a | ^A à44|—53 

A cô: => 64 A d 3 
$4 a—X?^Ac—2 
$5 c => bs. 


O. THE CARTESIAN PRODUCT OF A COMPLEX BY A 
VARIABLE 


The operator carcomva differs from the operator cartes only in that the 
second of the multiplied complexes contains but a single element, repre- 
sented by the variable y. 


carcomva ao, BK+, yn, 6K/—, a/88/ (8^y6) 
56 37 2 
O abg = bs 
$1 Aa® bg 0o 2f.e7 — 0,1 
$2 


P. THE CARTESIAN PRODUCT OF A VARIABLE BY A 
COMPLEX 


The operator carvacom differs from the operator cartes only in that the 
first of the multiplied complexes contains but a single element, represented 
by the variable 6. 


carvacom ao, BI, yYK+, 6K/—, a/yó/ (B^yà) 
57 37 2 
O aby => bs 
$1 Aa® by O> 2Bava = 6,1 
§2 


Q. INFORMATION EXCHANGE 


The following very simple operators can be useful in programming the 
exchange of information between complexes. 
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The operator transfer assigns to the complex 8 the value of the complex a. 


transfer ak+, BK/—, a/(aB) 
60 352 
Oa 
$81 Aa@® be O> 2a. 8,1 
§2 ba => bg. 


If it is not required to preserve the previous value of the complex a, it is 
possible to limit the operation to the transfer to the complex 8 of the char- 
acteristics of the complex a (aa and ba), using the expression 

Ada = agb, => bs, 
which is so simple that its substitution by a special L-operator is hardly 
justified. 

In certain cases it may be necessary to obtain the interchange of informa- 
tion between two complexes, which is also programmed simply: 

da € agba => bg. 


The operator cleanup assigns the value zero to all elements of a complex a. 


cleanup ak/—,a 


61 262 
Oa 
$1 Aa@®hkom-20a—1 
§2 
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REPRESENTATION OF INPUT INFORMATION TO 
THE LYaPAS COMPILER 


M. Ya. Tovshtein 


1. INTRODUCTION TO PS-LYaPAS 


Algorithms written in LYaPAS are translated to machine language by 
means of the programming system PS-LYaPAS. As we know, LYaPAS has 
two levels. A program written in the second level is sequentially transformed 
to a first-level program. These transformations are carried out by the blocks 
of the programming system. The machine program (MP) is composed by 
the translator, which receives first-level LYaPAS. 

Figure 1 shows the general scheme of PS-LYaPAS. Let us briefly acquaint 
ourselves with the purpose of each individual block. 

If in the course of checkout of an algorithm the need arises for some 
given correction of the L-program, it is necessary to indicate those points 
in the program that are to be changed. On the basis of these indications the 
corrector block composes the corrected variant of the L-program. 

It can happen that in the composition of L-programs or in their prepara- 
tion for input to the machine (coding, punching) an error may be com- 
mitted, resulting in an expression that makes no sense in LYaPAS (for 
example, $a ^ b). The block synter warns about the presence of such 
situations, searching for syntactic errors and putting out information about 
them. 

In the process of checking out L-programs it is frequently desirable to 
know the order in which the sentences are executed (the so-called trace, or 
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From MP 


Fic. 1. Block diagram of programming system PS-LYaPAS. 





trajectory of the algorithm) and the values of certain external operands. 
From the indications furnished by the programmer, the block for prepara- 
tion of checkout (precheck) forms operators in the L-program for calling up 
the block checkinf, which produces a listing of checkout information. The 
block checkinf operates during the execution of MP, providing for the output 
of information by printing or punching. 

An important role in PS-LYaPAS is played by the compiler. By its aid 
the L-operators encountered in the algorithm are selected from a pre- 
existing library, and the corresponding subroutines are included in the 
L-program. After operation of the compiler, the program is represented 
basically by expressions of first-level LYaPAS. However, operations on 
complex variables can still be encountered in it. 

In this case the block canprime operates, which “cancels primes." In 
place of operations on complex variables it substitutes operators for calling 
up programs that carry out these operations. These programs, written in 
first-level LYaPAS, are switched into the program obtained as a result of 
the compiler action. After canprime operation, the L-program is ready for 
processing by the translator, which translates it directly to machine 
program. 

The programming system provides for the following possibilities: 


(1) the solution of problems with changing sets of input values of the 
operands without repeated construction of the machine program ; 

(2) the use of the final values of the operands of one problem as input 
data for subsequent programs; and 

(3) the solution of a problem independently of the preceding one 
together with its initial data. 
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Introduced into the machine, PS-LYaPAS is able to process and execute 
several problems, successively inputting the required information. The 
programmer informs PS-LYaPAS about the number of problems to be 
translated by the value of an element kı in the working complex K. 


2. CODING L-PROGRAMS 


Before being input to the machine, LYaPAS expressions must be coded. 
This means that each symbol of the language is represented by a definite 
three-position octal code in a system of codes associated one-to-one with 
the set of LYaPAS symbols. A sequence of codes is obtained that represents 
the words that must be read by the machine. (In further discussion we shall 
identify this sequence of word codes with the sequence of words, and also 
call it an L-program.) The L-program is compactly represented; several 
word codes are “packed” into one register of the computer. The chosen 
system of codes is shown in Table I. 

To find the code of a word of the language in the table, it is necessary to 
add the number of the column in which the symbol appears to the code 
found at the left of the row in which the symbol is found. 

An element of a complex is denoted by two symbols. The first (complex) 
indicates the name of the complex to which the given element belongs; the 
second (of a natural eonstant or index) indicates the ordinal number or 
index of the element in the complex. 

The coding is also composed according to this symbolism; i.e., first the 
code of the complex is written and then the code of the index. 


Examples: 


the variable m—254 
index p—316 
complex P—116 

p;—the ith element of P—116 310 
auxiliary variable m—214 
auxiliary index p—356 


An index can play the same role as a simple variable. Frequently this can 
be conveniently exploited. The encoded L-program is transferred to punched 
tape or cards, by means of which it is introduced into the machine’s 
memory.! 


1 Translator’s note: It will be seen from the above that even in 1966 Soviet program- 
mers could not count on internal processing of alphanumeric codes, and the entire 
process of transforming an external program to digital code had to be done by hand. 
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TABLE I 





Type of word Code} 0/1/2/3/4/5] 6 | 7 10/11. 12/13|14|15|16| 17 





Operators 000 | / | § ( Jj UT =|Al AIO lo | ><) Z| Z 
040 | ? X|X|o|"e | o> Vv Il A aT] t 
Complexes 100;A;B/C|D/E|F/G |H|I|J|K|L M|N|P Q 
140]4 | B|CIDI EF G |H|I|J|KIL|MI|N|P Q 
Variables 200 
240 |a;ibicidje|f g h'ijj|k|l|m|n pq 
Indexes 300a bilcidj|e|f|g |h|$|j|k|lim|m|p q 
340 
Natural 400 | 0| 11 2 3| 4| 5| 0  7|10| 11| 12| 13| 14| 15| 16| 17 


constants 440 | 40) 41| 42) 43| 44| 45| 46 | 47| 50| 51| 52| 53| 54| 55. 56| 57 
500 |100/301/102/103|104|105| 106 |107|110/131|112/113|114|115|116!117 
940 |140)141)142/143)144/145) 146 |147/150/151/152/153/154/155/156/157 


Standard 600 |co |C1 | c» [ces |c4 |cs | ce lc? | C1ol Cui | Ci2 | Cs C14 | Cis | C16 | C17 
constants 640 |do | di | de |ds |d4 leo | e les les les |fo fa |h fs Ifa Ifs 
a a Ae 


^ Note: the symbol ++, coded 034, does not appear in first-level LYaPAS. It is a 
prefix used when coding the names of subroutines. For example, the operator mazrow, 
p. 191, has the number 6, as is stated in the header of this operator: 6 42 2, i.e., number 


3. INITIAL DATA FOR L-PROGRAMS 


Since machines differ from each other in memory capacity and in their 
input/output devices, the programming system must be accompanied by 
instructions that indicate the specific representation of the input information 
for the concrete machine and the memory allocation during the operation 
of PS-LYaPAS. We shall describe the basic rules that must be respected 
in preparing the initial information for the L-program. 

We shall agree that all operands will be represented at the input and 
output of the machine by the contents of 32 positions of a register, counted 
from the right. For example, in the 39-bit code of BESM-2 the operands 
will occupy the positions marked by X: 


0000000 XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX 


Assigning the simple variables and indexes, the programmer gives 
definite values to the elements of the special complexes G and H, respec- 
tively. The positions of these complexes in memory are fixed, and must be 
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LYaPAS CODING SYSTEM 





Type of word |Code 20 | 21 | 22 | 23 | 24 | 25 | 26 | 27 | 30 | 31 | 32 | 33 | 34 | 35 | 36 | 37 





Operators OOO eee + //, ©} @ 
040 [=| ¢ ex PEA 2S Ss EAN D 
Complexes 100|R|SIT UIVIWIX Y |Z IRI OMI DA 
140a B|y óje|lt miOÀ|k|N|iuivi£ mi|pioc 
Variables 200 
440 r|s|t|u|viw x|yj|z |2Xx| A d n9 |) a 
Indexes 300|r|sit|u|lviwiz|y z |€X|zx d |n1|8 |10|s8 
340 
Natural 400 | 20| 21| 22} 23| 24| 25| 26| 27, 30) 31| 32} 33| 34| 35| 36| 37 
constants 440 | 60| 61| 62| 63| 64| 65. 66| 67| 70| 71| 72| 73| 74| 75, 76) 77 


500 |120121/122/123/124|125,126/127|130/131|132 133|134|135|136/137 
540 1160/361|162/163 164.165 ,366/167/170|1711172/1173)174]175 176177 


Standard 600 | Ceo | C21 | C22 | C23 | C24 | C25 | C26 | C27 | C30 | C31 | C32 | C33 | C34 | C35 | C36 | C? 
constants 640 |fe ifs | fro | fu 


of operator, number of symbols in operator subroutine, number of sentences in operator. 
This operator is cited in approshco, p. 191, and must be coded there as ++ 006 
aca c/ / š 


known to the programmer from the instruction manual. The manual also 
indicates the dimensions and addresses in the field F of working store 
assigned to the representations of the values of complexes and compound 
variables. 

The set Q = {A, B, ..., A} of complexes is divided into two subsets. 
For each complex in the first subset the programmer must state in advance 
how many registers of F are required to represent the value of this complex, 
so that when its cardinality changes it will not “creep” into other com- 
plexes. We call the complexes of this subset fixed. The programmer himself 
allocates the field F for them, assigning definite values to the corresponding 
elements of the complex A (starts of complexes). 

Values are assigned to the elements of complex B (cardinalities of com- 
plexes) equal to the numbers of elements in the complexes if they are initial 
for the L-program. If a fixed complex is not initial, its cardinality is found 
by the program and is assigned to the corresponding element of B in the 
course of solution of the problem. 

Complexes belonging to the other subset of Q are called floating. They 
differ from fixed complexes in that it is not possible to indicate exactly their 
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cardinalities before the start of solution. If such complexes are initial, the 
programmer assigns to them sections of F, noting their starts by the values 
of the corresponding elements of A. The dimensions of these sections should 
be established with the use of orientational values of the cardinalities of the 
floating complexes. If the floating complexes are not initial, but are used 
in the course of solution of the problem (we call them working complexes), 
the values of the corresponding elements of complex A should be zero. The 
cardinalities of the floating complexes are found by program. 

For floating complexes PS-LYaPAS organizes checking of the “threat of 
intrusion" by one complex on the “territory” of another and (when neces- 
sary) the search for a place for them in a part of F not occupied by fixed 
complexes. It is clear that much machine time is expended in operation with 
elements of floating complexes. Therefore, if it is possible to assign them to 
the group of fixed complexes, this should be done. 

Compound variables are represented similarly to fixed complexes. The 
distinguishing characteristie of the compound variable (which must be 
taken into account in programming!) is that its "start" is fixed by the 
corresponding simple variable. If the programmer knows the "start" and 
dimensions of a compound variable, he gives it the values of definite vari- 
ables and indexes. (For example, for "a the "start" is indicated by the 
variable a, and the dimensions by the index z1). Otherwise their calculation 
must be provided for in the L-program. 

In allocating in F the complexes and compound variables it is necessary 
to observe the following order: first are located (one after the other) the 
fixed complexes, the compound variables, and then the floating complexes. 
The number of the first register in the section of F reserved for the floating 
complexes is indicated by the programmer by the value of the element ks 
of the complex K. In addition, the value of the element k, € K is given by 
the subset 9, of the fixed complexes of the set Q: 


ka: a {Q} 2Q |l; 


1.e., if the ith element of the set Q belongs to the set Qı, then the 7th com- 
ponent of the element k, has unit value. The values of the elements of the 
complexes A and B and the element k4 must be in core before the translator 
starts to operate. The values of the initial operands are input to the machine 
after the translator has prepared the machine program. 


4. CHECKOUT MODE 


Let Y = YU V, be the set of external operands of the L-program, whose 
values it is desired to list during the execution of the program in the check- 





REPRESENTATION OF INPUT INFORMATION TO THE LYaPAS coMPILER 53 


out mode. The subsets Y, of variables and Y» of indexes are designated by 
the programmer by means of codes k; and ke, respectively, in the following 
Way: 


kei || [AP 2 E ||; ke: || {Wo} 2 ¥ |]. 


Listing is accompanied by indexing, which indicates the code of the 
operand and the number of the sentence in the L-program where this 
operand takes on its current value (the variables are indexed by the octal 
numbers from 00 to 37, the indexes from 40 to 77). For example, for a 
45-bit computer the checkout information has the following form (in octal 
notation) : 


32 02 340 0001 2531 
39 41 000 0000 0012 


This signifies that in the 32nd sentence the variable c and in the 33rd the 
index b have taken on the following values: 


c—1110 0000 0000 20000 20001 20101 20101 1001 
b—0000 0000 0000 0000 0000 0000 0000 1010 


The number of times each operand in Y is listed is counted. An operand 
is excluded from the set V if this number exceeds a certain limit. The limit 
is assigned by the programmer, and is given by the value of ky, where the 
limit for the variables is represented by the components 14—22 and for the 
indexes by 23-31. 

It can happen that some part of the checked algorithm will repeat a very 
large number of times because of an error not foreseen by the programmer. 
To prevent loss of machine time, the programmer must indicate some value 
of kj not less than the total number of entries to the L-program up to the 
start of each sentence. It is recommended to choose simple examples in 
checkout, in order that the course of solution of the problem be simple to 
follow. 

The values of the operands in the listed machine program of the operators 
* and € are also indexed; the value of a complex is listed (punched) with the 
code of the complex in prefix and the value of a compound variable with the 
code of the corresponding variable. Simple variables and indexes are listed 
in batches (about 20 codes in a batch), and labeled as in the checkout mode. 

Before each listing the number of the problem solved is printed (punched). 

The checkout process includes the search for syntax errors in the L- 
program, carried out by the block synter. We shall label the location of the 
symbol in the program—its position—by a pair of octal numbers: the tth 
symbol (7 = 1,2, ...) of the jth sentence (j = 0,1, ...,177) has the 
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position j;, where the symbol § has the position jo, and the number of the 
sentence has the position jı. 

The error information is printed by the machine in the following order: 
the position of the symbol £; whose presence in the given location of the 
L-program gives rise to the inadmissible combination of symbols, and the 
codes £;.», £1, £i. 


5. CORRECTION 


When it becomes necessary to introduce corrections into the L-program, 
the correction mode may be used. 

We shall eall the symbol with which an unaltered part of the program 
begins the left boundary, and the symbol with which this part of the 
program terminates the right boundary. The information for the correction 
program (corrector) consists of the positions of the boundaries of the un- 
altered parts of the L-program and the number and codes of the symbols 
that are to be introduced into the program. The indication of the unaltered 
part of the program has the form “rewrite from ... to ... ." The word 
rewrile (the symbol &) is encoded by (&) = 037. The words from and to 
are represented by the positions of the left and right boundaries, respec- 
tively. The first number j of the position j; is represented by the code 
(400 + 7) of a natural constant, the second number 7 by its three-digit 
octal positional code. 

Information for the corrector will be called INCOR for short. The sign 
of the end of INCOR will be the code (©) = 036. The symbols that must 
be inserted in the program are coded like LYaPAS words and indicated 
before the symbols & or ©. In memory INCOR is located ahead of the 
L-program. 'The machine, under the control of INCOR, inserts the changes 
into the L-program. The corrected variant of the program is then processed. 
It can be listed or punched for further use. 

Example: We denote all symbols of a program except the sentence 
symbols by lower-case latin letters. Then a given program has the form 


SOabed $lefgh §2 ijk. 


Suppose it is necessary to remove the underlined symbols $, 0, a, b, e, 
and insert the symbols indicated by the capital letters: A, B, C, Di i.e., 





ABC D 
SOabd $lefgh  §2 ijk. 
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INCOR is written as follows: 

3ABC ® 0,1; ® 13151D G 2024. 
After the operation of corrector the following program is obtained ? 


ABC cd $1 fgh D § 2 ijk. 


6. WARNING 


From the discussions of the compiler and canprime it can be seen that the 
volume of the L-program can grow substantially (the number of sentences 
can increase) during the operation of PS-LYaPAS. The number of symbols 
§ is also increased by the checkout mode; the block checkinf, itself an L- 
program, is attached to the initial L-program. If during the processing of 
some L-program the moment arrives when the number of sentences in it 
exceeds 1775, the constant 


ho = 1111 1111 1111 1111 1111 1111 1111 1111 


is printed. 

A different situation is also possible, in which, during the formation of 
the machine program, the translator detects that the field reserved for the 
program in the machine memory is already filled, and the L-program is not 
yet completely processed. The machine then prints the constant 


€, = 0000 0000 0000 0000 1111 1111 1111 1111. 


In these situations the programmer must analyze the problem algorithm 
for the purpose of representing it in the form of individual (at least two) 
parts, which can be processed sequentially. 

Before solving a problem it is recommended that the programmer inspect 
the card file of L-operators available in the library. If the required L- 
operators are not found, the corresponding subroutines are entered into the 
library under definite numbers. During operation of the programming 
system the subroutines needed to carry out the algorithm are transferred 
to core, composing the “working library." Thus each solved problem has 
its working library. It is not necessary to use the external library, but if it 


2 Translator’s note: See also the discussion of the URAL-1 corrector (p. 137), which 
may be clearer. See also corrector (p. 62). 
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is not used, the programmer himself must compose the working library 
from subroutines arranged in the strict order necessary for the operation of 
the compiler. If the compiler detects a discordance between the working- 
library structure and the established requirements, it signals this by 
printing the standard constant 


d4 = 1111 1111 1111 1111 0000 0000 0000 0000. 


Output of the value fio, €, or d, signifies that the given problem cannot 
be run. In this case the machine automatically passes to the solution of the 
next problem, or stops if the number of processed L-programs is equal to 
the value of kı. 


TABLE II 


——————NásM/'Y"!"OC—————————— TÓHOÓÓESÓEáDLLLLDLDDLS LLL OÉIAeE UGTCLSALIOAAaeooÁeF-( GecÁkgÍ'] l l| AX NN 


Bit position 





(octal) Operating mode of PS, prescribed by unity in this position 
0 Carries out correction of the L-program 
1 Searches for syntactic errors 
2 Switches in precheck 
3 Switches in compiler (the L-program is written in second-level 


LYaPAS) 


4 Introduces the working library 
5 Optimizes the L-program 
6 The resultant values of the operators of the given problem are 
retained 
7 Restores the information on the resultant values of the operands of 
the preceding problem 
10 Introduces new initial data in the composition of MP 
11-17 Not utilized 
20 Print 
the corrected L-program 
21 Punch 
22 Print th ‘led 
e compiled program 
23 Punch poe 
24 Print m 
the optimized L-program 
25 Punch 
26 Print f 
the machine program 
27 Punch 


30-37 Not utilized 
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7. CALLUP OF THE SYSTEM BLOCKS 


The programming system (in particular, its control block—the executive) 
needs to know whether the L-program requires the corrector, syntactic 
errors are to be sought in it, the checkout mode is used, the external library 
is required, and also at which level of LYaPAS the L-program is written. 
This information is supplied by the programmer in the form of the values 
of a definite code whose bit positions are uniquely assigned to the blocks 
of PS-LYaPAS. The presence of unity in any of the positions signifies the 
callup of the corresponding block of the programming system, the presence 
of zero its omission. 

The machine can put out the result of the operation of corrector, compiler, 
canprime, or translator by printing or punching. The desired form of output 
is also indicated by a definite value of a certain code. The position of the 
code in which unity appears calls up the required output mode. For these 
purposes we shall use a single 32-bit code kz € K. The values of its first 16 
positions will indicate the callup (omission) of given blocks of the program- 
ming system, and the values of the following bits the output modes. The 
role of each bit in the code kz is shown in Table II. 


8. CONCLUSION 


The present chapter has given the information necessary for the opera- 
tion of the programming system PS-LYaPAS. The programmer will obtain 
practical assistance from the instruction manual appended to PS-LYaPAS 
for each concrete machine. 


PART 1: LYaPAS AND ITS 
PROGRAMMING SYSTEM 


Section B. THE AUTOMATIC PROGRAMMING SYSTEM 


THE PROGRAMMING SYSTEM PS-LYaPAS 


A. D. Zakrevsku, M. Ya. Tovshtein, and N. R. Toropov 


1. THE COMPOSITION OF THE SYSTEM 


The purpose of the automatie programming system developed on the 
basis of LYaPAS is to form a machine program from a given L-program, 
either in the checkout mode or not, with output of information in terms of 
the input language. 

The programming system PS-LYaPAS contains several blocks, whose 
purposes are clear from their designations: the block for correction of L- 
programs (corrector), the block for detecting syntactic errors (synter), the 
block for preparing checkout (precheck), the block for listing checkout 
information (checkinf) , the compiler, the block for increasing the dimensions 
of variables—in other words, “the cancelling of primes"—(canprime), the 
optimizer, the translator, and two blocks for memory allocation, denoted 
by c92? and Ld 22 

It is not necessary for all blocks to participate in the operation of the 
programming system on any given problem. A special control block 
(executive) in the system, guided by the value of a special code [1 ] supplied 
by the programmer, successively switches in only those blocks whose 
operation is foreseen. The machine program is formed directly by the 
translator. The blocks checkinf, “?,” and ‘‘??” operate during the execution 
of the MP, if needed. 

In later chapters, detailed descriptions of the blocks compiler, translator, 
and synter are given, and the procedure for checking out L-programs on a 
concrete machine ‘‘URAL-1” is discussed. Here we describe the working 
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algorithms of other blocks of PS-LYaPAS, using the information supplied 
in [1]. 


2. CORRECTOR 


In the course of checking out an L-program the need can arise for various 
corrections involving the removal, substitution, or addition of certain 
symbols to the L-program. It is not necessary to recode the program and 
repunch it on tape or cards in order to make such corrections; this procedure 
can lead to the appearance of new errors. It is sufficient to furnish the 
previous program with the corresponding information, according to which 
correclor composes the corrected version. The “new” program thereby 
obtained can be listed or punched before being subjected to subsequent 
processing. 

Let us give the working algorithm for corrector. We shall assume that the 
L-program is a complex A, its corrected version a complex B, and INCOR 
is à complex C, where the value of each element of a complex is five LYaPAS 
words; the indexes c, k, and g serve as word counters in the complexes A, 
B, and C, respectively. 


corrector 
ogok Transfer to B the codes in 
§1 +21 @ (©) o 24b 6 (8) 053 INCOR up to the opera- 
@;7O@b+g=>f tor (9) 


$22 gOfo-13214^522-2 
$3. Ocu4521 v 


$4 #23 @ (=) | 5c -- 4 c4 Inspection of expressions of 
§ de dl"75c4 the type £ = VaysyA, or 
oper .... 


§7 do ($4323 @ u | 4:4» 21c Testing of the position of the 


>=>v+tb—2>cH 21 Ou unaltered part of the L- 
o> 17 >h program within a single 
sentence 


$10 + 23h o 16d @ (€) |— 12d 4» 22 Transfer codes relating to 
Oz the operators €- and + 

$81 Az@4o0o>10 23-4 22 11 

$12 d 6 (+)|—> 14 

$13 d+ 22 + 23 + 22 > 10 
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$814 d e (§) Transfer of codes from the 

§15 = hd+ 22 — 10 “old” to the “new” pro- 

$816 d b|—515c—2v—1-c gram up to the sentence 
symbol of the right 
boundary 

$17. 3921 4- v — v Transfer the following codes 

$20 c+ 1 ®v o 1 15 23 415 22 — 20 up to the right boundary 

$21 Ag:5 X 11 — pea $— p ^ f: b! Selection of code in INCOR 

822 =e Ak:5 X 11 — g100 — q= re&-r Transfer code to “new” L- 

= qfv*- r ® fu ^ ba V q= bs! program 

$28 Ac:5 X 11 — pan $— p ^ fi d! Selection of code in L-pro- 
gram 

824 


3. CHECKOUT MODE BLOCKS 


The block precheck inserts into the L-program the symbols for calling 
up the block checkinf, which is prefixed to the start of the L-program, 
forming with it one unit. We shall agree that the zero sentence of the block 
checkinf “processes” the indexes of the L-program, the first sentence checks 
the variables, and the second sentence “tracks” loops. The required correc- 
tion of the sentence numbers is carried out by the block precheck. If a 
variable, say d, or an index e appears in a set Y of operands listed during 
checkout, the following symbols are added at those points of the L-program 
where d and e take on new values: 45 = a ++ 0 for the index e, and 04 = 
a ++ 1 for the variable d. 

After the symbols § 6 (6 being the sentence number) the symbols => 36 => 
10 + 2 are added. The variables 9, 10, and a are taken from the auxiliary set. 

In the algorithm presented below it is assumed that the L-program is 
represented by a complex A and the program obtained as a result of the 
operation by the complex B. For concreteness it is assumed that the value 
of each element of the complexes A and B is represented by five successive 
code words of LYaPAS. 


precheck 
$21  AS5X11-pan$—pA^fi-c Extraction of next code 
$2 Ak:5X 11> 100 —pqc$—q-p in L-program. Forma- 
frH=q@ fu ^ ba V p= bac — 0! tion of complex B 


$838. 0ojok 


$4 


$5 
$6 


87 


$10 
$11 


§12 


§13 


§14 


$15 
$16 


§17 


§20 


$21 


$22 
$23 
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#1 @ (.)o—>23b® (§) o217b 6 (1) 
o 22b @ E d d HIA I> 545 1 — 22 


b © (tH) o 16b 6 (=) |P 6BH1 Hb 1 


15 1] 4^ 1 — 22 


b® (() 0 15b @ (A, A, 0,0) 011 
b ® (7,/)l»"7114314351 22 


b Afil22b 6 (5,«€)|510f o 11 


— 21 


b 6 (X, X)|220f o5 14 21 


of:31 6 (() o 15b A fy o 22b 
^ 40 0 12(1) > e — 13 


(0) — e 


b — gb AT7V tx c492(9) —c 
te 2 (8) — c 45 2(45) > c 45 26 —c 


15 2 —4 
151 — 11 


i1 6 0)]5 15 > 22 
+1 6 (//) |— 16 — 22 


11 ao 9 Àh (9) 5 c4 2(23) 5 0452 
h= c4»52(5)—c1452(10) 5 c452 
Gh) > cb 2(2) 5 c452(9) 5g OF 


—4 


f o4 


c= s A kg > c+ 28 => c 45 2c @ (=, 
€») o lic @ (X, X) o 14 


of—4 


Exit on the code (-) 


Recognition of expres- 
sionsin the L-program 
after which no ‘‘inser- 
tions" are made 


Recognition of symbols 
of operands and oper- 
ators 


Recognition of situations 
of the type A => (---) 

Cases where the oper- 
and is an element of a 
complex 


Formation of “inser- 
tions" after operands 


Transfer of symbols 


Formation of ‘“‘inser- 
tions” after the sym- 
bols $ 6 with augmen- 
tation of the sentence 
numbers in the L-pro- 
gram 


Preservation of the op- 
erator code 


All the operands of this program are taken from the auxiliary set. The 
symbol o signifies the natural constant indicating the number of sentences 
in the checking program (which is not presented here). 

The block checkinf puts out the variables and indexes of the L-program 
according to the list supplied by the programmer in the form of ones in the 


corresponding positions of the codes ks and ke. 


The working algorithm of the block checkinf can be grasped from the 
discussion given in [1]. During its execution the values of the “auxiliary” 
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variables a and 10 are utilized for indexing and finding the elements of the 
working complex identical to the corresponding operands; one special com- 
plex is reserved to accumulate the values of the operands for listing; the 
elements of the other complex are the counters of the number of times these 
values have been printed. 


4. THE BLOCK FOR CANCELING PRIMES 


If the L-program obtained by compilation contains operations on com- 
pound variables, the block canprime operates. The principles on which its 
algorithm is based are the following. The set of so-called prime operators is 
prepared in advance, consisting of the operations on compound variables 
represented in the form of complexes. The block canprime analyzes in turn 
the symbols of each operator of an L-program and the operands dependent 
on them. This group of symbols enables canprime to recognize whether an 
operation on compound variables is concerned, and if so to determine which 
prime operator can perform it. The call-up operators for the required prime 
operators are inserted into the L-program with the required information. 
Certain tables are organized to permit the “addition” of definite prime 
operators to the L-program and to bring the sentence numbers into cor- 
respondence. 


5. THE BLOCKS ‘?” AND ‘??” 


The block “?” serves to watch over the “creeping” of one complex into 
another during the execution of MP. This is effected by comparing the 
address of the register containing the value of the last element of the 
growing complex with the values of the elements of complex A, the starts 
of all complexes. If a situation arises where “creeping” can occur, the block 
“2?” is switched in to search for an available location in the machine 
memory for storing the complex. 

To represent complex operands (our designation for complexes and 
“primed” variables) 50% of the working store and a part of external 
memory (for example, a magnetic drum) is reserved, not smaller in dimen- 
sions than the core store. 

The block ‘‘??”’ excludes from consideration the part of core that repre- 
sents fixed complexes. Using the values of those elements of complex B 
that represent the cardinalities of the floating complex, the block '^??" 
allocates all floating complexes in core and external storage, trying to 
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satisfy two conditions—to maximize the speed of execution of the machine 
program and to minimize the number of entries into the block *??" itself 
(the second condition is subordinate to the first). Statistics of access to 
floating complexes are taken into account, with some extrapolation to the 
future. 


6. OPERATION OF executive 


Let us consider PS-LYaPAS in the dynamic mode. All blocks of the 
programming system except the translator are represented in the form of 
L-programs. The translator has a small volume (about 1000 machine 
words). Thus PS-LYaPAS is fairly compact. In this form it is stored in 
external memory, together with the associated subroutine library. 

The system is initially started by several machine instructions that bring 
PS-LYaPAS into core and transfer control to the translator (Fig. 1). The 





Fig. 1. Stages in the operation of the programming system. 


translator (TR) translates the L-programs of the blocks of the programming 
system (LPS) to machine language. After the machine programming system 
(MPS) has been composed, one of its blocks (executive) begins to operate, 
sending MPS to external storage. Thus it is henceforth possible to use the 
machine representation of the system. 

Subsequently, executive brings in the L-program (LP) and the accom- 
panying information from the input reading device of the machine, making 
it possible to determine which of the system blocks must be brought into 
operation. Before translator begins to process the L-program reduced to 
first-level LYaPAS (LP-1), executive stores at definite points of core the 
blocks ‘‘?” and ‘‘??” (if needed) and the subroutine exercising subsequent 
control of the system (input of next L-program, exchange of information 
among various stages of solution of a problem, etc.). 

This part of PS-LYaPAS, in contradistinction to the rest, is not erased 
during the formation (by translator) and execution of the machine program 


= 
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(MP). Thus, during the execution of MP, core is divided into three parts 
in approximately the following proportions: 25% is occupied by the 
machine program, 50% by complexes and “primed” variables, and 25% by 
part of PS-LYaPAS, by special complexes necessary for the solution of the 
problem, the working registers of the machine program, and the pro- 
gramming system. 


7. SUBROUTINE LIBRARY 


Together with PS-LYaPAS a library of subroutines is stored in external 
memory in LYaPAS, fairly compactly. Each subroutine has a number, 
coinciding with the number of the L-operator realized by it. Before switch- 
ing in the compiler the executive prepares the operation by inspecting the 
L-program for the numbers of the L-operators needed. Then, by a special 
table of subordination of L-operators and a table of addresses of their sub- 
routines, the executive finds the subroutines necessary for the compiler, 
transfers them to core, and arranges them in the required order. 

Also provided is the possibility of operating with an external library, 
composed, for example, of punched cards. In this case the programmer 
carries out the preliminary arrangement of the subroutines needed for 
compilation. 
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1. STRUCTURE OF THE TRANSLATOR 


A. MACHINE-PROGRAM COMPILING 


The translator is the core of the LYaPAS programming system. It accepts 
L-programs written in first-level LYaPAS and constructs machine programs 
(MP) from them. In addition to first-level LYaPAS, it can take into 
account expressions appearing in the L-program after operation of the 
optimizer [1 ]. 

The translator is a single-pass compiler [2], since it carries out direct 
translation from input language to machine language. The code of a 
LYaPAS operator can be considered to be the name of a certain machine 
program (consisting of one or several instructions) that is able to execute 
the given operator. Analyzing the l-operator, the translator selects from a 
preestablished set of such programs one that bears the given name. As a 
result of processing the entire L-program, a sequence of programs is set up 
that executes the same functions and in the same order as the l-operators. 
This sequence of programs is the machine program corresponding to the 
given L-program. 

This is the general scheme of construction of MP. To speak concretely, 
the process of forming a program that executes an l-operator consists of two 
steps. In the first step (analysis) all operands subject to an operator are 
recognized and the memory-register addresses in which the values of these 
operands are stored are found. These data are stored. In the second step 
(synthesis) the translator uses the set of so-called macroinstructions. A 

68 


TRANSLATOR FOR HIGH-SPEED COMPUTERS 69 


macroinstruction is a group of instructions (or a single instruction) with 
indeterminate addresses. The substitution in a certain order of the addresses 
found in the analysis phase and the adjunction of the program thereby 
obtained to the already constructed part of MP is the essence of the 
synthesis algorithm for machine operators. 


B. SOME REMARKS ON NOTATION 


In the construction of the translator account was taken of the operating 
experience with PP-LYaPAS-1 [3]. Thus, for example, the addressing 
principle of MP instructions was modified; tables of constants are formed 
with the aid of standard constants; the composed MP is easily adjusted for 
operation in any part of core; likewise, the translator can take up an L- 
program from any part of core. These changes have made it possible to 
increase the speed of the translator and to improve the quality of the 
composed machine program substantially. 

The version of the translator presented below is in general oriented 
toward a three-address machine. However, the description is given in a 
form neglecting the concrete structure of the instructions. Therefore the 
basic principles of the algorithms can be utilized for constructing a trans- 
lator for any machine. 

The operation of the translator is described in LYaPAS. The blocks of 
the translator are represented in the form of L-operators, but without the 
use of Greek letters to denote the external operands, and without formation 
of characteristics and heads. The use of LYaPAS in this case makes it 
possible without great expense of time and means, to find optimal variants 
for certain problems arising in the construction of the translator, basically 
check out the algorithm without the use of the machine, and to write the 
translator in the language of a concrete machine. We shall use the symbols 
ô, £, n, €, and o, to denote the operands of the translated_L-program, where 
ò € {0,1,...,177}; E {a,b, ..., a}; n € (a,b, ..., a}; @ is an arbi- 
trary element of some complex, Q, Q € (A,B, ..., H, A, B, ...,Q}; čis 
any of the above operands. If it is necessary to cite several operands of a 
single type, we shall use primes; for example, £' A £" = £'". The con- 
structed machine-language instruction (or group of instructions) will be 
represented in LYaPAS enclosed in braces. The machine program is repre- 
sented by the complex P. The notation {---} = P signifies adjunction of 
the instructions that carry out the expression in the braces to the machine 
program. The value of the so-called instruction counter then increases by a 
definite number. The notation {---} C P signifies that the instructions 
"are written" at the same place as the instructions appended to MP 
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directly before this; i.e., the value of the counter of formed instructions is 
decreased by the required amount, after which {---} — P is performed. 

We denote by Ly the number of the identity operand y of an element 
in the working complex K. For example, | bo.1 = [a], a, € A, since 
kian = bo. Since K is a complex, the value of whose ith element is repre- 
sented in the ¿th register of core, we shall consider it possible to use the word 
"register" in place of ‘element of complex K” and “address” in place of 
"number of the eiement of complex K." We shall say that the register 
"stores," "contains," “fixes,” or “represents” one or another value. By (o) 
we denote the code of the symbol e. We introduce the operation e © 
(a, B, ..., Y), whose result is that the value of the implicit variable 7 is 
equal to 0 if the value of the operand e coincides with the code of one of 
the LYaPAS symbols o, 8, ..., y and different from zero otherwise. Other 
notation will be discussed as it arises in the text. 


C. PHRASES OF AN L-PROGRAM 


It is convenient to consider that the L-program is divided into phrases. 
À phrase is composed of an operator with the operands subject to it, if such 
exist. Very frequently a phrase is itself the operand for an operator that 
forms the next phrase, by virtue of the implicit variable r. For example, the 
expression a | A b= c= da X 2a o— 1! contains the following phrases: 
a l=7,7Ab>71,7>6,c>4, a X 2a, a o1,t* 

Sometimes, although a phrase appears in the place of an operand for the 
next operator, it does not appear as the value of 7. In this case we agree to 
consider the operand of such an operator to be the variable 7 itself. For 
example, the expression § 1 | o— 2 = f consists of the phrases § 1,7 1 = 
T, T O—> 2, T= f. We shall agree that if the operand appearing in front of 
$, !, 45, — is the variable 7, it forms the left operand of the phrase ... => r. 
For example, the expression c4 1 =d --- b $154! consists of the 
phrases c 7,421, 7d, ...,b= 7, $1, 7—a,a— r, !. During the analy- 
sis the translator, in particular, elucidates which of these situations holds. 

From the viewpoint of construction it is convenient to divide phrases 
into several groups. Phrases formed by the operators A, A, 0, 5, >, € 
are called singular. Phrases formed by the operators V, I, |—, F, 1, =, 
<, >, V,:, X, X, +, —, ^, V, 6, — are called nonsingular. The codes 
of all these operators have definite distinguishing characteristics, facilitating 
the analysis of phrases. A separate group of phrases is formed by the 
operators X, X, T, *, £ $, (,), !, ., =, 7, < . The phrases formed by these 
operators will be called nonstandard, in contradistinction to the standard 
phrases of the first two groups. The analysis of these phrases differs some- 
what from the analysis of standard phrases. 
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The group of phrases formed by the operators 4», —, o—, |, | will 
be called transfer phrases. 


D. ROLES OF THE TRANSLATOR BLOCKS 


The structure of the translator is evident from Fig. 1. Let us clarify the 
roles of its basie blocks. 

The operation of the translator begins with the block const. It examines 
the L-program and composes a table of constants (TC), which contains the 
various constants needed for the operation of MP. In parallel with TC is 
constructed a table in which it is noted whether each sentence of the L- 
program is "good" or “bad.” Sentences are “bad” when § ô appears in place 
of the left operand in phrases formed by the operators =, +, €, in transfer 
phrases, and in nonsingular phrases. The remaining sentences of the L- 
program are “good.” 

The separation of the set of sentences of the L-program into two groups 
is useful in order to determine whether it is necessary to construct the 
instruetions for assigning the variable 7 the value of the left operand in 
transfer operators. 

The machine program is located directly after the TC. Therefore, the 
length of TC, fixed by some index w, defines the initial value of the instruc- 
tion counter of the machine program (the role of this counter is played by 





Transfers 








z= 









Block "= 












Fig. 1. Translator flow chart. 
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the index t). After operation of the block const the index w takes on its 
initial value (subsequently it serves to find the position of given constants 
in TC). The translator returns to the start of the L-program. 

Then the block for recognizing codes (reco) is brought into operation; 
it analyzes the code of an operator to determine which block is to carry out 
the synthesis of the corresponding machine instructions, and transfers 
control to that block. In addition, reco finds or preserves the information 
on the left operand for each operator. 

The block prop (processing of operands) finds (or forms) instructions 
needed to find the address of the register fixing the value of the given 
operand. If the operand is a constant, then the capability of the block const 
to find the address of the register with the value of this constant is used. 

The blocks sing and nonsing collect information about the composition 
of singular and nonsingular phrases, respectively. The basic synthesis of 
instructions is carried out by the block synth. An individual block (assval) 
forms that part of synth which forms instructions that assign a value to any 
given operand as a result of an operation. Most frequently assval forms the 
(third) address in the instruction, carrying out the assignment of the result. 

The block trans analyzes transfer phrases, synthesizes the codes for 
transfer instructions, and registers the positions of these instructions in the 
machine program together with the number of the sentence to which transfer 
is to be effected. After all the phrases of the L-program have been processed, 
a “rough” machine program is obtained with indeterminate addresses in 
parts of the transfer instructions. The purpose of the block transfers is to 
put these instructions into their working form. In subsequent paragraphs 
we Shall discuss the working algorithms of the translator blocks. 


2. SELECTION OF NEXT CODE IN THE L-PROGRAM 


An L-program is given in compact form if several codes of LYaPAS 
words are densely ‘‘packed”’ into a single memory register of the computer. 
Then the L-program can be represented in the form of a matrix whose 
elements will be the codes of the words in the language (assuming that the 
bit positions not taking part in the representation of codes are at the 
extreme left; here they will be neglected) : 


so? So! eee 8^ 


sj? $1 1 °. o o gia 


r—1 1 h—1 
So S71 mid 
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where h is the maximal number of codes that can be represented in a 
memory register, and 


N/h if the number of program codes N is proportional 
p to the number 7; 
[N/h] +1 otherwise (here [*-- | denotes the integral part). 


In the process of phrase analysis the translator “inspects” the matrix S 
from left to right and from top to bottom. This examination is carried out 
by means of the block for selection of the next eode (selco). 

The address of the register representing the first row of the matrix S 
before the start of operation of the translator must be given by the value of 
some index, say y. It permits the position of the code s to be found. In 
further operation the input information for selco consists of the coordinates 
of the code (the number of the row in S and the number of the code in the 
row) preceding the one to be selected. The coordinates of the selected code 
are “memorized” by the index z, and the code itself is fixed by the variable a. 

The algorithm selco is very simple. The rows of the matrix S are shifted 
by the number of positions corresponding to the number (in the row) of 
the selected code, and the code is “cut out" by means of a constant f;. To 
express the algorithm in LYaPAS we associate the matrix S with a complex 
S and construct a so-called scale of shifts—the complex M = (mo, m, ..., 
m1}, where the value m; indicates the number of positions by which it 
is necessary to shift the value of the element from S in order to extract the 
jth LYaPAS code. 


selco 


$1 s,$—m,—a/AzQGhl|l—52/Ayoz Whenthecode000 is encountered, 
$22 a^ f;ao- |l. the next code is extracted 


In the subsequent discussion we will assume that the L-program is 
represented as a linear sequence of LYaPAS codes (symbols) rather than 
as a matrix, and that the number of the code in it is given by the index z. 
We shall let the notation A z signify entry into selco and assume that after 
this operation the variable a takes on the value of the next code in the 
L-program. 


3. TAKING ACCOUNT OF CONSTANTS AND “BAD” 
| SENTENCES 


As we have already mentioned, constants and ‘“‘bad” sentences are taken 
account of by the block const, which forms the corresponding tables. The 


74 M. YA. TOVSHTEIN 


table of constants is constructed by the following algorithm. A constant 
that occurs otherwise than after § or transfer operators is compared with 
the standard constants. If there is none such, the TC constructed thus far 
is examined. If no such constant is found, it is added to TC and the 
cardinality of the complex F representing the table is increased by unity. 
The address of the register containing the constant is fixed by the variable a. 

On detecting the combination § à, the block const selects the next symbol 
and from it decides whether the sentence with number 6 is a “bad” one. A 
table is filled out, represented by the complex G = (go, £i, ..., giz}; if 
the ith sentence is "good" [g;] = 0, otherwise g; = co. In general, it is 
uneconomical to use the complex G only for this purpose. Further, aside 
from this information g; fixes the address of the instructions that begin 
the ?th sentence. We shall call the complex G the table of starts of sentences 
(TSS). TSS is conveniently stored in core in such manner that Lgo = 
400. Then the code of the sentence number directly indicates the position 
of the row of TSS in the computer memory. 

The block const has four entries. The first entry—the start of the block— 
corresponds to that part of the algorithm where the set of sentences in the 
L-program is divided into two sets, and the dimensions of TC are defined. 
(In this stage the construction of TC has a fictitious character.) The second 
entry (§ 10) is used to process natural constants, the third (§ 11), when 
needed, to find the address of a register storing the required constant, and 
the fourth (§ 17) when constants are registered by the natural-assignment 
operator. 


const 


Oyo? Setting to start of L-program 


$21 Az 
$22 aO (.)o" oda 6 (0 o— 15 
aO (—)|5345171 


$8 aA fs ® 40 | 4a 6 (?) 0 1 Recognition of constant 
Az—1 appearing after a transfer 
operator 
§4 a@® (I6 Aza ^ 177 i o gi Registration of ‘“‘bad”’ 
a © =) 05a ^ f» 6 40|— 6 sentence 


$5 Co => g;— 1 


$66 a0(/,$(),—S,, 1) o52a ^ fo Recognition of natural 
Oc; |^14510 1 constant 
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§ wetozo0yow-recol Search for constant among 
$10 aA 177 —z standard constants 

$11 oalc.1-a 

$12 z O c, 0— 14 A a @® 40 |-5 12 


oal f la Search for constant in TC 
$138 20 fı o 14 A a Q v | 13 (the index w points to the 
z>f, Aw>a4 current cardinality of the 
complex F) 
$14 a+t+a=>a! Determination of the 


register address storing 
the given constant 


$15 Aza Q9 0) o— 16 A da ^ fo © € Registration of constants in 
I> 15 45 10 > 15 an expression (**-) = Q 
$16 d=>avll—-l and the number of oper- 
ands appearing between 

the parentheses 


$17 od Formation and registration 
$20 Aezat-n;,— avd—dAdoeA4 in TC of the constant of 
I— 20d > z+ 11! the operator = 


4. PROCESSING OPERANDS 


A. ELEMENTS OF COMPLEXES 


The role of prop was discussed in 1.D. Before describing the working 
algorithm of this block, let us note the following. In construction of the 
translator, memory was allocated so that the addresses of the registers 
fixing the values of LYaPAS variables and indexes ean be found by the 
addition of the code of these operands to some preassigned fixed number y. 
In other words, the elements k; c K for 200+ y « j € 277 + y are 
identified with the corresponding variables, and for 300 + y <j < 377 + 4 
with the indexes. If y = 0, the address of the register is given directly by 
the code of the operand. The description of the algorithm prop directly 
follows this case. For y = 0 certain obvious operations are added to the 
algorithm. 

In dealing with an element o, of a floating complex, prop forms the 
instructions to find L @n J = Lo + n, i.e., the address of the register 
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fixing the value of this element. Two variables in K are used to store the 
value of w,: 7 and e, which are called implicit variables. We shall illustrate 
the execution of operations on the elements of complexes by an example. 
Let œw, and o," be arbitrary elements in the complex Q, and let [ ] be some 
binary operator. The expression w, [ ] o," in MP is represented by instruc- 
tions that do the following: 


Leo’ .] 4- n rk, cL" J +> ek, > er Og, 


or, more briefly, o,' = ro," = er [] y. From this example it is evident 
that prop must know the position of the operand in the phrase with respect 
to the operators. 

If Q is a fixed complex and the number of its elements is given by the 
natural constant ô, then L œs ] = Lo + ô is calculated by prop itself. 
If this number is a value of an index a with which a special index register 
of the machine is associated, prop finds only Lo and notes it by a 
special tag, necessary in the synthesis of instructions for forming address- 
modification tags. Thus, operations on elements of a fixed complex require 
fewer machine instructions and less time for their execution. 


B. ALGORITHM FOR PROCESSING OPERANDS 


The block prop has two entry terminals. When the first one (§ 1) is used, 
the next code is extracted and is then investigated. In entry to the second 
terminal ($ 2) the next code is not extracted, but the code fixed by the 
variable a is immediately processed. The input information also contains a 
variable f. The values of its three last components indicate the place of the 
given operand in the phrase and that variable by means of which prop 
furnishes information about it to other blocks: 


Number of component 30 31 32 


Position of the operand indicated by et S []E£--- tO... 


unit value of the component 


Variable fixing the information about e d e 
the operand 


The block prop notes whether the value of the result of the operation is 
assigned to an element of the complex w, or to a different operand. In the 
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former case, the variable e is assigned the value |.7.1, tagged by a definite 
label, and the value of the variable g is L wo and Ly; in the latter case, 
[g] = 0 and [e] is equal to the number of the register fixing the value of 
the operand. The value of g is used in the operation of the block assval. 


prop 


$1 Az 
$32 ogaA fo o> 38a>e A e| 14 
++ const 10a V c, => e — 14 


$3. a—cL oo] 5 b Aza ^A fil4 
a © (—)l— output A z — block “=> (" 


$4 b «24 dc ^ T7 — c ^ 40 | 12 
c; ^ ky | 12a © (a) o 10 
a ^ C30 |— 5 +4 const 10 


$5 a<10 Vd=dfA30-7 


$66 {o,—>7}=PLrlI Vase 
fA20—-7{o,—¢} CPLo.]-—d 


87 f^40-15d—gl-z1Voa-e- 15 

$10 a<10 Vd=dfA30-7 

$11 Í[o,—7]—PIi vr 1Voa«a-—efA20-—7 
foa > e] CPLo.]5d7 


812 a^ cw | 13a A 177+ Lu jl 2 e 16 
$13 a@ (a)|5 5b V c; e— 16 


$14 f A20 15e—d 


815 ! 
$16 c6 (B)|5 He V Go e— 14 


? k, € K numbers in standard manner fixed complexes. 


Recognition of an element 
of a complex, processing 
of the constant 


Recognition of the expres- 
sion Q => (...), Q*, Of 


Test: is the complex 
fixed?^ 
The case o; 


Fixation of the values 
Loo and Ly 


Processing of left and right 
operands in the phrase 


Calculation of Le; J = 
Lood +6 


Processing of œa; Q is a 
fixed complex 


Information about the 
right operand 


Tag of the case ... — By, 
y € 10,1, ..., 37) 
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5. PHRASE ANALYSIS 
A. CODE RECOGNITION 


The block for code recognition (reco) is a nodal element of the translator 
construction of the machine instructions that correspond to an L-program 
phase begins with the operation of this block. Before proceeding to the 
analysis of phrases and the subsequent synthesis of instructions, reco tests 
whether a free position remains in the field reserved in machine memory 
for MP. This is achieved by comparison of the value of the constructed 
instructions counter (the index ¢) with its known limiting value. (This 
is not reflected in the algorithm presented below.) 

The block reco obtains information about the left operand of the phrase 
and fixes it by means of the variable c. The operator code is “memorized” 
in the variable b. On encountering the operator '*$"' reco registers in g; < G 
“the start” of the ith sentence. 


reco 
$1 oa (See Section 6D concerning 
$2 1-faloO3Azoh the role of A.) 
$3 aAfi o7 4+ prop2—1 Recognition and processing 
$4 ec of operand code. Conser- 
vation of information 
about the left operand of 
the phrase 
a ^A 36 |— 6a © ($) 5 1 Aza A177 Test of membership of the 
—iLT.]|-»egi ^c c5 ith sentence in the class 
"good" 
CAe@eo-d Determination of the case 
where in the 7 — 1 sen- 
tence the result is as- 
signed toy (for example, 
a+ b§6, oats — ca $ ô) 
(—)-—b o d synth 1 Synthesis of (= 7} in 
cases of the type --- => 
d$à--- 
8 tMVg-gil Fixation of the "start" of 


the 7th sentence 
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$66 aA 30 0—-10a>b A 40 0-7 Recognition of one of the 
operators (,), <=, X, X, 
jp, >, 0, |. “Mem- 
orization" of the operator 
code 


a @ 54 A 54 |— nonsing la ® (1, 6) Recognition of operator 
Oo nonsing 1 codes and passage to the 
§7 a@®(7,/) o-mbdblock“/)/” — sing I corresponding blocks for 
$10 ao (X, X, 5,45, 0—,|) o trans 1 further processing 
a @ ((,)) o block “) =” 


a ® (I) o trans 1la © (]) The operator '*." is com- 

Oo trans 14 pared with the instruc- 

a ® (.) o block “=” {> 19] >P tion for passage to the 

— transfers 1 register corresponding to 

$11 a@® (#,%®) o— output {tT} —ÉnP1 the variable 10. The con- 


tents of this register 
define subsequent opera- _ 
tion of PS-LYaPAS 


B. ANALYSIS OF SINGULAR PHRASES 


In singular phrases an operand always follows the operator (and this 
permits singular phrases to be isolated into a separate group). For machines 
with index registers it is useful to distinguish the case where such an 
operand will be the index a, and the expressions Aa, Aa, oa, oa, £— a, 
~<a are interpreted as instructions for changing the value of the index 
register. The phrases A€, At, oč, O¢ are replaced by ¢ + 1 €, € — 
] —€£,0- tC, and fy = €, respectively. The purpose of the block sting is 
to carry out these changes and to synthesize instructions with the aid of 
the block synth. The instructions for changing the values of the index 
register are formed directly by the block sing. The synthesis of instructions 
that execute the exchange operator is carried out separately by the block 
exch. 


sing 


$1 b 6 (e) o exch 1 4= fb @ (A, A) Processing of the 
I> 2 Af operand 
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$2 + propl o ae @ (a) |24b 6 (>) o6 Recognition of an ex- 
b 6 (o,0)|53í(0 a} > Pb @ (o) pression £ — a. Syn- 
I> 7(o0 a} CP57 thesis of an instruc- 
§3 [Aa] = Pb © (A) o—57(íAa] CP97 tion for changing the 
value of the index 

register 
$4 Lecz = db @ (A, A) |— 5b v 70 Substitution of phrases 
—bec-6 by their equivalents 


$5 bo6í(o,o0)|56()bL/».1-2c 
b@®(o)|-6 oc 


$60 + synth 1 — reco 2 
§7 — reco 1 


C. ANALYSIS OF NONSINGULAR PHRASES 


As is easily seen, a nonsingular phrase is the operand in a subsequent 
phrase. Exceptions are phrases of the type £':£", when the value of the 
remainder after division is not required. 


nonsing 

$1 bA 20 0-2 In the analysis of phrases the block nonsing 
Des takes into account whether the following 
15 prop 1 phrase is formed by the operator — 

$22 Aza® =)|>3 As soon as this occurs, the operand after => 
4=>>f is examined. Otherwise the conditions 
+ proplo a4 are set up for forming the instruction 

$3 Lr ]2e that will assign the value of the result of 

the operation to the variable 7 

$4 boo (1)|o sing6 The phrase £1 is “converted” to the 
b v 70> bI fig .1 — d phrase £ ® fi 
— sing 6 


In Section 4B we showed that if --- = o,, prop assigns to the variable e 
the value | 7 |, with a special label. If now we turn to § 3 of nonsing, the 
role of this label for the block assval can be comprehended. 
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6. THE SYNTHESIS OF MACHINE INSTRUCTIONS 


A. CHARACTERISTICS OF THE BLOCK synth 


The input data for the block synth are the values of the variables b, c, d, e. 
The operator code represented by b indicates the position in core of the 
required macroinstruction and the procedure for completing the undeter- 
mined addresses, using c, d, e. For machines with index registers the block 
synth, constructing instructions which account for the dependence of the 
elements of a fixed complex on the index a, forms the modification tags for 
the corresponding instruction addresses. The presence of the variable a in 
the phrase is a signal to include in the program the mechanism for obtaining 
a random value of this variable. 

In the construction of the block synth it should be taken into account 
that the synthesis of certain machine operations can be carried out, up to a 
certain stage, by a single algorithm. For example, instructions realizing the 
operators +, —, A, V, @ ean be synthesized by a single algorithm; the 
same algorithm can be used for the synthesis of assignment operations. 
There is also much in common in the construction of instructions that 
perform the operations = and <, X and X, 7 and “, Q= (::-) and 
(** f) > Q. 

In the development of a translator for machines with index registers the 
correspondence between the register and the index a must be taken into 
account. For this purpose there is the block regis. The specific features of 
index registers leave their stamp on the construction of the block, but in 
general it must provide for: (1) formation of instructions fixing the values 
of the register in core; (2) formation of instructions assigning to the 
register the contents of some register in core; and (3) the formation of an 
instruction that changes the value of the register by -a natural number, for 
example, a + ô= a, ô= a. In these cases the tag (1 in the Oth position) 
formed during processing of the constant by the block prop is taken into 
account. 

Exit from the block regis can be to synth (case 1), to reco (cases 2, 3), or 
to assval (case 2). 


B. REALIZATION OF 1-OPERATORS IN LYaPAS 


It is obvious that the dimensions of the translator, in particular, depend 
on the number of undetermined addresses in the macroinstruction instruc- 
tions. Therefore in the construction of the macroinstructions the number of 
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addresses determined during the operation of synth must be reduced as 
much as possible. For this it is sometimes convenient to utilize macro- 
instructions in the auxiliary (working) registers. 

Let us consider algorithms for the realization of certain LYaPAS oper- 
ators, denoting by the letters x, zt, @ the elements of the working complex 
K, which plays the role of the auxiliary variable (7 is the implicit variable; 
a, 8, and y are external operands) 


weight 
] Xo n Realization of the expression 
Sl a Ax 02A Az aV- 


$2 uw « 12:| 1x f. 


invert 
o> dl > xon Realization of the expression 
$1 a ^A:xo—2nV dbz alg 
§ »1—dxkcl-:x|o1a-8 
cycshift 
a=7B A 37> Ær < K => 140 — K Realization of the expression 
— x a €— 5 => y 


TO IV UA fi => Y 
reflect 


a => rta => $8 =a — 5 o—>1l o x—2 Realization of the expression 
$1 l1«a-mr«xX^Ad,n aV B=>y | 

T 2 3K A^ GV ISR 
$22 d ax-—w. 


In macroinstructions relating to the operators I+, FE, :, X, X, instruc- 
tions are included that provide for the representation of the operands as 
floating-point numbers, with exponent and mantissa [4 ]. Let us emphasize 
certain details in the realizations of these operators. 


The Operator |—. In normalization, the mantissa of an unnormalized 
number is shifted so that its first significant bit appears in the first bit of the 
register, and from the exponent of the number is subtracted a number equal 
to the number of positions by which the mantissa has been shifted. Since 
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the values of the LYaPAS operands in the machine register are represented 
by 32-bit codes, an “exponent” is adjoined to this code to perform the 
normalization operations; the value of the operand is represented as a 
certain unnormalized number. After normalization the exponent must be 
cancelled; for this, the operation of logical multiplication by the constant 
fio is applied to the result of the normalization. 


The Operator H. If from the order of the unnormalized number is 
subtracted the exponent of this number, written in normalized form, the 
difference indicates the number of zeros before the leftmost 1. This can be 
used to find the position of the leftmost 1. When this difference is obtained, 
the entire code in the register must be shifted so that this difference 
expresses the value of the LYaPAS operand. 


The Operator : . To realize this operator the values of the operands are 
first represented as normalized numbers. Then division is carried out with 
blocked roundoff. The result, represented in the form of a 32-bit code, is 
assigned to the operand s. The remainder after division is calculated 
according to the description of this operator [5]. 


The Operators x and X. The values of the operands, represented as 
normalized numbers, are multiplied with blocked roundoff and normaliza- 
tion. The result of this multiplication, after certain transformations (shift, 
conjunction with fi), gives the result of the operation X. For the operator X 
the operation of extraction of the lowest-order bits of the product is also 
carried out. 


The random value of the variable a is obtained by the use of pseudorandom 
number generators [6]. Only the code representing the mantissa of an 
unnormalized number is used. 


C. ALGORITHM FOR SYNTHESIS OF MACHINE 
INSTRUCTIONS 


Below we present the algorithm for the operation of the block synth. 
Considering a three-address machine, it can be observed that the synthesis 
of instructions corresponding to the operators +, —, ^, V, ©, => requires 
fewer machine operations than the synthesis of other instructions. The 
pattern for each of these operators is a single instruction with fixed operator 
eode and three undetermined addresses, whose formation is the same for 
each of the operators. It is convenient to store these patterns in registers 
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whose addresses coincide with the codes of the corresponding operators 
(or differ from them by a constant). 


synth 
$1 regis bcdeP// Test for the presence in the 
phrase of the index a and 
formation of instructions 
using the address register 
c ®© (a) o 2d @ (2)|53 Synthesis of a program for 
$2 [a] —P obtaining a random value 
of the variable a 
§8 b@(+,-—A,V,O@>5)|>4 Synthesis of instructions real- 
(hte O kia} = P — 12 izing the operators [] € 
nn x A V, @,>} (for 
the operator '—"kj4 = 0) 
$4 b@ (V, I, |<—, |-—) | 6 Instructions that execute the 
b @ (je, |-—) | 5 operators weight and invert 
(kj 7] = Pb A 1 o 12 "adapt themselves" to the 
(kj; |-] C P — 12 MP field. The value of the 
$5. {kia VI —PbA10- 12 MP instruction counter ¢ 
f kic I| C P — 12 is used 
$66 bo &, <,>,<-)|>10 Formation of programs that 
b 6 (—)| 7{kiq — kia} > P 12 execute nonsingular 
$7 Ea = Kia} — Pb © (> ) |l 12 phrases 


(kig > kta A fi] C P — 12 
$10 b e (V, D O —> 11fkic V kiaj} => P 
b ^Alo 121 kp: kia} C P — 12 
$11 Eta X kia} = Pb A 1 o- 12 
{kia X kia} CP 
$12 assval egtP//. 


D. THE BLOCK assval 


As has been noted, the block assval forms addresses in instructions 
realizing the assignment of the result of some operand. Thus, the synthesis 
of instructions for the majority of LYaPAS operators terminates with the 
execution of assval. The input information for assval consists of the values 
of the variables e, g and the index t, indicating the position of the instruc- 
tion whose address must be determined by the block. After the block has 
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operated the value of ¢ is increased by unity; thus the block reco knows the 
address of the next instruction to be formed. 

Let us consider the operation «++ = w,. The value of the element of the 
complex is assigned in two steps. In the first step this value is assigned to 
the implicit variable 7, in the second 7 — a,. In this way the implicit 
variable retains the value of the result of the operation, and if it is used 
immediately afterwards the instruction {w, = 7] is avoided. For example, 
the expression a; V b = c; ® d is represented in MP by instructions that 
execute a; — 77 V b — rr — cjr ®© d. The instruction (c; = 7] is not con- 
structed for the phrase c; @ d. 

When an element of a floating complex is assigned by the block assval, 
it is necessary in general to test for the presence of the operator ‘‘?,”’ as in 
the case of --- = By, for the presence of “??” (y = 0,1, ...,37). But 
sometimes it is unnecessary to make this test (for example, at certain stages 
of the synthesis of instructions for expressions of the type ©, €» e; or 
bə €» bz). Therefore some operand is defined, say h, whose value will indicate 
whether (say [A] = 0) or not ([^] ¥ 0) to inspect for the presence of ‘‘?” 
and ''??." [f one of these operators is present in the phrase to be processed, 
assval constructs the instructions for calling up the corresponding block. 


assval 

e ®© (a) o synth 1 If --- => a the block regis is called up, which 

{=> kia} => P forms the required instructions and ex- 
ecutes transfer to the block reco 

e^c|l Test for cases of the type --- = By or 

e^o 0-3 e — Q9 

i2 0,} =P Here information about o, is used, storing 


the value of g 
$81 hi>3 Aza @ (?)|-3 Synthesis of instructions for calling up the 


A za OQ ()) o2 block ‘‘?” 
He? > P3 
$22. [45 ??] P ... and the block '/??" 


83 |! 


E. THE BLOCK ezch 


In the synthesis of instructions that carry out the operation of exchange 
of values of two operands, the basic block employed is synth. The block 
exch only analyzes the phrase formed by the operator €» and assigns various 
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values to the operands c, d, and e. By means of these values synth constructs 
the corresponding assignment operations. During phrase analysis &' € €" 
are denoted as such cases. 


(1) &' and €" are elements of complexes. Then to realize a phrase of the 
type c; © o; instructions for executing o; = r0; => or = ojo > o; are 
constructed, where 7 and e € K are implicit variables. The instructions 
(9; — rj and [ o; = e] are also constructed during operation of prop. The 
instructions corresponding to the remaining two phrases are formed by the 
block synth. 

(2) U = o, €" # o, ie, a phrase of the type o; €» € exists. The 
instructions realizing such a phrase execute o; — r£ — or = £o => Wi: 

(3) € Æ on C' = o, i.e., there exists a phrase of the type £ © o,. It 
is put into correspondence with the expression o; > ¢ => re = £r => Qj; 

(4) €' and €" are variables or indexes. The instructions Cre ms 
7 => ¢'} correspond to this case. 


When one of the operands is the index a, the capability of the block regis 
to form a tag for conserving the value of the index register in a memory 
register and to assign the value represented by the register to the index 
register is used. 


exch 
Sl ()-—bc OG (fa) o- 11 Recognition of the expression 

acit 

d= e6 >f +} propld—foa Conservation of information 
about the right operand and 
processing of the left 

eAao-be Aq o-4 Synthesis of instructions for 

io synth le => g phrases of the type o; S o; 


322  OohLe.]c 
$9 (09) be synth 1f — e — reco 2 


$4 e^e,emdsynthloh Proeessing of instruetions of 
c> eLo]-—co)-—b the type a €» o; 
15 synth 11 7.] V ee 

$$  ohLr.]2c3 


$6 e= ge @ (à)0-10c^c c—7 Detection of phrases of the 
type o; S a anda b 
e—cil o.]-e4^» synth | Processing of expressions of the 


c—eLz]j—c(5)—b type o; a 
15 Synth 1L. 7.] V 40 e2 
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§7 Lrixsetsynthl1 ohc>e Processing of expressions of the 
f= c>) => b + synth ic >e —5 type a & b 
$10 c A al 13() — b — 12 Detection of phrases of the 
type w; &a,b& a 
$11 5=ftprople=foa Analysis of expressions of the 
e A à |> 13e > c(a) e typea c o;,a€»b 


$12 (ae [(]—Pf-e-reco2 


$13 (a) = cL o.]- edo synth 1c — e Processing of expressions of the 
Lr.] — c()- bue synth 1 type a € a; 
Lr]Va-eLo.]1c-3 


7. THE SYNTHESIS OF TRANSFER OPERATIONS 


A. PRELIMINARY INSCRIPTION OF INSTRUCTIONS 


In the synthesis of transfer operations it 1s frequently necessary to verify 
the left operand “for zero" and assign to it the value of the variable r. 
For this, an instruction that executes the phrase & A fio = 7 is placed in 
front of the transfer instruction in MP, where ¢ is the left operand in the 
transfer phrase (possibly č — 7). As a result of this operation r = 0 if 

= 0 and r = Cif & = 0. In many digital computers in the execution of 
bitwise comparison (G), conjunction (A), ana disjunction (V), as well 
as addition and subtraction (+ and —) of the mantissas of numbers, a 
control signal that can be used in the transfer instructions is generated. 
This is taken into account when a phrase ¢ O €" (L1 € {+,—-, V, A, @}) 
is the left operand for a transfer operator o — or |—: the transfer instruc- 
tion is formed without preliminary synthesis of the instruction {r A fi 7}. 
In other cases, {¢ A fio — 7} is always constructed before the instructior: 
that executes the operator o — or |. Before the instructions corresponding 
to + and — a command {¢ = 7] is formed if (1) the left operand is not 7; 
(2) the sentence to which transfer is to be carried out is "bad"; (3) directly 
before these operators there does not occur +. In case (3) this is done 
because in the execution of the operator ‘‘!’’ there usually occurs assignment 
to 7 of the value of the left operand. 

At first the transfer instructions do not have an address part. It is sub- 
stituted into these instructions after processing of all the phrases in the 
L-program. In order to be able to do this, a special table of transfer instruc- 
tions (TTI) is constructed in the form of a complex H. The element 
h; € H—a row of TTI— fixes in its 12 last components the value of the 
machine instruction counter at the instant the transfer instruction is 


88 M. YA. TOVSHTEIN 


formed, and in its 12 first components the number of the sentence appearing 
after the transfer symbol. 

Fora phrase | £itis necessary to form instructions ensuring ^memoriza- 
tion" of the address in MP of the instruction following the instruction 
"exit to machine language," composition of the instruction for return to 
the register with this address, and composition of the tag for transfer to the 
register whose address is given by [£]. Exit to machine language is con- 
veniently realized by means of an instruction storing the number of the 
return register in the form of the address part of a transfer instruction. 


B. TRANSFER INSTRUCTIONS WITH RETURN 


Instructions that execute the operator +> must “memorize” the depth 
from which transfer is realized and the address of the instruction to which 
return is carried out. For this, k registers R = (ro, ri, ..., rx. 1] are assigned, 
corresponding to the k depths. Each register contains an instruction of 
uneonditional transfer, to which the address part is added when the 
instructions {+>} are executed in MP. To determine to just which of these 
registers the address is to be “attached,” one further register is reserved, 
ealled the depth counter. Initially this counter indicates the address of 
register r, (first depth). After the corresponding address is inscribed in 
register r; € E, the value of the depth counter is increased by one. 

At zero depth the operator '*" can be omitted; the address of the instruc- 
tion following “‘!” is stored in the register ro. In executing the operator “r? 
the machine “examines” the value of the depth counter. If it corresponds 
to the zero depth, the transfer instruction stored in ry is executed. Otherwise 
the value of this counter is reduced by unity, and the instruction stored in 
the register whose address is indicated by the counter is executed. 

Instructions realizing the operators +> and ! can be constructed in the 
form of subroutines, located at the start of MP. Then when the symbols 
+> and ! are encountered in the L-program, only the instructions for calling 
up the corresponding subroutines are synthesized. We designate the syn- 
thesis of these instructions by {++} = P and {!} > P. 


C. OPERATORS FOR ENUMERATION OF 1’s IN THE CODE 


For the synthesis of instructions for the phrase a X py the following 
macroinstruction is used (with undetermined instruction addresses corre- 
sponding to the phrases with Greek letters) : 


a => JIa — K A fro O — BR F — ac, Q K> Ka y 1 — aR > a. 


When this pattern is substituted in the machine program the instruction 
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?K ^ fio O — 8 should be entered into TTI. Further the synthesis is con- 
ducted as for the operator V, I, etc. 

The algorithm that performs random equiprobable selection of 1's in the 
code with subsequent ''erasure" and indication of their positions (the 
operator X) is based on the following idea. 

Let the code ¢ contain n 1’s. We divide [0, 1] into n segments 


1 1 2 n—1 n 
Yo = 0, - ; 917] 5», ]» ere, Ọna = > |e 
n n n n n 


We take an arbitrary number l from a sequence of random numbers, 
uniformly distributed along [0,1] and find a k € [0, n — 1] for which 
l € gx. The position of a 1 that is to be “erased” from the code ¢ is found 
from the value of k. This method ensures equiprobable “selection of the 1's" 
in the code ¢, and the randomness of the choice depends on how arbitrarily 
the number / is taken. To find / it is possible to use a generator of pseudo- 
random numbers. 

Thus, three elements are essential to the execution of the operator X: 
caleulation of the number n of ones in the code, generation of the random 
number J € [0, 1], and determination of a k such that k <len € k +1. 
If n = 1, the number of the unique 1 in the code is found directly. The 
following expression corresponds to the phrase a X 8y: 





a= 3=> K A fio o>8 o ma => uk V =p®1 o1] X p> p 
$1 XKX/aA^An—ooo> la ® > a> ymma. 


Here {l} is a generator for obtaining the number l, X is the operator for 
multiplication of normalized numbers; in the operator X the second operand 
plays no role. 


D. ALGORITHM FOR THE BLOCK trans 


The basic explanations for the block constructing transfer instructions 
have already been given. Let us give the LYaPAS algorithm for the 
functioning of this block. This also includes those parts of the translator 
where the instructions { | £}, {1}, {X}, and {X} are synthesized. 


trans 


§1  a—dAzde(X,X)o— 12 


d & (49,)|5 2a ^ 177 — i Test for the case — 6, member- 
gi ^ 000554525 ship of the sentence à in the 
group of “good” 
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$2 cAa@®Lrtl|o3leVaAc|—>3 Test: is left operand 7 or an 
element of a complex? 
bo (4+,-,A,V,@) 0-5 


1535 
$88. Lf] dL rJ —e(A)-—b Synthesis of instructions 
d & Wh, >, ! X, X)|l4(9)b {oA fio 7] Or (C2 7] 
$4 — + synth 1! 
$0 d@® Gb) o> T{trans} =P Synthesis and registration in 
15 6 — 10 TTI of transfer instructions 
$60 a<10Vit=>h.As! Completion of the rows of TTI 


(Index s is the row counter 
of TTI; initial value, s = 0) 
§7 {H}=>P 


$10 Lrj=ed>b-—reco l Exit from trans 


$811 #2{} 2 P 10 


8122 dAl1|> 13{X} > P 10 Synthesis of instructions for 
$813 [X] —À—P— 10 enumeration operators 
$14 ([£] —P— 10. Synthesis of instructions for 


exit to machine language 


E. “WORKING” FORM OF TRANSFER INSTRUCTIONS 


After composition of the “rough” machine program, the block transfers 
brings the transfer instructions of MP to their final form. It utilizes two 
tables: TTI and TSS. The rows of TTI indicate which instruction in MP is 
to be processed and communicates the number of the row in TSS in which 
is found the address of the instruction to which control is passed during the 
operation of MP. Examining successively all the rows of T'TI, the block 
transfers forms the address parts of all transfer instructions. 


8. SYNTHESIS OF INSTRUCTIONS FOR NONSTANDARD 
PHRASES 


A. THE NATURAL ASSIGNMENT OPERATOR 


The algorithm for the synthesis of instructions corresponding to the 
operator 4 consists of finding in TC the row f, containing the constant 
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formed by the block const from the four codes following the operator €, 
and then forming the instruction {f, => 4], where € is the left operand of 
es 

The case ¢ = w, is treated separately. In the analysis of a phrase w, =: ** 
the block reco, on encountering the code w,, constructs with the aid of prop 
the instructions for o, = r. It is obvious that they are not necessary to 
execute 4. But reco only recognizes that just this operator appears after 
o, on the next step, when the code (=) is recognized, and control is given 
to the block “<=” for the synthesis. This block constructs the instruction 
(f, => 7} and by means of assval forms the instruction {r = @,} in place 
of the instruction {w, = 7}, which is erased. For this, before the synthesis, 
block “<=” reduces the value of the index t by the number of instructions 
realizing o, = T. 

Below we give the algorithm for synthesis of the instructions corre- 
sponding to the operator +. To correct the counter t we assume that for a 
machine with an index register the number of instructions corresponding 
to the phrase wa = r is equal to x; for the phrase o, — r this number is 
equal to 9. 


$1 ce^oao-3 Test for situation o, € » +- 
dg Conservation of information 
about o, 


9—dg» 10A f7@ (a)|-52x =d Correction of instruction counter 
$2 t-—d=>t 


§3 45 const 17a > c>) bod Preparation of the instruction 
[Ep] — kiea} for synthesis 


+ synth 1 — reco 1 Synthesis of instructions. Passage 
to analysis of next phrase 


B. PRINTING (PUNCHING) INSTRUCTIONS 


The operator * (X) is represented in MP by instructions that cause 
output from core of the values of the operands and complexes to be printed 
(punehed). The translator block that forms these instructions has two 
entry terminals: the first is for the organization of the output of the values 
of complexes, the second for the formation of the instructions for output of 
the values of elements of a complex, indexes, variables, and constants. The 
first entry follows call-up from the block prop, the second, from the block 
reco. In the synthesis of output instructions for the value of a complex, 
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indexing of the output code array must be assured. For this it is possible 
to use the code of the complex which is printed (punched) ahead of the 
array to be extracted. 

To form the instructions for output of a fixed complex it is possible to 
take into account its “start” and cardinality, indicated by elements in A 
and B. These instructions conserve a constant form in the execution of MP. 
In the program for output of a floating complex these “executive” instruc- 
tions must be constructed by other, “preparatory” instructions, using the 
values of the elements obtained from A and B and certain constants. Since 
such a program can become fairly long, it is useful to locate it at the head 
of MP.! The block output then has only to form the required call-up 
instructions. 


C. THE BLOCK **7,/" 


On encountering the symbol / or ,/ in the L-program the block reco 
transfers control to the block “7//.” This block extracts from the L- 
program the operand codes following the operator code. Since it is known 
that these can only be variables or indexes, it is possible to find the addresses 
of the registers fixing the values of these operands without the aid of prop, 
and to use them for “completing” the corresponding patterns. 

Basically the synthesis of instructions for the operators 7 and / follows 
a single algorithm. For the operator 7 checking must be provided for the 
inscription of information in external memory (say, on a drum). This 
checking is performed by instructions that form a check sum for the codes 
written on the drum and compare it with the check sum of the same codes 
obtained during ‘‘readback”’ from the drum; if these sums do not agree, the 
recording on the drum must be repeated. 


D. THE BLOCKS “s (" AND ‘‘) =” 


After it has been found that the operator — appears after the symbol of 
a complex Q, the block “= (" operates, forming a program for the execu- 
tion of the phrase Q = (£it» --- fa), where the t; are the symbols of 
indexes or variables. In the first place block “=> (" constructs from known 


! This is done immediately after operation of the block const, if the need is found 
during the inspection of the L-program. It is also convenient to use such a procedure in 
cases where the number of instructions corresponding to an operator exceeds a certain 
threshold (say five instructions). In the algorithm presented for the operation of the 
block const we have omitted this fact for simplicity. 
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code (QY the instruction for finding the number of the element in the 
complex K equivalent to the last element of the complex Q: L wo + co. 
Further, in parallel with the selection from the L-program of the symbols 
of the operands, the corresponding assignment instructions are constructed 
and the number of operands selected is counted. As soon as the code () ) 
is encountered in the L-program, the number of the register containing such 
a number is found by means of const, and the instruction for correcting the 
cardinality of the complex is constructed, using this number. Each syn- 
thesis step is accompanied by the corresponding increment to t. 

The block “) =” is put into operation directly after reco has recognized 
a code ((). The structure of the macroinstruction on which the program is 
based is the same as for the macroinstruction corresponding to the phrase 
Q => (file +++ £x). However, the synthesis of this program is somewhat 
more complicated. Thus, the instruction for finding the position of the last 
element of the complex Q, which obviously must begin the subroutine, 
cannot be formed at first, since there is still no information about the 
complex. Therefore it is necessary to store the number of this instruction 
in MP. Successively examining the codes of the operands appearing in the 
parentheses, the block ‘‘) =” first forms instructions for the assignment of 
the values of these operands to the elements of the complex. Just as in the 
block “= (,” the number of operands is counted and the number of the 
register with the required constant is found. The instructions for finding 
the last element of the complex, those for correcting the cardinality of the 
complex, and the assignment instructions are brought to final form from 
the code (Q). 

In the execution of the above programs, it is convenient to use the index 
register, when it exists in the machine, in MP for the execution of the 
assignment instructions. 


9. “FLOATING” MACHINE PROGRAM 


In the synthesis algorithms described, the value of the index t was used 
to indicate the position in core memory where the next-formed MP instruc- 
tion was to be “placed.” The macroinstructions were also “completed” by 
means of the index ¢ (the reflection of this fact was somewhat suppressed 
in the notation {---} — P). Thus, the instructions obtained in synthesis 
were adjusted to the field in which MP was allocated. In using the translator 
in the programming system PS-LYaPAS it 1s necessary (1) that the place 
in core reserved for MP not be rigidly fixed, (2) that the machine program 
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constructed be easily adjusted for operation in any part of memory, and 
(3) that the translator be able to read an L-program from any point in 
memory. 

To satisfy these requirements, we do the following. Let the role of the 
machine instruction counter be played by two registers—in other words, 
two operands in the complex K: t and u, where t gives the location in which 
the constructed instruction is “written,” and where the unknown addresses 
in this instruction (macroinstruction) are determined by means of u. Aside 
from this, the values of the index u are used for the construction of TSS, 
i.e., sentence five of the block reco takes the form §5 u V gi g; — 1. 
During instruction synthesis the values of ¢ and u, as required, simultane- 
ously obtain the same increment. The initial values of the indexes t and u 
are fixed at the start of operation of the translator, by the indexes 9 and 10, 
respectively, taken from the auxiliary set. During the operation of PS- 
LYaPAS the values of ə and 1» may evolve. The position of the working 
program and the place where it is formed evolve according to this. 

We distinguish in the same set the index ur, adopting the convention that 
its value defines the initial address of the block of registers representing the 
L-program, and the index s, whose value after the termination of the 
translator operation is equal to the "length" of MP (together with the 
table of constants). 

Thus the translator processes the L-program, whose first symbol is easily 
located by means of [m], and constructs the machine program in absolute 
addresses, beginning with the address [1o + w]; the program is temporarily 
stored in the array of registers beginning with the register at address 
[t + w], where [w] is the number of rows in TC. (In the particular case, 
[10] = [t].) After "insertion" of the absolute addresses in the transfer 
instructions of MP, the machine program is automatically transferred to 
the registers with addresses from [10] to [10 + a]. But this is carried out 
by a different block of PS-LYaPAS, the executive. 


10. CONCLUSION 


This chapter has given the basic principles of translator construction for 
the input language, which is first-level LYaPAS. For the description we 
have used the logical language for representing algorithms, which permits 
the translator to be composed for any machine without particular outlays. 
The possibility exists of varying the structure of the translator and its 
individual blocks according to the features of concrete computers. 
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THE LYaPAS COMPILER 


A. D. Zakrevskit 


1. THE COMPILER FUNCTIONS 


The compiler is that block of the automatic programming system which 
carries out the transition from a program written in second-level LYaPAS, 
which contains the symbols of L-operators, to a program that is functionally 
equivalent, but no longer contains the symbols of L-operators [1]. These 
latter must be replaced by the corresponding subroutines, “adjusted” to 
the prescribed sets of external operators. The expression obtained at the 
output of the compiler may differ from a first-level L-program only in that 
certain of the operands can be “primed,” i.e., their values must be repre- 
sented by consolidated registers of the machine. 

Let us describe in greater detail the method of compilation adopted for 
the development of this compiler. 


A. SUBSTITUTION OF OPERANDS 


When a subroutine is substituted for the symbol of an L-operator in 
the processed program, the external operands must be defined in the sub- 
routine. This is done by the substitution of the elements of the list of 
operands of the L-operator at the positions of the corresponding symbols 
a, B, ..., c occurring in the subroutine. In the substitution of a composite 
element of the list the parentheses enclosing it are removed. 

If a symbol y € {a, B, ..., c] follows a symbol A or B (these are the 
symbols of the complexes of starts and cardinalities of complexes) in the 
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substitution, and if the element replacing it is the symbol of a certain com- 
plex, then in place of this element the symbol of a natural constant is sub- 
stituted, representing the index of the given complex. For example, in the 
substitution of C for 8, ag is replaced by az. 


B. PRIMED OPERANDS 


If necessary during the compilation, the variables used by the subroutines 
are primed. The information needed for such priming is contained in the 
list of operands of the L-operator, where certain elements are primed, and 
in the header of the corresponding subroutine, where definite relations are 
reflected between the external and the internal operands of the subroutine. 

Sinee it has been defined that complexes ean only serve as external 
operands of subroutines (with the exception of special complexes, which 
are never primed), it is not necessary to provide a special mechanism for 
their priming; the procedure for substitution of a composite element of the 
list of operands is sufficient. 


C. PROCESSING OF THE SYMBOLS ? AND ?? 


The subroutines processed by the compiler may contain the symbols 
? or ??, which ean be the signals to shift the complexes tagged by these 
symbols in the working complex. In the last analysis the presence of these 
symbols in a first-level program is connected with a definite loss of machine 
time in the execution of the program. This time is expended in supervising 
the tagged complexes, which are suspected of possibly interfering with 
each other. If the programmer can guarantee that certain complexes will 
not emerge from the place assigned to them in the working complex, these 
complexes can be included among the fixed ones (in contradistinction to 
floating ones) and their supervision is abandoned, with removal from the 
program of the symbols ? and ??, if they accompany the symbols of fixed 
complexes. 

In these conditions the symbols ? and ?? are removed from the sub- 
routines used in compilation by the compiler. The compiler utilizes the list 
of fixed complexes assigned by the value of the variable 3, whose 32 binary 
components are associated in the standard correspondence with the com- 
plexes A, B, ..., A (the special complexes are always fixed). 


D. ASSEMBLY DURING COMPILATION 


During compilation a new program is assembled, in which the direct 
citations of the L-operators are replaced by their subroutines (and the 
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external program “pushed back"). If any L-operators figure in the sub- 
stituted subroutine, the corresponding subroutines are inserted in it in 
turn, etc.. 

The sentences of the new program are numbered in a unified system, so 
that the sentences of the subroutines are renumbered. The new numbering 
is based on the linear ordering of the L-operators utilized, where the opera- 
tor L; is considered “‘to the left" of the operator L; if one of the following 
conditions is satisfied: 


(1) the operator L; is subordinate to the operator L;, i.e., appears in its 
subroutine; 

(2) L; and L; enter directly into the same subroutine (or external pro- 
gram), where the direct form of citation of L; is encountered earlier than 
the direct form of citation of L;; 

(3) the operator L; is subordinate to the operator L}, which is con- 
sidered to be “to the left" of L; on the basis of the above conditions. 


The sentence numbers of the initial external program are preserved, 
and the next unused elements of the natural series are utilized for number- 
ing the sentences of the subroutines in the order established by the linear 
ordering relation described above. 

The renumbering of the sentences is accompanied by the necessary cor- 
rections of transfers within and between subroutines. 


E. PARTICULARITIES OF THE OPERATOR — 


Since four 9-bit codes follow the operator +, which can take on arbi- 


trary values, they need not be analyzed during compilation, but are simply 
transcribed. 


2. DESCRIPTION OF THE COMPILER 


Two modes alternate during compilation. The first, called preparatory 
mode, sets in upon the encounter of a direct citation of an L-operator in 
the processed program, and carries out the necessary preparation of the 
information for the second mode. In the second, called assembly mode, the 
subroutine corresponding to the L-operator encountered is adjusted and as- 
sembled in the synthesized program. As soon as any L-operator is encoun- 
tered in turn in the assembled subroutine (in direct form), the assembly 
mode is again replaced by the preparatory mode, and the information 
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needed to complete adjustment and assembly of the subroutine is stored. 
The basic mass of processed information is represented by complexes. The 
initial information, ie., the external program, and all the subroutines 
needed for the compilation together with their headers, in the order es- 
tablished by the linear ordering relation, form a sequence A’ of 9-bit codes. 

We shall assume that this information is stored in “packed” form in the 
complex A. To be concrete, we shall take the following method of packing: 
five 9-bit LYaPAS symbols are stored from left to right in a 45-bit machine 
register. At the same time, the standard 32-bit variables utilize only that 
part of the register obtained by dropping the 9 left and 4 right bits. 

The unpacking operations, i.e., search and extraction from the complex 
A of an arbitrary element of the sequence A’ (prescribed by number), are 
performed by a special unpacking block, using the operator =. 

In an analogous condensed form the result of compilation is represented 
in the complex B—the resultant first-level L-program, in which primes 
may appear. The unpacking and packing of the complex B is carried out 
analogously. 

As noted in the description of LYaPAS, a header appears before the sub- 
routine, in which are listed in succession the number of the subroutine, its 
volume, the number of sentences, and information necessary for priming. 
We shall agree that the first symbol of the header (the number of the 
L-operator) always occupies the extreme left of the five positions in the 
machine register, and the others follow directly behind it. Then the volume 
of the subroutine (including the header) is defined by the number of oc- 
cupied registers, each of which contains one element of the complex A. 

If the total number of symbols in the subroutine is not a multiple of five, 
the last positions in the last element of the complex A occupied by the sub- 
routine remain empty. The depth of the next subroutine is noted in the 
rightmost position of the next element of A; this next subroutine is stored 
in A beginning from the next element after that in which its depth is stored. 
We shall assume that the external program is realized at depth 1 and that 
if some subroutine is realized at depth 7, a subroutine directly subordinate 
to it is realized at the depth i + 1. The depth of operation of the compiler 
is defined in agreement with this, and is initially denoted by the value of 
the index d. 

When the next L-operator is encountered, its list of operands is analyzed, 
and tables, represented in the complexes D, E, and C are prepared for con- 
venience of the subsequent ‘‘adjustment’’ of the subroutine. 

The complex C prescribes the general list of all operands of those L-opera- 
tors whose processing at the current moment has not been terminated and 
which are processed at various depths beginning with 2 and terminating 
with [d]. This list has a continuous dense numbering, and since certain 
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of the operands can be represented by more than one symbol, the complex 
E defines the corresponding division of the complex C—if j = e;, then c; 
is the first symbol representing the [7 ]th operand of the general list. The 
complex D defines in turn the order of dividing E into groups, correspond- 
ing to the different L-operators: [d4] is the number of the first operand of 
an L-operator that has been processed at the depth [d] and whose process- 
ing has not been terminated at the current moment. 

After the set of external operands of the current subroutine has been 
prepared, the list of primed variables is composed. The set of these lists 
for the various depths forms the complex H, in which five adjacent ele- 
ments correspond to each depth. The first of these is the general list of all 
variables subject to priming at the given depth, and the next four define 
the type of priming, giving the list of internal variables of the subroutines 
before whose symbols it is necessary to insert the symbol ', ", ', or ””. 

Then the required subroutine is assembled, for which the details have 
already been described. 

Transfers are corrected with the use of information contained in the 
complex F; [ f; ] represents the increment that must be given to all sentence 
numbers at the [d ]th depth. 

When the symbol “.” is encountered, the depth is reduced and transfer 
is carried out to the preceding subroutine whose processing has not been 
terminated. The set of “return coordinates" for the various depths is given 
by the complex G. | 

The starts of all subroutines processed at various depths (at each depth 
there is à maximum of one subroutine whose processing has not terminated) 
is given by the complex I. 

The operation of the compiler terminates with return to the zero level, 
upon encountering the symbol “.” in the external program. Interruption 
of the work is also provided for certain types of programming errors (or 
machine errors): if the maximum number of sentences (177) has been 
exceeded, or if the numbers of the L-operators and the subroutines found 
do not coincide. 

On termination of compilation, information is also given about the length 
of the synthesized program (bı) and its total number of sentences (g). 


3. THE L-PROGRAM OF THE COMPILER 


Below we give the compiler program, written in first-level LYaPAS. 
All of the indexes figuring in it are taken from the auxiliary set. The pro- 
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gram contains about 700 symbols and can be translated easily to machine 
language. The compiler is matched to the adopted system for coding 
LYaPAS symbols [2 ]. 

For convenience of reading the program we denote by (V) the symbol of 
an operand whose value is the code of the symbol y, and by 


a © QA, y», e... Wn) 


the operation after whose execution the variable 7 takes on the value 0 if 
the value of the index a coincides with one of the symbols y, yo, ..., Vs. 
Output of the symbol 6 is the error signal. 


$0  obocovozodsofioeb —t1-—d-h Initialization 
>f} 2=g or2-ioz 


$81. #2 @ a,B,...) o 14x @ (a,b, ...) Commutator 
o—llz 6 (//) o> 81x @ (A,B,...) 
O— 30r Q e — Cs o- 47c | 13 
xr ® (€) 0-10z © ($ o 7x 6 (.) 
o 27z 6 (?) o 202 6 (>, |>, 
o-, + X, X) o 222 © (+) | 13 
1243564252456 0 c€2—]1 


§2 Af 


$838. f:5 X I1 2 an $C 4 ^ f; 054 a! Unpacking A 
$4 20-202! 


§5 wid X 11 — iba € i A^ f; — y! Unpacking B 


$6 = jb:5 X 1157100 — i > df; 3-4 ® fu Packing B 
^ ba > baj*—-2 V Da > ba Ab! 


$7 xczHb6H2+vH6->1 Sentence renumbering 


S810 O zz 45 6 49 245 6 45 2 42 645 245 6 422. Transcription after — 
156 021 


$11 2A 37>7¢c; Ah, o> 138t>a+5= 8 Priming variables 
$12 Aa@®s 0—44c; Ab, o12a —t+17 
15 6 


102 


$13 


$14 


$15 


$16 
$17 
$20 


$21 


822 
823 


§24 


§25 


§26 
§27 
§30 
846 


§31 


$32 


x 6—1 


Ozz A 17 + da — ae, > kAa Nf 
4 3 A foaz ®© (A, B) o 16 


co 152456 
c, 4326 A k @ e| 15c o1 
3414561 


Ci e u n i$ dida Il 17 A^ k 


€, ® (o, B, **-) |-5 15€; A 77 V oy 


136 1 


+ 2 6 40|5 210 — 1 5 u 495 A 37 
= ace ^9|5140435640456 1 
Afb—2-2u05A37-2ac ^9 


I> 140 » 6-1 


z 146452 6 (0,1, 2, ...) |. 232 + v 


1561 


zr ® (H) o> 24r A 17 -- daa 


e, — ac, + w141^»6 1 


1 2 > kf > lig» foez43-4-v 


— m Af 


oz H384+f-l=sfH3fejAz 
6 d| 26 4 2 6 k |-> 261 5 f 4» 2 


-m6-1 


Ozj43—f43-4m-—mRAf-25 


A d o> 45g, > ff, — v A día —5 w Ad 


t—5=>t-1 


XA 37> dc; A ho o 10a 


A a Q5 o 44c; A ba o 46a + 17 


1 6 — 13 


f-—gb—u/AXdost-4d-5-toc 


Au — p 39 5 @ (tH) | 32h 2 f 45 3 
-h—1-2fu342/^ud455 
O r|544A^Af—hozse20o0z 
v = wg >v => fa + xz = g — 200 


|^ 44f > iada — ee, > a 
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Transcription 


Operand substitution 


Processing situations a,, 
bg 


Processing symbols ? and 
29 


Correction for transfers 


Search for additional en- 


try terminal 


Reduction of depth 


Priming complexes 


Back up in B and search 
for new subroutine 





THE LYaPAS COMPILER 103 


$33 AuGbo-30455 O (() 034 Preparation of set of op- 
Y= €, A ay Q (^, ^, "^, Y 0 3 33 3 35 erands for new sub- 
$934 Aut5 @ ()) o> 33y SG Aa- 34 routine 
$35 A ea e, — 33 
$36 A de- dp >bt=>a+5>s8sAd 
$837 oh,AaQ5s]|37 
$440 422 Afr (0|I51 Af452 ^ 17 +d: 
— ge, => ac, © (e m ue n Oo -— 42 
$41 #2 © 0)l 41 — 40 
842 c—174tp 
$43 45 2 @ (0) o 40x ^ 37 — ac, Vh: 
— hic, V h, = h, > 43 
$47 cer-13 


$44 (6)s Error signal 
$45 zt 6. End 
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DETECTION OF SYNTACTIC ERRORS IN L-PROGRAMS 


N. A. Usacheva 


The programming system PS-LYaPAS processes expressions constructed 
in strict agreement with the description of LYaPAS [1]. At the same time, 
it is possible that combinations of symbols that contradiet the rules will 
appear in the L-programs. Therefore, before the translator begins to 
operate, the L-program is analyzed for the purpose of detecting such com- 
binations. This analysis is performed by the block synter—the block of 
search for syntactic errors. 

Let us consider the more general problem of constructing a search algo- 
rithm for syntactic errors in an arbitrary language U. Then, basing our- 
selves on this algorithm, we shall construct the search algorithm for syn- 
tactic errors in LYaPAS. 


1. SEARCH ALGORITHM FOR SYNTACTIC ERRORS IN AN 
ARBITRARY LANGUAGE U 


Let X = {21, 25, ..., tn} be a finite set of arbitrary symbols (words), 
called a dictionary. 
Let us construct the set U = (uj, us, ...} of sequences of dictionary 


words. For the set X let us prescribe a syntax—a set of rules for construct- 

ing sequences of words. With the prescription of the syntax the language 

U is divided into subsets of syntactically correctly constructed sequences 

(correct) and sequences violating some syntactic rule (incorrect). Before 

a sequence in some construction can be used it is necessary to establish its 
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correctness. To this end the syntax is given to the computer and a program 
is composed that permits the correctness of any sequence in U to be es- 
tablished. 

To prescribe a syntax we represent it in the form of a finite automaton 
A as given in Chomsky’s work [2]. 

Let the set of internal states {a1, a», ..., ax} of the automaton coincide 
with the set of syntactic rules; ao is the initial state. The set of input sym- 
bols {1, p», ..., Pa} coincides with the dictionary X. The transition func- 
tion of the automaton ó(a;, pj) is prescribed by a flow table. If the word 
x; does not satisfy the rule a;, then 6(a;, pj) = do. 

If several equivalent rows exist in the flow table, only one is retained. 
After this reduction of the flow table, several dictionary words will cor- 
respond to each input symbol. We shall call these words syntactically 
equivalent. The flow table of the automaton representing the syntax of 
the language will be called the syntax table. 

We shall construct the algorithm for testing the correctness of an arbi- 
trary sequence from the prescribed table in the following manner. 

Let u; = x}, £ê, ..., x? € U be an arbitrary sequence of words, and let 
` be the length of the sequence. 

An zj € u;is chosen, and the value ô (do, p;!) in the syntax table is found, 
where p;! is the input symbol corresponding to the word z;.. (Below p," 
is the input symbol corresponding to x;”.) If (ao, pz!) = aj, then z? € u; 
is chosen and ô(a;!, px?) is found, etc. If (a;, px”) = ae, the word x" € u; 
and the words preceding it form an incorrect sequence. We shall say that 
an error has been committed at the word x,”, and the word zx," is termed 
erroneous. 

In this case the position of the error is stored (the number of the er- 
roneous word in the sequence) with the “neighborhood” of the error 
(several words preceding the erroneous one). Next the word x" is chosen, 
and ô(ao, pz; ^^) is found, ete., until the number of tested words coincides 
with the value of à or the next tested word is a word signifying the end of 
the sequence. The last stage of the algorithm is the output of the accumu- 
lated error information. | 

The search algorithm for LYaPAS syntactic errors is based on this algo- 
rithm. We first construct the LYaPAS syntax table. 


2. THE LYaPAS SYNTAX TABLE 


In the composition of the LYaPAS syntax table the groups of syntacti- 
cally equivalent words are sharply distinguished. These are the group of 
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complexes, the group of indexes, the group of variables, the groups of 
natural and standard constants, the group of operators A, A, ©, ©, ete. 

To each state we assign a certain. number—the number of the column of 
the syntax table corresponding to this state. Each is a 7-bit binary number. 
The numbering begins from zero. The input symbols are numbered anal- 
ogously. 

The LYaPAS syntax is given in the table T [see Table I]. In each row 
of the table at the left, besides the input symbol number, are given the 
words to which this input symbol corresponds. At the top of each column, 
besides the number of states, are indicated the expressions whose construc- 
tion is prescribed by the rule corresponding to this state. We shall adopt 
the following notation for certain expressions. Let 


FC La, b, pe 10,0, c3]; 

ô C (0, l, .., 177]e € { Co, e, €31 do, sate dh €0, woe, Ct, fo, ..., ful, 
Q € {A, B, ..., A, A, ..., Q}, o, E Q, Qı € tss de. ous 
O2 € Dr Qs € by Ns ei, 

O4 € 1, X, X}, Os € i) V], 

Os € UA, Ns O, O34 O7 E D E d ud 


We shall denote by the symbol 7 the result of execution of the preceding 
operation not assigned to a concrete operand. We shall tag the operand 
symbol by a prime at the left if its value is represented by a complex vari- 
able, for example '£, 'o,, ^7. 

For compact inscription in memory the syntax table is condensed; in- 
Stead of repeating the state number, this number is written with the number 
of its repetitions, for which 7 binary positions are used. For example, after 
condensation of the table T, the 24th row takes the form (in octal notation) 


072 025 000 075, 


l.e., the state with number 72 is repeated 25 times, and the state with 
number 000 is repeated 75 times. The condensed form of the table T is 
represented in core by a sequence of 106 registers. Six codes of the table 
are "packed" into each register (45-bit registers are assumed). The leftmost 
bits of the register remain free. Each row of the table T is represented by 
a series of registers in the sequence. The start of each series in the sequence 
is indieated in the table P of "starts of rows." For example, the 24th row 
of the table T is represented by a series of two registers, beginning with 
the 80th register of the sequence. 
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TABLE I 
THE TABLE T 





.) 





o6 





=> Q4? 

* §* 

§ 6 

T 06 
| Qs t, t 


=> Qs 














| X à, Os € 





000 | 001 | 002 | 003 | 004 | 005 | 006 | 007 / 010 | 011 | 012 | 013 | 014 








à | 000 | 030 | 030 030 | 030 | 030 | 030 | 030 | 030 | 030 | 030 | 030 | 030 | 030 
7 | 001 | 031 | 031 | 031 ; 031 | 031 | 031 | 301 | 031 | 031 | 031 | 031 | 031 | 031 

£ | 002 | 031 | 031 | 031 | 031 031 | 031 | 031 | 031 | 031 | 031 | 031 | 031 | 031 
=> | 003 | 112 | 112 ' 112 | 112 | 112 | 112 | 112 | 112 | 112 | 112 | 112 | 112 | 112 
<> | 004 | 112 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 
Q |005 | 077 | 077 | 077 | 077 | 077 | 077 | 077 | 077 | 077 | 077 | 077 | O77 | 077 
— | 
921 
Oe 

















006 | 065 | 065 | 065 065 | 065 | 065 | 065 | 065 | 065 | 000 | 060 060 | 060 
007 | 026 | 026 | 026 | 026 | 026 | 026 | 026 | 026 | 026 026 | 026 | 033 | 033 





010 | 101 | 101 | 101 | 101 : 101 | 101 | 101 | 101 | 101 | 101 | 101 | 102 | 102 























| 
Os | 011 | 041 | 041 | 041 | 041 | 041 | O41 | O41 | O41 | O41 | O41 | O41 | O45 | 045 
! | 012 | 004 | 004 | 004 | 004 | 004 | 004 | 004 | 004 | 004 | 004 | 004 | 004 | 004 
$ | 013 | 055 | 055 | 004 | 055 | 055 | 055 | 055 | 055 | 055 | 000 | 055 | 051 | 051 
X x | 014 | 004 | 004 | 000 | 004 co 044 | 054 | 004 | oto 004 | 004 | 014 | 014 
O-|- | 015 | 062 | 062 | 055 | 062 | 062 | 062 | 062 | 062 | 000 | 062 | 000 | 000 | 061 
016 | 062 | 062 | 062 | 062 | 062 | 062 | 062 | 062 | 062 | 062 | 062 | 063 | 063 
017 | 114 | 114 14 | 114 | 114 | 114 | 114 | 114 | 114 | 114 | 114 | 114 | 114 
020 | 030 | 030 | 030 | 030 | 030 | 030 | 030 | 030 | 030 | 030 | 030 | 030 | 030 
021 | 105 | 105 | 105 | 105 | 105 | 105 | 105 | 105 | 105 | 105 | 105 | 105 | 105 
| 124 | 124 | 124 | 124 | 124 | 124 | 124 | 124 | 124 





024 | 072 | 072 | 072 | 072 | 072 | 072 | 072 | 072 | 072 | 072. | 072 | 072 | 072 
040 | 040 | 040 | 040 | 040 | 040 | 040 | 040 | 044 | 044 
000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 
000 | 000 | 057 | 000 | 000 | 000 | 000 | 000 | 000 | 000 
000 | 000 | 000 | 000 | 000 
| 071 | 071 | 071 | 000 | 000 
000 | 000 | 007 | 000 | 004 | 000 | 000 | 000 | 000 | 000 
107 | 107 | 107 107 | 107 | 107 | 107 | 107 | 107 | 107 
11 11/11 | H1 | H1 | Hl | HI | 1H | dH | 
021 021 | 021 | 021 021 | 021 | 021 | 021 | 021 | 021 
122 | 192 | 192 | 122 | 122 | 122 122 122 | 122 | 122 
| 





025 | 040 | 040 | 040 
026 | 121 | 000 | 000 
027 | 057 | 057 | 000 
030 | 123 | 000 | 000 
031 | 071 | 071 | 070 











JP 
Qi 
€ 
( 
= 
O4 023 | 040 | 040 | 040 | 040 | 040 | 040 | 040 | 040 | 040 | 040 | 040 | 000 | 000 
Qs 
Qs 
) 
X 
e 


000 : 000 | 000 | 000 | 000 
071 071 | 071 | 071 | 071 








? | 032 007 | 000 | 000 
Z, | 033 | 107 | 107 | 107 
l 034 | 111 | 111 | 111 

T 035 | 021 | 021 | 021 

. 036 | 122 | 122 | 122 








| 
022 | 124 | 124 | 124 124 
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TABLE I (continued) 
| 











aa aa 

3 D td 

1 ai ioe a a 4 

" Ola lo | p. | S 

3 we | w 3 T NC | ee E wow) 
R e AE eE 
015 | 016 | 017 | 020 | 021 | 022 | 023 | 024 | 025 | 026 = |om 
ô | 000 | 030 | 030 | 030 | 030 | 030 | 030 | 030 | 030 | 000 | 000 * 030 
n | 001 | 031 | 031 | 031 | 031 | 031 | 031 | 031 | 031 | 027 | 027 | 027 | 031 
E 1 002 | 031 | 031 | 031 | 031 | 031 | 031 | 031 | 031 | 000 | 000 | 000 | 031 
= | 003 | 112 | 112 | 115 | 112 | 000 | 000 | 000 | 000 | 112 | 112 | 112 | 112 
€» | 004 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 
Q |005 | 077 | 077 | 077 | 077 | 077 | 077 | 077 | 077 | 000 | 000 | 000 | 000 
— | 006 | 060 | 060 | 060 | 060 | 060 | 000 | 065 | 065 | 000 | 047 | 047 | 047 
O1 | 007 | 033 | 033 | 033 | 033 | 000 | 000 | 000 | 000 | 026 | 026 | 026 | 026 
O» | 010 | 102 | 102 | 102 | 102 | 000 | 000 | 000 | 000 | 101 | 101 | 101 | 101 
Os | O11 | 045 | 045 | 045 | 045 | 000 | 000 | 000 | 000 | 041 | 041 | 041 | 041 
! | 012 | 004 | 004 | 004 | 004 | 004 | 004 | 004 | 004 | 004 | 004 | 004 | 004 
013 | 051 | 041 | 051 | 051 | 051 | 051 | 051 | 051 | 054 | 054 | 054 | 054 
E * | 014 | 014 | 014 | 014 | 014 | 000 | 000 | 000 | 024 | 004 | 004 | 004 | 004 
O—|- | 015 | 061 | 061 | 061 | 000 | 000 | 000 | 000 000 | 062 | 062 | 066 | 000 
++ | 016 | 063 | 063 | 063 | 063 | 063 | 063 | 063 | 063 | 050 | 050 | 050 | 050 
O1 | 017 | 114 | 114 | 114 | 114 | 114 | 114 | 114 | 114 | 000 | 000 | 000 | 000 
€ | 020 | 030 | 030 | 030 | 030 | 030 | 030 | 030 | 030 | 000 | 000 | 000 | 000 
( | 021 | 105 | 105 | 105 | 105 | 105 | 105 | 105 | 105 | 000 | 000 | 000 | 000 
== |022 | 124 | 124 | 124 | 124 | 124 | 124 | 124 | 124 | 000 | 000 | 000 | 000 
O4 | 023 | 000 | 000 | 000 | 000 | 000.| 000 | 000 000 | 040 | 040 | 040 | 040 
Os | 024 | 072 | 072 | 072 | 072 | 072 | 072 | 072 | 072 | 000 | 000 | 000 | 000 
Os | 025 | 044 | 054 | 044 | 044 | 000 | 000 | 000 bee 040 (on 040 | 040 
. J) | 026 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 
X, X |027 | 057 | 057 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 
<= | 030 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 001 000 | 000 
: | 031 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 071 | 071 | O71 | 071 
? 032 | 020 | 000 | 000 | 014 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 
Z, | 033 | 107 | 107 | 107 | 107 | 107 | 107 | 107 | 107 | 000 m 000 | 000 
l| | 034 | 111 | 111 | 111 | 111 | 111 | 111 | 111 | 111 | 000 | 000 | 000 | 000 
T |035 | 021 | 021 | 021 | 021 | 021 | 021 | 021 ; 021 | 000 | 000 | 000 | 000 
* | 036 | 122 | 122 | 122 | 122 | 122 | 122 pe ! 000 | 000 | 000 

| | 


122 | 
| 
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TABLE I (continued) 
























































x 
B ^us | a 
© hr] ard 
Matt = 2 ale 8 
wists Ol ty ep oy ol ul ol ™] 
——— |LL——— E COEM ae —M—— 
| 
on 032 | 033 E 035 | 036 | 037 ind E 042 | 043 | 044 
—— OK CEN RAPA) TUR. ANON ens SRL: aN SUN AE Ban qa 
ô | 000 | 030 000 | 000 000 | 000 | 000 | 000 |. 026 | 026 | 026 | 033 033 
n | 001 | 031 | 027 En 031 | 031 | 000 | 000 | 026 | 026 | 026 | 033 | 033 
£ | 002 | 031 | 000 | 000 | 000 | 000 | 000 000 ox | 026 | 000 | 000 | 033 
= |003 | 112 | 112 | 112 112 000 | 000 | 000 | 000 | 000 | 000 | 000 ioe 
€» | 004 ; 112 | 112 | 000 | 000 | 000 000 | 000 | 000 | 000 | 000 | 000 | 
Q |005 | 077 | 000 | 000 | 000 Paes | 000 | 000 | 042 | 042 | 000 wo 0 
— | 006 | 047 | 000 | 000 bee 000 |n 0 | 000 | 000 | 000 ; 000 | 000 
O1 | 007 | 026 | 033 | 033 033 | 000 000 E: | 000 | 000 | 000 | 000 2 
OQ» | 010 | 101 | 102 | 102 | 102 | 045 | 045. 045 | 000 | 000 | 000 | 000 | 000 
Os | Ol | O41 | 045 | 045 | 045 | 055 | 055 o 000 | 000 ` 000 pue 000 
! | 012 | 004 | 000 e | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 
$ | 013 | 054 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | | 000 ; 000 | 000 | 000 
xo" | 014 | 004 | 014 | 014 | 014 | 000 | 000 0 000 | 000 , 000 | 000 | 000 
oL | 015 | 062 | 061 | 061 | 064 | 000 | 000 000 | 000 | 046 , 000 | 000 000 
3» | 016 | 050 ; 000 | 000 | 000 | 000 | 000 | 000 | 026 | 026 | 000 | 000 | 000 
Oo: | 017 000 | | 000 | 000 ! 060 | 000 | 000 000 | 000 | 000 | 000 000 | 000 
€ E | 000 | 000 E | 000 | 000 | 000 | 000 | 000 | 000 | 000 000 | 033 
( | 021 | 000 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 0 | 000 | 000 
+ | 022 | 000 | 000 |. 000 | 000 | 000 jo 000 | 000 | 000 | 00 0 | 000 000 
O4 | 023 | 040 | 000 | 000 | 000 | 000 | 000 | 000 | 006 | 000 | ono Rn 000 
Os | 024 000 | 000 | 000 | 000 = 000 | 000 | 000 | 000 , 000 000 
Os | 25 | 040 | 044 | 044 044 0 | 00 0:00 000 | 000 | 000 an 000 
0) 026 | ono | 000 | 000 | 000 DE E | 000 | 000 | 000 | 000 | 000 | 000 
X, € | 027 | 057 | 057 | 000 | 000 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 
<= | 030 | 023 | 000 000. 000 | 000 | ooo 0 | 000 | 000 | 000 | 000 | 000 | 000 
: | 031 | 071 | 000 | 000 | 000 ee a 000 | 000 | 000 | 000 | 000 | 000 
? | 032 | 000 | 000 | 000 |000 | 00 Mieres 000 | 000 | 000 | 000 | 000 | 000 
Z,,/ | 033 | 000 | 000 | 000 | 000 000 | 000 | 000 | 000 | 000 | 000 | 000 
| | 034 | 000 ; 000 | 000 | 000 | o0 000 o | 000 | 000 000 | 000 | 000 | 000 000 
7 | 035 | 000 | 000 | 000 | 000 | 000 | 000 | 000 , 000 | 000 | 000 | 000 | 000 
- | 036 io 000 oe | 00o 00 | 000 | 000 LJ | 000 o [on 000 [000 
| | | 
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| rm | MM ef |[——— ff L——ÁÓÁ | 
eee ff ———— 


017 
020 
021 
022 
023 
024 
025 
026 
027 
030 
031 
032 
033 
034 
035 
036 


046 


000 
000 
000 
000 
000 
000 
000 
000 
000 
000 
000 


000 


000 
000 
000 
000 
000 
000 
000 
000 
000 
000 
000 
000 
000 


000 
000 
000 
000 


000 
000 


000 


000 


000 


000 


000 


000 
000 
000 
000 
000 
000 


000 
000 


000 
000 
000 
000 
000 
000 
000 
000 
000 


000 


000 
000 
000 
000 
000 
000 
000 
000 
000 
000 
000 
000 
000 
000 
000 
000 


000 | 


000 


000 
000 
000 


000 
000 
000 
000 
000 
000 
000 
000 


000 


000 
000 
000 
000 
000 


053 


052 


000 
000 
000 


000 
000 


000 
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Q1 
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TABLE I (continued) 








001 
002 
003 
004 
005 
006 
007 
010 
011 
012 
013 
014 
015 
016 
017 
020 
021 
022 
023 
024 
025 
026 
027 
030 
031 
032 
033 
034 
035 
036 


000 
000 


000 


000 
000 
000 
000 
000 
000 
000 
000 
000 
115 
000 
000 
000 
000 


000 
000 
000 
000 
000 
000 


000 000 
000 
000 
000 
000 
000 


000 


000 


000 
000 
000 
000 
000 
000 
000 
000 
000 
000 
000 
000 
000 
000 
000 
000 


000 
000 
000 
000 
000 
000 
000 
000 
000 
000 
000 
000 
000 
000 
000 
000 


000 
000 
052 
000 


000 
000 | 000 
000 
000 
000 
000 
000 
000 
000 
000 
000 
000 
000 
000 
000 


004 
000 


SESESES 


052 | 052 
000 
000 000 
000 
000 
000 
000 
000 
000 
000 
000 
000 


000 


000 
000 
000 
000 
000 
000 


000 
000 
000 
000 
000 


000 


000 | 000 
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TABLE I (continued) 
































| 
! 
| ! - 
aj a — | KR 
id - 2 as 1G | | 

e © d ie O ae Lee M 

fT |S | @ | ow d C Ld d -a NIN 
075 | 076 | 077 E 101 12 | 103 | 104 ae 106 | 107 | 110 

| Ir | | | 

à | 000 | 015 | 033 | 031 pen 027 034 p^ | o14 105 | 000 m ! 000 

n | 001 | 015 | 033 | 031 | 027 | 027 | 034 | 034 | 014 | 105 | 106 | 110 | 111 

£ | 002 | 000 | 000 | 000 | 000 | 027 | 034 | 000 000 E 106 | 110 | 111 
=> | 003 | 000 | 000 | 120 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 
€» |004 | 000 | 000 | 000 | 000 000 | 000 | 000 000 | 000 | 000 | 000 | 000 
Q | 005 | 000 | 000 eos 000 | 000 | 103 | 000 | 000 | 000 000 | 000 | 000 
— | 006 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 be 000 | 000 | 000 
O1 | 007 | 000 | 000 | 000 | 000 000 om | 000 | 000 | 000 | 000 | 000 | 000 
O» | 010 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 
Os | 011 | 000 | 000 | 000 | 000 | 000 000 | 000 | 000 | 000 | 000 | 000 | 000 
! |012 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 000 

§ | 013 | 000 | 000 | 000 | 000 000 | 000 | 000 | 000 000 | 000 | 000 | 000 
x» * | 014 | 000 | 000 | 023 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 
O—|- | 015 | 000 | 000 | 000 | 000 | 000 | 000 | ovo | 000 | 000 | 000 | 000 | 000 
+> | 016 | 000 | 000 | 000 | 000 | 000 | 000 | 000 000 000 | 000 | 000 : 000 
7 | 017 | 000 | 000 | 000 | 000 | 116 ; 116 | 000 | 000 | 000 | 000 | 000 | 000 
e | 020 | 000 | 000 | 000 | 000 | 027 | 034 | 000 | 000 | 000 | 000 | 000 | 000 

( | 021 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 ! 000 | 000 

Æ | 022 | 000 | 000 | 000 | 000 | 000 | 000 | 000 . 000 ` 000 | 000 | 000 ; 000 
O4 | 023 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 , 000 | 000 | 000 
O« | 024 | 000 | 000 | 000 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 
Os | 025 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 
. ) | 026 | 000 | 000 000 | 000 | 000 | 000 | 000 | 121 | 002 | 000 | 000 ` 000 
X, X 027000 | 000 | 000 000,000, 000|000 000 000 | 000 000 000 
= |030 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 
: | 031 | 000 | 000 z E 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 

? | 032 | 000 000 | 000 | 000 | 000 ; 000 | 000 | 000 | 000 , 000 | 000 ; 000 
7, Z| 033 | 000 000 | o00 | 000 000 000 ooo 000 000 | 000 000 | 000 
| | 034 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 ; 000 

T 035 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 000 000 000 
036 | 000 | 000 | 000 ~ 000 om | 000 ' 000 | 000 ; 000 Lo ~ 

| | | | | | 











* 
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TABLE I (continued) 


ey | ae ee | —————qJe———————IBÉLÉBLÁ—ÉÉBÉBÉ—ÉÉ 


6 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 
n 001 | 021 | 001 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 
£ 002 | 021 | 001 | 016 | 032 | 014 | 034 | 000 | 000 | 000 | 000 | 000 | 000 
= 003 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 117 | 000 | 000 | 000 
= 004 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 
Q 005 | 000 | 075 | 076 | 076 | 104 | 103 | 024 | 000 | 000 | 000 | 000 | 000 
=> 006 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 
Qı 007 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 
Q2 010 | 000 | 000 | 000 | 000 | 000 | 000 , 000 | 000 | 000 | 000 | 000 | 000 
Qa 011 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 
! 012 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 

§ 013 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 
E 014 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 


O—|— | 015 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 
++ | 016 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 
Q1 | 017 | 000 | 113 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 
e | 020 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 
( | 021 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 106 | 000 | 000 | 000 | 000 
+ | 022 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 
Q4 | 023 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 
Oe | 024 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 
Os | 025 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 

. ) | 026 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 

X, X | 027 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 
<= | 030 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 
> | 031 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 
? | 032 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 

Z, | 033 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 
| | 034 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 
T 1035 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 

036 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 


UT 0^ 
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In order to find the input symbol corresponding to a LYaPAS word in 
a simple way, we construct a table P as follows. The values of the elements 
P; (0 € i € 77) are the starts of rows corresponding to the operators of 
the language, and the P; (100 < j < 105) are the starts of rows correspond- 
ing to the operands of the language. Some of the elements of the table P 
can coincide, since a single row of the table T corresponds to several 
LYaPAS words. For example, [Pi] = [Pu] = [P] = [Pis] = 120, since 
120 is the number of the register in the sequence with which the inscription 
of the 24th row begins, corresponding to the operators A, A, o, o. The 
table P is “packed” in core into 12 registers. 


3. SEARCH ALGORITHM FOR SYNTACTIC ERRORS IN 
L-PROGRAMS 


The syntactic-error search algorithm described in Section 1 will be 
called the basic algorithm. For concrete languages it is convenient to test 
the correctness of certain expressions outside the basic algorithm. For 
LYaPAS such expressions are of the form 


(1) a € yay; 
(2) oper o8y8/ / ; 
(3 a—b-1...; 
S1 cd... 


The search for errors in L-programs is performed by the block synter. 
The operating algorithm is written in LYaPAS. Let us clarify the meaning 
of the fundamental operands. 

We associate the complexes T and P with the sequence of registers repre- 
senting the syntax table and the table of starts of rows, respectively. The 
L-program is represented in core by the complex L. 

The complex N contains the information about the “quality” of the sen- 
tences in the L-program necessary for analysis of the expressions of type (3). 
This complex is constructed before the operation of the basic algorithm, 
by a search over the L-program. 

The error information accumulated during execution of the algorithm 


is represented by the complex R and is given by the following data: 


(1) the number of the sentence in which the error has been detected : 
(2) the number of the erroneous word in the sentence ; and 
(3) the erroneous word and the two words preceding it in the L-program. 


The variables a and b are used to represent the code of the current tested 
word and the number of the current state, respectively. The variable d is 
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used to represent the current number of the tested sentence. As soon as the 
current tested word in the L-program is (-) the complex R is printed out 
and the algorithm stops. The search algorithm for syntactic errors in 
L-programs has the form 


$0 
$1 


$2 
$3 


$4 
$5 
$6 


§7 
§10 
§11 


§12 
§13 


§14 


§15 
§16 


$17 


Oa 

A^a2a315-5a @ (-) o- 2a e ($) 
|21Aa-41315-a^A fi|^ la 
DuC l> Toe Arar O, OU V 
iii, AE) o> la 49 15 A 177:40 
=> bna V œ => Nna Aa—>l 

obdoaodoioa 

a@®@(-yor-l7AdAawvl>a 
=cAf,o74:1008 + 77> ¢ 


Aig — au € + 16 + An — au 
ofoc 
c4 22c4516 4-f—5f£—bo6 
om 6AcH16>b ofb 
® (25, 11, 22) o 14b @ 124 
o 10b @ 123 o 7b © (36, 3) 
o 12b ® (13, 6, 17, 37) o 11b 
I> 34913 > 5 
a+4>5=Qd+4>d10>b-—3 
AdAam15 @ (//)|l51045b3 
a ^ 177:40— bna AG 053435183 —5 


a A 177:40— bna ^ à |3 35183 5 5 
Aia—243515$—56 V f > fa — 1 

+ 15 £ 45 V f — fa & 34 V f — fd 
a$—51-4-1—d3 
:5xXli—míist—-m^Af£! 
:6x 7--1- mma SM JA 177! 


R*. 


REFERENCES 


Formation of the com- 
plex N 


Detection of the next 
word in the L-program 


Determination and anal- 
ysis of the current state 
number 


Analysis of expressions of 
typé (1), type (2), and 
type (3) 

Storage of error informa- 
tion 


Determination of codes 
in complexes T and P 
from a given number 


Printout of error infor- 
mation 


1. Zakrevskii, A. D., Description of LYaPAS. This volume. 
2. Chomsky, N., and Miller, G. H., Finite State Languages, I nformation and Control 
1, 91-112 (1958). 


CHECKING OUT L-PROGRAMS ON URAL-1 


A. D. Zakrevskii 


1. THE PROBLEM OF AUTOMATIC CHECKOUT AND TWO 
TYPES OF CHECKOUT PROGRAM 


Mathematical exploitation of computers shows that the lion's share of 
the working time, both for the programmer and for the machine, is ab- 
Sorbed by the process of program checkout. Hence arises the need for auto- 
matic checkout, which is particularly urgent in the use of automatic pro- 
gramming systems constructed on the basis of languages other than machine 
language. 

It must be kept in mind that the automatic programming system pre- 
supposes, as a rule, that the programmer may ignore many characteristics 
of specific computers; may ignore, for example, the internal language of 
these machines and certainly may ignore how the program written by him 
in the input language of the automatic programming system is transformed 
to the internal language of one or another concrete machine. In this con- 
nection it is natural that the programmer wishes to maintain contact with 
the machine only at the level of the language he directly utilizes. There- 
fore the program-checkout process must be represented in this language. 

Two basie types of checkout program for automatic programming 
Systems can be noted. Programs of the first type are intended to find so- 
called syntactic errors in the checked out program, i.e., certain illegal com- 
binations of symbols (in the simplest ease, adjacent symbols). Programs 
constructed aecording to this principle are well known; for example, pro- 
grams for testing expressions in ALGOL-60. 

It is obvious that checkout programs of this type may fail to catch a 
large number of the errors committed by the programmer. Errors may be 

116 
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present in the algorithm for solution of a problem when there are no syn- 
tactic errors in the program, so that the execution of the program does not 
lead to the desired result. To find this kind of error the participation of the 
programmer himself is required, and the task of the checkout program is 
to facilitate this search, listing in clear and convenient form the informa- 
tion needed by the programmer to localize the errors. This work is per- 
formed by checkout programs of the second type, which, on the basis of 
certain brief indications supplied by the programmer, collect the needed 
information during the execution of the checkout program, first ensuring 
the most convenient mode of execution for this purpose. 

The criterion of effectiveness of a checkout program can be the factor 
oi reduction of the time expended on the average to eliminate all errors from 
the checked-out programs. 

The program considered below, intended for checking out the programs 
of logical problems on URAL-1, is of the second type. This program, which 
we shall call OPLU [Russian acronymic for “Checkout Program for Logi- 
cal Problems" ], operates simultaneously with the first-level LYaPAS 
translator and supplies information on the trajectory of execution of the 
checked-out program and the sequences of values taken on by the variables, 
indexes, and complexes of interest to the programmer. This information 
. ean be printed and also put out on a signaling panel; the volume of in- 
formation 1s kept within reasonable limits by a special control system. 

In the development of OPLU the specific characteristics of URAL-1 
were taken into account—the small volume of core storage, the low speed, 
and the nature of the input and output devices. OPLU was written di- 
rectly in machine language, a knowiedge oi which on the part of the reader 
is assumed. The structure of the checkout program has a fairly general 
character, and it can easily be adapted to other computers. 

Experience in using OPLU shows that although the operating speed of 
URAL-1 is clearly inadequate for the solution of many problems of prac- 
tical interest, the corresponding programs can be checked out on this 
machine with complete success. 


2. RESTRICTIONS OF "URAL" LYaPAS 


Since URAL-1 has in all only 1024 36-bit registers, the following restric- 
tions had to be introduced into first-level L-programs, prepared for checkout 
on this machine, and divided for coding into pairs of symbols, each of which 
is located in one incomplete (18-bit) memory register. 


(1) The L-program may not contain the operators 7, P d D 4 07 
(2) The variable s must be considered to be the same as the other vari- 
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ables (the generation of random values of this variable is not provided), 
and the index a is the same as the other indexes. 

(3) The operator — is not generalized (ie., expressions of the type 
(a, b, c) = C are not admitted). 

(4) The use of the symbols of the special complexes A and B (the com- 
plexes of the starts and cardinalities of the complexes) is not admitted. 

(5) Operations are admitted on only eight variable complexes (A, B, C, 
D, E, F, G, and H). | 

(6) The program that prints out the values of complexes must contain 
indieation of the cardinalities of the complexes by means of a constant, 
variable, or index, whose symbol is placed after the symbol * (for example, 
A * 7 signifies that the first seven elements of the complex A must be listed). 

(7) The symbol f plays an auxiliary role, separating the L-program 
into parts that are sequentially processed by the translator. 

(8) The symbol | of passage to machine language has a specific mean- 
ing: all pairs of symbols following it (up to the first zero) are taken directly 
to be machine instructions, which are written with the understanding that 
the positions of the operands in machine memory are taken into account 
and are used only internally for a given set of transfers, adopting the con- 
vention that the composed set of machine instructions is stored beginning 
from the register with address 0. 

(9) Only those L-programs can be directly executed in which the sen- 
tence number does not exceed 37 (consequently, the maximum number of 
sentences in the program is equal to 40—where here and below we use the 
more convenient octal notation, except for decimal numbers, which are 
tagged with the subscript 19). It is possible to check out large L-programs 
by means of the segmentation of L-programs into several “pieces,” and the 
process of program execution into corresponding stages. The procedure for 
such a segmentation will be described. 

(10) The maximum number of symbols in the L-program in one pass 
through the translator is equal to 408,,. The capability is provided for di- 
viding each piece of L-program into two parts, separated by the symbol 
T , and translated in two passes. 


Otherwise the rules for writing L-programs and their coding remain un- 


changed. 


3. INFORMATION THAT CAN BE EXTRACTED IN THE 
MAXIMAL CHECKOUT MODE 


Several modes of realization of the machine program (MP) assembled 
by the translator are provided. We shall begin their diseussion with the 
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maximal checkout mode, consisting, as do the other modes, of a prepara- 
tory stage and a stage of MP execution. 

The results of the checkout are printed in the form of tables of 8-position 
numbers, composed of the digits 0, 1, 2, 3, 4, 5, 6, 7 and the empty symbol 
(the corresponding positions remain free). Certain of the numbers in the 
table can be tagged at the left by the symbol ‘“‘—.” 

In the preparatory stage, consisting of the “adjustment” of the entire 
checkout system to the prescribed regime, no information is given out. 'The 
composition (and simultaneous printing) of tables is carried out during 
the execution of MP. This is done in the following way. 

At each access to the start of some sentence of the L-program the number 
of this sentence, representing the current element of the trajectory of ex- 
ecution of the L-program, is written at the end of the table, using the two 
central columns. The trajectory over the L-program ean also be observed 
visually, bringing into the monitor register the contents of register number 
4032. In this case only a single lamp will light in the register, namely the 
one that coincides with the sentence being executed at the given moment 
(an adjustment must be made for the difference of numbers in the decimal 
and octal number systems). 

In planning checkout the programmer must prescribe the list of vari- 
ables and indexes of interest to him, in the form of 36-bit codes ay’ and ay’, 
placing unity in those positions that correspond to the operands in ques- 
tion (in contradistinction to the 18-bit codes occupying the half registers 
of URAL memory, we shall tag the 36-bit codes located in full registers 
by primes). The fourth bit from the left in o;' corresponds to the variable 
a, the fifth to b, etc., and analogously for the list of indexes represented 
by the code a2’. The volume of information output in checkout is limited 
in advance by the code 8, in which the nine leftmost bits represent a certain 
number 7, the nine rightmost, n». 

When during the execution of MP a value is assigned to any index or 
variable, this value is printed 


(1) if the corresponding operand appears in the list prescribed by the 
code aj’ or ay’; 

(2) if the number of values of this operand already printed does not 
exceed nı (if the given operand is a variable) or n; (if it is an index). 


The values of the operand are listed in the following form. The 32 binary 
components of an operand are represented by 11 octal positions, located in 
two adjacent 8-position lines. The first three positions are identified with 
the three rightmost positions of a first line; the eight remaining positions 
form the next line (if all these eight positions have the value 0, the printing 
of the second line is blocked). The three left positions of the first line in- 
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dicate the number of the operand whose value is being printed: the variable 
a is coded by the number 0, b by 1, c by 2, ete.; the index a by 40, b by 41, 
c by 42, ete. If the last (nist or nand) value of an operand is printed, it is 
tagged by the sign “—” placed in front of the number of the operand. 


For example, the value : 


0000 0000 0000 0000 0000 0000 1010 0010 
of the variable a is listed by the code 
000 242 
and the last of the listed values of the index d 
1010 0011 1110 0000 0000 0000 0000 0000 


is represented by the pair of codes 


—043 000 
24370000. 


The sequence of values of the operands ean be observed visually on the 
signal panel, effecting stop by the address 455; the value of the operand is 
represented by the arithmetic register, its code by the accumulator. 

The output of information in the indicated form, characterized by certain 
positions remaining blank during printing, is provided by a special sub- 
routine utilizing certain characteristies of printing in the decimal system 
(which must be taken into account in setting up the printing regime). 

In visual observation of the values of the operands it must be recalled 
that the machine operates: with codes shifted by one position to the left, 
so that in storing 32-bit LYaPAS codes in the 36-bit machine codes, the 
three left and the extreme right bits are not used. ` 

The execution of MP in this mode is stopped if the planned volume of 
information is completely printed out (i.e., nı values are given out for each 
of the variables and n: values for each of the indexes required by the pro- 
grammer) or if the L-program has been completely realized. 

Aside from this information, at the start and finish of MP execution the 
complete working file is listed; i.e., the values of all the operands (vari- 
ables, indexes, and complexes) are listed. The values of the variables and 
indexes are listed in the above form, the values of the elements of com- 
plexes are represented in analogous form, and their number is defined as 
(k — 5000)/2, where k is the number of the complete register occupied by 
the element. Only the nonzero values of the operands are listed. 

In the preparation of the L-program for checkout it may be found ex- 
pedient to abandon the principle of minimizing the number of variables 
and indexes used, which i$ obligatory in the writing of programs. In place 
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of this 1t is possible to recommend the specialization of each of the operands, 
so that its meaning does not vary during the entire course of realization of 
the program. The subsequent minimization in the number of operands in 
an already checked-out L-program presents no particular difficulties. 

By way of example of the method of output of information in the maximal 
checkout mode, we shall present the following program of the permutation 
of elements in the complex A, whose cardinality is prescribed by the value 
of the index f and which is located in the registers 5200, 5202, 5204, and 
5206. 'The auxiliary complex B, whose elements play the role of counters, 
is stored in memory beginning with register number 5300. 


$0 f—e 
$81 ob,Ael—511-2d 
$2 oboa 


$3 bx 10Va>bAa@flo-3b>c 

$44 ob oca>a 

§ Aba,—a.AcGd|—5a-a.Ad 
Abs@dom6Ad@1o0-2Ad—2 

$6 o bad @ f | 4. 


Assuming that the values of the operands a, b, c, a, b, c, d, e are to be 
printed during execution of the program and that the volume of informa- 
tion printed is prescribed by the values nı = 4, n» = 3, we obtain the follow- 
ing results of checking out: 


045 004 01 04 04 04 00000003 
100 001 043 001 041 000 -—041 000 —000 002 040 004 
101 002 02 042 000 —042 000 05 041 001 
102 003 001 000 000 001 000 002 02 042 001 
103 004 040 000 05 05 03 043 001 
03 041 001 06 —002 214 045 004 
00 001 001 042 001 04 00000003 100 003 
044 004 040 001 043 002 000 001 101 002 
01 001 012 —043 001 05 000 002 102 001 
044 003 —040 002 02 02 001 214 103 004 
01 —001 123 03 03 00000003 142 001 
—044 002 002 234 002 134 002 314 002 214 143 001 
01 00000001 00000002 00000002 


4. FUNDAMENTAL COMPUTATION MODE 


Aside from the maximal checkout mode, a fundamental computation 
mode and various combinations of these two modes are provided for, set 
up by the operator by means of keys on the control panel of the machine. 

In the fundamental computation mode the machine program and its 
working field are defined by the maximum possible volume of core from 
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which all the blocks of OPLU except the minimum necessary can be erased. 
The possibility is provided of binary computation and also (in the realiza- 
tion of large programs, not entirely contained in core) the separation of the 
computation process into stages, between which information is exchanged 
by external storage, on magnetic tape. In the fundamental computation 
mode all blocks of the programming system are called in as needed from 
magnetic tape, and the parts of the L-program corresponding to the various 
stages and the initial information representing the conditions of the problem 
to be solved, from punched tape. In this the correction operations (if 
needed), translation to machine language, and execution (with binary 
computation, if provided) alternate in the successive sections of the L-pro- 
gram. After passage of several stages in the computation mode it is possible 
to pass to checking out of the next piece of L-program in one or another 
mode, brought in according to the positions of the keys on the control 
panel. 


5. MEMORY ALLOCATION AND REPRESENTATION OF 
INPUT INFORMATION 


During the operation of OPLU and the execution of MP the working 
store is divided as follows: 


The register 0 always contains 0. 

Registers 1-33 serve as working registers of OPLU. 

Registers 34—77 are also used as working registers in the checkout mode; 
in the fundamental computation mode they contain the minimally neces- 
sary blocks of OPLU (the check-sum block, the block for calling up the 
entire OPLU, etc.). 

The following complete registers are used to store constants: 4100 — Co, 
1102 — ci, ...,4176 — c37, 4200 — do, 4202 — dh, ..., 4210 — ds, 4212 — es, 
4214 — €1, ..., 4222 — €4, 4224 — fo, 4226 — hi, "PM 4246 — fu. Registers 
250-277 are used for OPLU auxiliary constants. 

Registers 300-1700 are charged in the introduction of OPLU and then, 
after OPLU has been adjusted to a given switch mode, information as- 
sociated with the input data appears in registers 746-773, and the com- 
plete registers 5000-5176 are freed for the variables and indexes of the 
L-program, allocated as follows: 


5000 — a, 5002 — b, ..., 5076 — 2,5100 — a, ...,5176 — a. 


The next region (registers 1200-3777) is allocated by the programmer to 
the complexes and the machine program by the setting of the values of the 
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parameters: jo, the start of MP, wo, wi, ..., w, the addresses of the initial 
elements of the complexes A, B, ---, H, respectively. At the same time it 
is necessary to take into account the following: registers 3470-3477 are 
automatically assigned to the table of starts of sentences (for example, in 
the execution of MP the register 3742 contains the code 22z,! where x is the 
address of the register corresponding to the start of sentence number 2); 
if the operator ++ appears in the L-program, registers 3700-3737 are oc- 
eupied by the subroutine that corresponds to this operator; further (or, 
rather, more closely) it is necessary to check MP, whose start must be in- 
dicated by the parameter jo as the number of an even half-register. If the 
volume of the L-program does not exceed 630 codes, it can be translated in 
one pass. In this case it is recommended to put jo 2 2530, taking into 
account the following property of the translator: if 79 < 2530, the translator 
perceives this as the sign that the L-program is divided into two parts, and 
after translation of the first part it begins to seek the second. 

The region from register 1200 to jo — 1 is divided among the complexes 
by the assignment of the parameters wo, wi, * **, w as the addresses of half- 
registers in which the storage of the corresponding complexes begins 
(for example, if the complex C is located in the full registers 5400, 5402, 
5404, ..., the parameter œ is given the value 1400). The programmer 
must not commit overlap of complexes. 

In the fundamental computation mode the region assigned to complexes 
can be extended through assignment of the registers 300—740, in which are 
stored OPLU blocks not taking part in the given mode. This additional 
region can be used only for those complexes whose initial values are not 
input. 

In the checkout of L-programs the LYaPAS-to-URAL-1 machine lan- 
guage translator (TRALU) always takes part, containing the correction 
block, the checkout program (OPLU) and, in the performance of a multi- 
Stage process, the block for matching stages (BLOSÉ), which provides 
for the communication of the required data between stages. All of these pro- 
grams are stored on magnetic tape in zones 3 and 4 (TRALU), 5 (OPLU), 
and 1 (BLOSÉ). Further, the possibility of reading TRALU and OPLU 
from punched tape is provided, from zones with the same numbers (if 
the magnetic-tape deck is inoperative). 

The L-program and its input information are brought in from punched 
tape, where they are arranged in the following manner. 

If the L-program is small (containing not more than 630 codes), it is 
located in zone 10, containing the sequence ' 


° / / / / / 
$5 K, 0, B, Jo, 01 , 0 , Wo, 09, W1, 01, - . ., WT, 07, & , £n, Es, e*t 


1 Translator's note: 22 is the URAL-1 unconditional transfer instruction. 
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where ¢ = 000040 if the L-program contains the symbol ++, and ¢ = 000000 
otherwise; x = 1000 + 2k, where k is the total number of values of vari- 
ables, indexes, and elements of complexes input; 9 = —00 0014; the sig- 
nificance of the values £, jo, a1’, a2’, wo, wi, +- *, w have been defined above; 
and oo, o1, +++, e; are the numbers of input elements for the complexes À, 
B, ..., H, respectively. 

It is necessary that the input elements for each complex have a con- 
tinuous numbering, beginning with zero, and the input complexes them- 
selves occupy the memory in order, so that a complex “at the right" will be 
located in registers with higher addresses than those in which a complex 
"at the left" is stored (we assume that the extreme left complex is A, to 
its right is B, ete.). The codes &’, £, Es’, +++ represent the successive pairs 
of symbols of the L-program. 

Zone 7 must contain the initial information in the form of a sequence 
pi, pz’, €}, e, e, +++, where pi’, p/ are the lists of variables and indexes 
whose values are input (these lists are made, as in the utilization of the 
codes ay’ and ay’), and a’, e, e, --- area continuous array of initial values 
of operands input before realization of the L-program. 'The rules for packing 
these operands into a single array are determined bv the values of the 
parameters p1’, pz’, wo, Co, &1, G1, ** *, w7, 07, K, and can be clarified by the 
following example. If o^ = 000016 000000, p2’ = 000001 140000, w = 
001200, «i = 001240, a = 000004, c, = 000003, oz = o; = --- =a; = 0, 
« = 001032 and the initial array contains the codes &', €, ***, es’, this 
signifies that the following correspondence is established between certain 
variables, indexes, and elements of complexes, on the one hand, and the 
initial values of the codes e/, e/, .. -, 45 Which prescribe them, and which 
must be supplied by a special block of OPLU called "packaging" in full 
registers, whose addresses are listed in the right-hand eolumn, on the other 
hand: 

I~ E => 5026 
m ~ e! = 5030 
n~ e; => 5032 
p ~ e! — 5134 

S ^ €z” = 5142 

E~ e — 5144 
ag ~ e; = 5200 
a1 ~ ey => 5202 
a ~ en’ — 5204 
a; ~ €i»! => 5206 
Do ~~ €13' = 5240 
bi ~N &4! => 9242 
b. ~~ €15’ = 5244 
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In the preparation of the initial information the 32 positions at the right 
of the 36-bit URAL codes must be used. 

Zone 11 of the punched tape contains information for corrections that 
are carried out by TRALU when key 2 is set. This information is repre- 
sented in the form of a sequence of LYaPAS symbols of length not exceed- 
ing 2165, composed according to the rules presented in [1 ]. 

Zone 12 contains the second part of the L-program, beginning directly 
with the symbols £,', £241, ...; zone 13 contains the correction information 
concerning this part (when corrections are scheduled). 

If the L-program is divided into several pieces, the second piece is dis- 
posed analogously in the zones 14, 15, 16, 17, the third in the zones 20, 21, 
22, 23, etc. For the second piece 9 will take on the value 00 0020 or — 00 0020 
(if this piece is the last), for the third piece 00 0024 or —00 0024, etc. The 
sense of the cther parameters listed in zones 14, 20, 24, --- is conserved 
and their values are defined in the same way as for zone 10. An exception 
is formed by the parameters oo, 01, ***, o7, Which are assigned zero values 
(in all zones except the tenth)! The point is that the initial information for 
a, subsequent stage is obtained by the completion of the preceding one, and 
the cardinalities of the complexes transmitted between stages are calculated 
by the program. It is only necessary to provide in the program piece that at 
the end of the realization of the stage the cardinalities of those complexes A, 
B, ..., H which are transmitted to the next stage be represented by the values 
of the indexes y, z, x, 1, d, 1m, 9, 10, respectively. The block for matching 
the stages BLOSÉ transmits this information, in particular. 

Before the realization of any stage except the first, the initial informa- 
tion for the stage is read, not from the punched tape, but from magnetic 
tape (from zone 1003), where it is stored by BLOSÉ in packed form. 


6. DESCRIPTION OF OPLU 


An idea of the character of the various checkout modes can be obtained 
from the flow chart of OPLU shown in Fig. 1. 

OPLU consists of blocks between which the transfer conditions are in- 
dicated in the circles: the exits marked by points correspond to the upper 
position of the key whose number is given in the circle or the value 1 of the 
binary variable whose symbol is given in the circle. If à certain relation 
is inscribed in the circle, the marked exit is effected when the relation is 
satisfied. 

An expression of the type 0a, 1b denotes assignment of the values 0 or 1 
to the indicated binary variables. The change of checkout mode can be 
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Fic. 1. Flow chart of OPLU. Key: (1) magnetic-tape operation; (2) print trajec- 
tory, strict-computation mode; (3) listing of memory; (4) checkout mode; (5) double com- 
putation; (6) print values of variables and indexes; (7) internal initialization of memory. 


accomplished by changing the positions of the keys when the machine is 
stopped (block stop). 

Preparation of the checkout mode begins with the operation of the 
translator (and therefore key 4 must already be raised). This is done by 
introducing the pair of codes 


00 0000 
22 0410 


after each 16x instruction? in the machine program synthesized by the 


? Translator's note: 16 is the transfer-to-working-storage (magnetic drum) instruction. 
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translator—these codes assign a new value to a variable or index, where 
x € {5000, 5002, ---, 5176}— and by introducing the instruction triplet 


16 4022 
00 0000 
22 0502, 


at the start of each sentence of the L-program. Let us recall that the register 
4022 is intended for the storage of the implicit variable r. At the same time, 
in the preparations for checkout the printout of information by the opera- 
tor * is blocked—the translator does not synthesize the corresponding 
instructions. 

In preparation of the computation mode the translator does not insert 
the above pairs and triplets of codes into the machine program, and the 
listing of data by the operator * is programmed. 

The preparation of checkout is continued by the special block included 
in OPLU. Its action reduces to matching the checked-out program with 
the block for listing the trajectory (T) and the block for listing the values 
of the variables and indexes (QO), which are not indicated individually in 
the diagram, and which print out the corresponding information when keys 
2 and 6 are raised. The block for checkout preparation locates the codes 
22 0410 (instructions for transfer to block O) in the machine program, and 
places before them the codes 20k,? where k is the address of the register 
to which the code is to be sent. Thus, when control is transferred to block 
O during realization of the checked-out program, the accumulator indicates 
the number k containing sufficient information for operation of the block O 
and resuming execution of the checked out program. To match the checked- 
out program with the block T at the start of each sentence, the code 00 0000 
is replaced by the code 20n, where n is the number of the sentence. Directly 
behind this code the translator places the code 22 0502, representing the 
instruction for transfer of control to the block T. Return from block T to 
the checked-out program takes place through the table of starts of sen- 
tences stored in memory. 

When key 4 is down, in place of preparation of checkout the block for 
preparation of computation operates, inserting before the codes 22 4010 
and 22 0502 the “jumper,” the code 22k + 2, where k is the number of the 
register in which the code is stored. By this means the block T and O are 
disconnected from the checked-out program, whose realization is thereby 
speeded up. 

The next block of OPLU in complexity is the “packaging” block, which 
allocates in memory the initial information for the checked-out program. 
We recall that this information arrives in working storage in the form of 
a continuously packed array. 2m 


3 Translator’s note: 20 is the transfer-to-accumulator instruction. 





128 A. D. ZAKREVSKII 


The blocks of OPLU described above provide for the realization of the 
maximal checkout mode, corresponding to the right side of the flow chart 
of Fig. 1. The realization of the checked-out program can be repeated, as 
is evident from the flow chart. For this it is required to restore the initial 
values of the operands and the mechanism for counting the listed values. 
If the program is self-restoring, key 7 is raised and the repeated input of 
the initial information from punched tape (block “Input II from punched 
tape") or from magnetic tape (block “Input II from magnetic tape") 
and the packaging are blocked, and the machine is stopped directly before 
the block “Reset counters." 

The remaining blocks of OPLU provide for the input of OPLU itself and 
its preliminary setting to a particular mode of realization of the checked-out 
program; certain of the blocks operate only in the fundamental computa- 
tion mode, considered above. When registers 300—740 are used for inter- 
mediate information, obtained in the double-computation mode, there are 
two ways in which the initial data can be reset before computation is re- 
peated. When key 7 is raised the program is self-restoring; in the contrary 
case the initial information is reentered. 

The blocks “Input of II" and “Packaging” are located in registers 566— 
745; therefore, if these registers are not occupied by intermediate informa- 
tion, it is possible to drop key 2 so that control will be transmitted directly 
to these blocks. Otherwise key 2 must be raised, which corresponds to the 
"strict-computation mode," for which initially the entire OPLU is brought 
in, somewhat adjusted, and only then is control passed to the block *In- 
put II." 

After the realization of the current stage of the L-program has been com- 
pleted, the entire transmitted information is packed into the previously 
described form and sent to magnetic tape. This is done by the block BLOSÉ, 
after it has been called in from magnetic, tape. 


The same block calls in TRALU, transfers the necessarv information to 
it, and starts it. 


7. THE OPLU PROGRAM 


[ Translator's note: In the original this section consists of two sentences 
of presentation and two pages of URAL-1 machine code—ten columns of 
about 60 10-place octal numbers. As explained in the translator's preface, 
this part of the book is omitted. ] 
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TRANSLATOR FOR URAL-1 


N. R. Toropov 


The translator described in general form in [1] is submitted to the 
attention of the reader familiar with the language LYaPAS [2] and basic 
programming for the machine URAL-1 [3], in the form required by the 
conerete machine, having limited memory volume (1024 36-bit words) and 
low-speed performance (100 operations per second). 

These machine characteristics have predetermined the basic purpose of 
the translator-checkout program [4 |, which is to check out algorithms on 
test problems that do not require a large amount of machine time. 

In the construction of the given translator (TRALU) the program 
variants of the individual blocks were evaluated primarily for memory 
volume and secondarily for their execution time. 

The process of translator construction can be divided into the following 
stages: 


(1) composition of the translator algorithms (L-programs) in LYaPAS; 

(2) minimization of the L-programs with regard to the particularities of 
the machine; and | 

(3) translation of the L-program to machine language and minimization 
of the machine programs. 


"The utilization of LYaPAS for writing TRALU offers the following 
advantages over direct machine-language programming. 
The entire program is easily grasped. The minimization problem is 
facilitated, since it is carried out on a compact language, and the transla- 
129 
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tion of the program to machine language is realized with regard to the 
particularities of the concrete machine. The probability of error in the 
writing of the program is reduced, since the translation of the compact 
L-program to machine language is realized by fairly simple, preestablished, 
and carefully worked-up rules. The checkout process is substantially 
shortened and facilitated. 

In order to offer the largest possible memory volume for the L-program 
(LP) and machine program (MP) obtained by the translation of the 
former, the operation of the system TRALU-OPLU is divided into stages 
that are separated in time, coupled by a minimum of information. 

In distribution of machine memory between LP and MP the experience 
obtained in the exploitation of TRALU for the first variant of LYaPAS has 
been taken into account. 

Descriptions of the individual blocks of TRALU are given in Sections 4-7. 

The list of blocks, their abbreviated names, and their location in TRALU 
are presented in the memory-distribution table (Section 3). 

The basic operating principles of TRALU are described in Sections 1 
and 2. 

The list of working registers and MP constants used in the execution 
of MP, as well as the basic operands and the text of TRALU, divided into 
blocks, are given in the appendix. The designations of the blocks are in- 
dicated at the heads of the corresponding programs. The sentence numbers 
corresponding to the L-programs are indicated at the left, and at the right 
are given the comments, in symbolic form, of the operators and phrases of 
the L-programs corresponding to the given instructions. 


1. BASIC OPERATING PRINCIPLES OF THE TRANSLATOR 


The input information for TRALU is an L-program and its accompanying 
information, in particular the initial address jo of the machine program, the 
initial addresses of the complexes, the tag ¢ of the presence in LP of the 
operators + and !, and the number of the zone 9 in which the LP of the 
next stage will be found. The output information of TRALU is the machine 
program. 

Every LP is divided into sentences, consisting in turn of phrases. A phrase 
is a set of LP symbols including an operator and the operands subject to it. 
Frequently the left operand in a phrase is the implicit variable r. 

All of the LP symbols are encoded by 9-bit binary numbers; i.e., exactly 
two LP codes are stored in one half-register of URAL-1 memory. Sequen- 
tially, code by code, the translator analyzes a phrase and prepares the 
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information needed to synthesize the instructions that will carry out this 
phrase. Since a strictly defined working register is assigned for each variable, 
index, and standard constant, the initial addresses of the complexes are 
given in the information accompanying LP; the address of a natural con- 
stant is determined in the process of its formation; the translator directly 
determines the true addresses of the operands during the analysis of the 
codes in à phrase. From the code of the operator the corresponding macro- 
instruction is selected, à previously composed program for the execution 
of one or another operator in machine language with undetermined ad- 
dresses. 

During synthesis the macroinstruction is filled in with addresses obtained 
by phrase analysis and is added to the machine program already composed. 
At the same time the number of instructions in MP is kept track of. 

Then the next group of codes (phrase) is analyzed, ete., until the symbol 
of the end of the LP is encountered. 

At the start of the synthesis of each sentence the corresponding line of the 
table starts of sentences (TSS) is filled in with an instruction that uncondi- 
tionally transfers control to the instruction whose execution begins the 
execution of the given sentence. The instructions that function as transfer 
operators in this case are control-transfer instructions in the corresponding 
row of TSS, which makes possible “single pass" translation. 


2. TRANSLATOR OPERATING MODES 


In the translation of the LP of a single stage it may be found that LP, 
and therefore MP, will not fit into the memory allocated to them. In this 
case it becomes necessary to carry out translation in two steps. The LP 
and MP corresponding to this stage are divided into two parts (LP', LP" 
and MP’, MP", respectively). 

After translation of LP’ the MP’ obtained is transferred to magnetic 
tape (MT) and for checking purposes is read into a different memory 
location, where previously certain translator blocks had been located. 
Therefore, before translation of LP” it is necessary to restore these trans- 
lator blocks, and at the same time the blocks operating before translation 
and replaced by the machine program. In this connection TRALU is 
divided into two parts and stored in two zones. Below we shall refer to the 
first part of the translator program as TP’, the second part as TP”, and 
the entire translator program as TP. 

Let us consider the operation of the translator in the various modes 
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( F 


Call TP’ | J 
BET : 
" rife 
COUNTESS MP on MT D 


Print Call 
MP OPLU | 





Correction Check | 
of LP | | MP 
+ 
5 


Fic. 1. 


according to the consolidated flowchart presented in Fig. 1, where the circles 
and numbers represent the keys for transfer of control (the output marked 
by a point denotes transfer with the switch “up,” i.e., “set” ). The circles 
with a cross above them denote stop of the machine with transfer to the 
accumulator of the information designated inside the circle. The circles with 
logical conditions inscribed denote transfer over the arrow with the point 
when the condition is fulfilled, and over the arrow without the point other- 
wise. The check sum block also has two outputs (output “with point" when 
the check sums agree, and output “without point" otherwise). 

Table I lists the operating modes defined by the positions of the control- 
transfer switches. 

The system TRALU-OPLU is "started" by depressing the START 
button on the control panel. At this moment the reading device of the 
machine must contain the tape LP (in mode A) or the tape TP (in mode B). 
Both of these tapes have a zone 2, containing the instructions for input of 
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Key number 





1 


TABLE I 


Key on 





TP and OPLU read from mag- 
netic tape (mode A) 


Key off 


TP and OPLU read from 
punched tape (mede B) 


2 LP correction LP correction blocked 

3 Print LP LP not printed 

4 Translation for checkout mode Translation for computing mode 

5 Translation and correction re- “Ordinary” translation and cor- 
peated rection 

6 Print MP MP not printed 





TP’ from the corresponding tape. In mode B the machine stops after input 
of TP for replacement of tape TP by tape LP. Depressing the START 
button brings in LP. In mode A the machine does not stop. LP is brought 
in before coincidence of the check sums. If key 2 is “up,” LP is corrected; 
otherwise the correction stage is omitted. Similarly, key 3 controls the LP 
printing mode. We remark, by the way, that although LP” is brought in 
without accompanying information, the latter is printed just the same. 

After LP has been printed, if printing has not been blocked, the process 
of translation proper is carried out. The rectangle marked “Translation” 
in Fig. 1 is composed of several blocks, which will be discussed below. 

If the volume of MP exceeds the admissible volume, the machine stops 
and sends to accumulator the address 2 of the last instruction in MP and 
the address n of the last pair of codes of LP at which translation stopped. 

A repeated-translation mode is provided, controlled by key 5. In this 
mode the check sum of the resultant MP is memorized and the translation 
process repeated. The second sum is compared with the stored one, and in 
the case of agreement control is transferred to the MP printing block; 
otherwise the translation is repeated. 

If key 6 is “up,” MP is printed. Together with MP", the table of con- 
stants (TC) and the table of starts of sentences (TSS) are printed, as well 
as the subroutine for execution of the operators +> and ! if these are found 
in LP of the given stage. If the stage has terminated (i.e., if LP terminates 
with the symbol ''-"), in mode B the machine stops, viis in mode A 
OPLU is called in. 

If the stage has not terminated (i.e., if LP terminates with the symbol 
'** 1 7), MP’ is transferred to magnetic tape. After check reading from MT, 
the machine stops in mode B for replacement of tape LP by tape TP. Then, 
the overrun blocks of TP” are restored by depressing the START button, 
and the process is repeated with the next part of LP. In mode A the machine 
does not stop. 
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After execution of MP, if this has not been the last stage, TP is brought 
in by the block for matching stages (BLOSÉ). 


3. MEMORY DISTRIBUTION DURING TRANSLATION AND 


PRELIMINARY REMARKS ON THE DESCRIPTION OF THE 
BLOCKS OF TRALU 


For the purposes of optimal memory utilization, the same locations are 
used for various purposes in various periods of TRALU operation. For 
example, the location where the blocks for callup, correction, and printing 
of LP were found during the preparation for translation is used during 
translation for the storage of the machine program. The registers occupied 
by the program for input of TP’ are used as working registers during 
translation. The check reading of MP’ from magnetic tape is carried out 
in the location of TP". 


The memory allocation during translation is given for TRALU blocks 
(abbreviated names are in parentheses). 


0002-0010 
0024—0051 
3145-3156 


0052-0140 
0141-0216 
0217-0235 
0236—0304 


0305-0421 
0426-0437 


0440—0503 
0504—0520 
0521-0546 
0547-0567 
0570-0606 
0607—0657 
1133-1141 


1540-2310 
2475-2527 


3157-3241 
2530-3114 
3115-3137 


Call up TP (calltp) 


Initialize (init) 

Code recognition (reco) 

Select next code (selco) 

Formation of table of constants (const) 


Analysis and processing of operands (anop) 


Synthesis of machine instructions (synth) 
Write machine instructions in memory (write) 
Prepare MP for output (promp) 

Block for repeated translation (repeat) 

Print MP (primp) 

Write MP on magnetic tape (tape) 

Call up OPLU (coplu) 


Block for controlling operator synthesis (bosc) 


Call up LP (culp) 
Correction of LP (corrector) 
Print LP (prilp) 
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Working registers 


0002-0033 Used during correction and translation of LP 
1142-1146 
Operator macroinstructions 

0660-0777 7,8 A, A, >, X, >, 5, o, |>, |=, H, 1 

1116-1132 = 

1517-1537  *,: 

2311—2474 M I, =, >, <, V, F 7T; N, V, e, X 

1000-1115 Table of control transfers (TCT) 

1147-1513 LP and accompanying information 

3146-3461 LP during correction 

3462-3667 INCOR 

3242-3270 Program for execution of the operators +> and ! (at the 
moment of TP” input) 

3700-3737 Working storage for the subroutine for the operators +>, !, 
and the complex of levels W 

2530-3737 Machine program and table of constants 

3740-3777 Table of starts of sentences 

1200---- Location for check reading of MP’ from magnetic tape 


For conciseness and clarity, all of TRALU and its individual blocks will 
be described in LYaPAS. We shall call this an L-description, in contradis- 
tinction to an M-description (in machine language, i.e., the text of the 


program). 


For maximum utilization of the machine features, certain trivial changes 
have been introduced into LYaPAS: 


(1) The values of all operands encountered in the L-description of the 
blocks are represented by 18 bits, one of which is the sign; i.e., the values 
of the operands ean also be negative. 

(2) To distinguish the operands of the L-description from LP operands, 
greek letters are sometimes used. 

(3) Various types of constants encountered in the L-description will be 
enclosed in square brackets; for example, [220000 ]. 

(4) Expressions of the type oe ® «:, !, $, |, <=>, frequently encoun- 


tered in L-descriptions, signify the following: If the value of an operand to 
the left of the symbol @ coincides with the code of one of the operators 
included between the angular brackets, the implicit variable 7 takes on the 
value 0; otherwise 7 + 0. 
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4. PREPARATION FOR TRANSLATION 


A. CALL UP TRALU (callip) 


The block calltp performs the callup of TP’ and TP” in zones 3 and 4 on 
magnetic tape (M) in mode A and in punched tape (P) in mode B. 

Let us define the conventional designations of certain operators. 

The operator ,/ M a, 8, y causes information to be read from magnetic 
tape and inscribed in working storage: a volume of @ registers are read from 
zone number a and inscribed in working storage, beginning with register 
number y. The modification of this operator for punched tape is the 
operator ,/ P a, B, vy. 

The operator 2 (o) computes the check sum of the information whose 
designation is given in the parentheses. The operator a ó stops the machine 
and sends to the accumulator the information whose designation is given at 
the left. 


calltp 


8 po2, MB, 1120, 0024 — 3 
82 ,/ P3, 1120, 0024 
$88 Z(TP)oGoZzl1orzozc 
$4 p o— 5 / M4, 1556, 1516 > 6 
$5 ,/ P4, 1556, 1516 
$6 z (TP") 6 Z.| 4 

pi |^ culp18 ó — culp 1 


Here and below p; signifies the ith key for transfer of control on the 
control panel (? = 1,2, ...,7); (p; = 1 if the ?th key is “up”; p; = 0 if 
not). 2, and 2; are the known check sums of TP’ and TP", respectively. 
The indexes x and z will be discussed below. The value of 2 is the number 
of the zone of LP of the next stage. 


B. CALL UP LP (culp) 


The block culp performs the preparation for input and the input of LP 
and INCOR. This block transfers to the required location the complex of 
cardinalities 9, prepared by BLOSÉ, at the start of each stage except the 
first. If LP contains the operators and !, culp transcribes the subroutine 
P (+>) for the execution of these operators in the “working” location. 
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culp 
Sl r0o20--23 Calculation of the zone numbers 
§2 2 of LP and INCOR 


$9 —u-d-l1-v 
$44 £E— 27 Pu, 0345 + 27,1147 — x Reading of LP 


p» 0-5 / Pv, 0216, 3462 Reading of INCOR 
> (INCOR) Check sum of INCOR, LP 
$5 = (LP) @ 2; |> 4x | 7 
$ ®© do o- 60’ = 2 Transcribe the complex of car- 
dinalities 
$6 t o 7P' (45) | P (H) Transcribe subroutine P (4+) 


§7 — corrector 1 


> and X; are the current and preceding check sums of LP. 
The index x takes on the two following values: 


0 during translation of LP’; 


—31 during translation of LP". 


These values are adopted to facilitate the caleulation of the initial 
address for input of LP and the realization of transfers of the type x 0 n 
and x |— n in machine language. LP’ is input together with the accom- 
panying information, starting in register 1147 — x — 1147 (x — 0). LP" 
is input without accompanying information, starting in register 1147 — x — 
1200 (x = —31). 


C. CORRECTION OF LP (corrector) 


Before correction, LP is transcribed to the working location and its 
former location is cleaned up. Correction is carried out on the basis of 
information about the required corrections (INCOR), described in [5]. 
The LP subject to correction is represented by the complex A, INCOR by 
the complex C, and the "corrected" LP by complex B. Briefly, the correc- 
tion principle consists of the following. 


(1) The current eode in complex C is analyzed. If the code is not the 
code of the symbol © or ®, the next m codes are transcribed to B. (The 
number m is indicated in INCOR before an inserted ¢ group of codes.) 
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(2) If the current code is the code of the symbol ®, the position of the 
left boundary of the transcribed part of LP is sought in LP. The boundary 
code and all succeeding codes are transcribed into B until the sentence 
number is encountered that has been indicated in INCOR as the right 
boundary. Then n more codes are transcribed from A to B (n is indicated 
by the next code in C) and this procedure is repeated until the code of the 
symbol © is encountered, signifying the end of operation of corrector. 


$1 
§2 


§3 


S4 
§5 
$6 


S 


$10 
$11 
812 
813 


814 


$15 


corrector 


p» o prilp 1 LP = (LP)? 
O(1200 + 1513 0b 6 c6 


A cc, => p! 


= w A bw => b! 
A aa, — y! 


14 8 6 (0) o—26p 6 (8) 
o 10p T c2q 


cOq0-5641»53454—7 


Oab3—>u 


#5 O6 (=) [> 12a -- 4 a 11 


ye€(l)l|14Aa 


A 08, = X A aa, V x|> 13> 11 


y ® ($l5114550vu|511 


H3a>g+p—2>an3 Ou 


o-24>h 


+ 5h 0 23y 6 (=) |—> 17y 
1402 


Rewrite LP in the working field 


Clean up a place for LP (as 
below, the operator for clean- 
up is denoted by O (a + 8), 
for the array of registers 
beginning with o and ter- 
minating with £) 


Extraction of the next code 
from C 


Write corrected codes in LP 


Extraction of next code in A 


Analysis of current code in 


INCOR 


Write codes in B inserted from 
INCOR 


Drop codes belonging to the 
operator — and the M-piece 
in the search for the left 
boundary of the part of LP 


to be transcribed 


Search for position of left 
boundary 


Transcribe codes belonging to 
the operator <= 
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$46 Az640-— 15455424 — 16 


$17 y 6 (1)|]»521y 44 Transcribe the M-piece. The 
$20 Ad’ A a’‘ay > b, o 15 — 20 prime on the indexes indi- 
cates that transcription is 
carried out by pairs of codes 


$221 y @ <8) Transcribe codes from A to B 
$22 —hy454-— 15 up to the symbol of the right 
$28 y 6 p|522059g —1-2a boundary sentence 
$24 4934 - gg Transcribe codes from A after 
$25 a-4-1—9]l5642554»24v @ (|) the symbol of the right 
I> 25 Aa’ A b — 25 boundary sentence (the M- 
piece begins with a new line) 
$20 ps o prilp 1 Control of the repeated correc- 
Z (LP) 6 23 o prilp 1 tion of LP 
2) mb D3 — 2 


The complexes A, B, and C contain LP and INCOR in “packed” form, 
where each element of the complex contains two codes. 

The presence of the operators + and ‘‘!’’ permits the machine program 
of the algorithm to be shortened substantially and the algorithm to be 
simplified; since the operations with the indexes a, b, c, and with the 
elements of complexes A, B, and C are fairly complicated, it is more con- 
venient to use them as subroutines with the operators +> and ! than to 
repeat them in the program several times. 

To number the codes in the elements of the complexes, aside from the 
indexes a, b, and c, the auxiliary indexes a, 8, and c are introduced, taking 
on the value 1 for left codes in an element of a complex, and 0 for right. 

Let us present typical examples in the given algorithm for manipulating 
indexes and elements of complexes, in connection with the above. 


lL Acc,—p-1G926c-c-r-c-cc5—-q4, A => p; 

2. Abw-by-108-—84-b—b0—8-vywt- e, ^ za; V by bi 
(the complex B is first cleaned up) ; 

9. Oa~Ooaoda; 

4. aq—59g —1—5a2a--1G9o«-43-2a-7-a-»ga—«—alQG «- a. 


Here ® = { ¢_1 = 000011, c, = 000000, yı = —000011] is the complex of 
shift constants for extracting LYaPAS codes. 
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Z = {Zo = 000777, zy = 777000} is the complex of constants for ex- 
tracting LYAPAS codes. 


D. PRINT LP (prilp) 


The function of the block prilp is to print LP’ and LP” together with the 
accompanying information. Together with the contents of a register is 
printed its address, separated by a space. 


prilp 
$1 ps o znit 11001146 ] = a LP is printed up to the 
$2 Aa — [001200] |— 3a — [001514] |-Ó init 1 appearance of two 
ka | 8a + 1 => bky o init 1 empty rows in LP 
$8 ka > 21l=>ya<3V y'* 2 The complex K, the 


working complex 
The shift of the address by three binary positions is made in order to 
separate the contents of the register from its address through blocking of 
the corresponding bar of the printer. 


E. INITIALIZATION (nit) 


The purpose of the block znzt is to initialize the counters of constants (k), 
of instructions (7 and J), of LP codes (m and n), and the index c, which will 
be discussed below. The block also clears space in memory for MP and 
inserts at the start of MP the instructions for resetting the register p of the 
depth of program realization if the operators + and ! appear in LP. 

In the translation of LP in two steps, the first part of MP is not written 
in that piace in memory to which it is intended. For this two MP instruc- 
tion counters are introduced. The counter 7 fixes the address of the memory 
register in which the current instruction of MP is written, and the counter 
j fixes the true address of the MP instruction (in single-step translation and 
in the translation of LP” the contents of these counters agree). 

The number of constants in TC is registered by the counter k, which 
takes as its initial value ¢ + ko, where ko = 40 is the number of rows in 
TSS; ¢ = 0 if there are no operators —, !, and ¢ = 40 otherwise—i.e., if 
P (>) is included in TC. The initial value of the counter 7 is fixed by the 
value of 7) in the case of repeated translation. 

At the start of the stage, i.e., in translation of LP’ (x = 0), a test is made 
to determine whether LP can be translated in a single step; the test consists 
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of comparing the value of jo with the initial address 7) assigned to the place 
for MP. If jo < to, the index z takes on a nonzero value; counter 7 is reset 
to the value jo, and the counter 7 to the value to. If jo > to, the counters 2 
and j are reset to the value jp) and LP is translated in a single step. At the 
start of the stage the entire field reserved for MP and the table of starts of 
sentences is cleared. 

In the translation of LP" (x + 0) a test is made to determine whether 
MP’ has “grown” to the limit 29; if not, the counters 7 and j are restored to 
the value 4o, otherwise to j. If x + 0 only part of the MP field is cleared 
(from io to imax — k, where imax = 3777). If LP contains the operator +, 
then the instructions for resetting the register p governing the depth of 
program realization are placed at the head of MP’. 


init 
$1 x|— 2t + ko — kjo — do| 4 Initialize counters 7, J, k, 
O 2], jo — 6 m,n 
$2 j — io |—> 3455 
$8 7-6 
$4 Jo 
$5 >J 
§ —4-—«,0omonoc 
z|— 7O (imax — ko + tmax) Clear location of MP 
$7 O (do + imax — k)f o—> reco 1x | reco 1 
[ 200000 | 45 write 1 Inscription of instructions 
[163727 ] 45 write 1 — reco 1. for restoring register p 


5. THE ANALYSIS OF L-PROGRAMS 


A. CHARACTERISTICS OF THE OPERANDS 


Before describing the next blocks, let us consider in greater detail the 
principles of translation adopted in TRALU. 

As has been noted, information about the operands and the operator 
constituting a phrase is prepared in the process of phrase analysis. This 
work is basically carried out by reco and anop together with the blocks — 
selco and const. 

Depending on the operator code, one or another subblock of bosc, which 
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prepares the information about macroinstructions and transfers control to 
the block synth, operates. The block synth, utilizing information about the 
operands and the macroinstruction, defines its necessary addresses and 
transfers control to the block write, which adds the synthesized instructions 
to the already composed MP, increases by unity the values of the counters 
? and J, and also monitors “overflow” of the field reserved for MP. 

If we take into consideration that the addresses of transfers are defined 
outside the block synth, all phrases can be considered to be of the same type 
for it, containing not more than two operands (left and right). Sometimes 
one or both of the operands may be absent from the phrase. The operands 
are divided into the three following groups, depending on their type: (a) 
element of a complex with variable index; (b) element of a complex with 
constant index; and (c) variable, index, or constant. 

The information about the operands is written with the following 
characteristics: The value e, represents information about the address of 
operands of type (b) and (c) or the initial address of a complex for an 
operand of type (a) (r = 0 for the left operand and r = 1 for the right). 
The value 6, represents information about the address of an index for an 
operand of type (a). y- + 0 if the rth operand is present in the phrase; 
otherwise, y- = 0. 9, +0 if the rth operand is of type (c); otherwise, 
9, = 0. e, + 0 if the rth operand is of type (a); otherwise, e, = 0. 

All the characteristics of operands are joined in the complex 


H = { Qo, a1, Bo, G1, Yo, Yı, 9o, Oi, £0; £j : 


The values of the operands in LP are stored in full memory registers, which 
makes it possible to avoid checking the parities of the addresses in the 
execution of operations “12a,” “13a,” and “14a.” ! 

To represent the values of the operands, 32 of the 36 bits of the full 
register are utilized (3 bits at the left and 1 at the right are not used); 
i.e., the values of the operands in the machine are doubled with respect to 
their true value. This makes possible the utilization of the instruction 
“30a” ? for the elements of complexes (since the values of the indexes are 
doubled, while the elements of the complexes are located in full registers). 

In order that the addresses of operands be obtained from their code, it is 
necessary to increase the codes of the operands by a factor of two. 'This is 
achieved by the block selco, which shifts the codes to the left by one position. 


! Translator's note: URAL codes for fetch, bitwise conjunction, and comparison, 
respectively. 

? Translator’s note: Instruction modification in URAL-1; the constant a is added to 
the next instruction before execution. 
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B. LP CODE RECOGNITION (reco) 


The purpose of reco is the recognition of LP codes supplied by the block 
selco, and the control of the block anop in the analysis of phrases and the 
processing of operands. 


reco 
$1 Oyo yı Or selco 1 Call up next LP code, fixed by the 
A A [001600] | anop 1 value of ^, and analyze it 
$2 A>1l>e The value of the operator code is 
© (V, I, |—, Á, 1, Î,=*) fixed by the value of the index ¢ 
Oo — bosc (00) 1 
eG <-,!§ |, => The operator 4 is taken by the 
Oo — const 1 block reco as unary (its further 


analysis is carried out by the 
block const) 


e 6 (X, 5,45, 05, |,)]-5 3 Fixation of a row in TSS in the 
+> selco 14 > 1 analysis of transfer operators 
— [000400 ] 4- [003740 ] 
— 7 

e ® (>, +) 0o bosc (00) 1 

e ® (0—,|—) o bose (46) 1 


Yo — d |— 3 + anop 13 Change of operands by character- 
istics in the case of phrases of the 
type -:— £ Xn£; and ++: S 
EX né; 


$8 Ar+selcol — anop 1 Call up next operand code 


C. SELECTION OF NEXT CODE (selco) 


The next code in LP is fixed by the doubled value of the index A. 

Two indexes are used to extract the code in LP (the index n to fix the 
number of the row in LP containing two LP codes, and the index m for 
numbering the codes in the row). 
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selco 


SI 1@0@m>m Calculate position of next code 
+n=>n 


b, =m, A [001776] Extract next code. If it is empty, take following 
—2 o1! one 


Here B is a complex each element of which contains two LP codes 
M = (m, = 000001, m, = —000010} The complex of shift constants 


Let us note that m = 0 for the right code of a line in LP, and m = 1 for 
the left code. 


D. FORMATION OF THE TABLE OF CONSTANTS (const) 


The natural constants of LP not appearing after transfer operators and 
not constituting numbers of sentences, as well as constants in the case of 
the operator +, are inscribed in the table of constants as they appear in the 
course of analysis. If a constant similar to the current one already exists in 
TC, the latter is not inscribed in TC. The address of a constant, obtained 
in const, is fixed by the block anop by the characteristic e,. In the case of 
the operator 4+, const marks the presence of a second operand in the phrase 
by the characteristic yı. 


const 
$81 o O (9) | bosc1 Formation of a constant in the case 
oh'o-«m0oa of the operator €-. The shift con- 
$2 Mm +n => b stants are obtained from the com- 
bbE&b VRK SRK plex M, described above, and the 
A^AaOGO40—3Anlr-2 complex N = (n, = 000022, n; = 
$4 >k Ooa Search for a constant in TC similar 
§5 Aa@®k o— 6a @ A’ to that formed (Q ~ TC) 
In 5 7 
$6 A kh' —Qq, Inscription of the formed constant 
in TC 


$7 a—anop 11 Output of the address of the constant 
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in a full register. 
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Here and below the prime on an operand signifies that its value is stored 


E. ANALYSIS AND PROCESSING OF OPERANDS (anop) 


§1 


§2 


§3 
$4 


$5 


$6 
§7 


anop 


5 à, O yA A [001400] 
& [000400] |—> 2 


A + [000300] > 11 


à A [001600] & [000200] 
I> 708, 


À ^ [001700] & [000300 ] 
I 3b, —> 4 


Otel 
= Qr 


+ selco 1h ® (*) | 5 
A > l> gl =>r+ selcol— 1 


À A [001400] e [000400] o—> 6 
A — [000400] + a, — 11 


à + [000300] = 6, 6 e, — 12 


X ^ [001400] & [001000] | 10 


^ — [000400 ] > 22 — const 4 


$10 A — [001300 ] 


§11 = @ O £ 


Test the next operand for mem- 
bership in the class of variables 
or indexes 


Obtain address of operand when 
the latter is a variable or index 
([000300] is a constant that 
must be added to the code of 
the operand to obtain its 
address) 


If the operand is an element of a 
 eomplex, it is tagged by the 
characteristic 9, 


If the complex is special, its start 
(b) is fixed in a, 


Obtain the initial address of the 
complex and fix it in a, 


Process phrases of type A * £j 


Formation of the characteristic 
a, for an operand of type (b) 
(see text, Section 5A) 


Formation of the characteristic 6, 


If the operand is a natural con- 
stant, the latter is formed and 
put out in block const 


Obtain the address of a standard 
constant 


Formation of characteristics a, 
and e, in the case of operand 
types (b) and (c) 
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§12 r |— bosc (00) 1 If all the operands have been 
15 selco 1 — reco 2 processed, control is transferred 
to bosc; otherwise, the next 

code is taken 


$813 oaob Exchange of characteristics 
$14 A bh, => eb =h, among operands 
e — hy A a Q 6| 14! 


6. THE SYNTHESIS OF MACHINE INSTRUCTIONS 


A. MACROINSTRUCTIONS 


The synthesis of an operator (by which we mean “the synthesis of 
machine instructions realizing an operator") is carried out by means of the 
macroinstruction of this operator, composed so as to minimize the number 
of undetermined addresses. 

In the synthesis of the operators !, |, =, 0, 6, €, >, f, which do 
not have particular macroinstructions, the macroinstructions of other 
operators are used entirely or in part, sometimes with slight modification. 

The location of the macroinstruction in the text of TRALU is indicated 
in the memory-distribution table (Section 3). 

In the analysis of binary operators a common structure can be seen for 
them. There exists a group of instructions relating to the left operand (we 
shall call it a group of type I) and a group of instructions for the second 
operand (group of type II). Each of these groups may consist of subgroups. 
The first subgroup (I, or II.) consists of the instructions 


30 0001 
6 1000, 


where in place of the symbol 0 there stands the code of some machine 
operation. The final form of these instructions is completed in the process 
of synthesis by means of the operand characteristics (the addresses are 
indicated in the characteristics without the completeness tag). For example, 
if a, = 1000 and 6, = 1100, the instructions of the first subgroup after 
completion take the form 


30 1101 
0 5000; 
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i.e., the odd halves of the full registers are used for the indexes of elements 
of complexes. 

The second subgroup (I, or II) consists of instructions not requiring 
completion in the block synth (e.g., the macroinstruction of the operator 
(€ : a) . 

The basic function of the subblocks of bosc is the preparation of the 
following data: 


s—the initial address of the macroinstruction; 

So—the final address of group I; 

Sj—the final address of group II; 

y—the number of the register from which control is transferred from the 
block synth (in the block synth, transfer on index y is used, which signifies 
transfer to the sentence whose number is indicated by the value of y). 


Let us consider, for example, the data for the macroinstruction of the 
operator <: 


s = 2372, so = 2374, sı = 2412, y = [reco 1]. 


Let us dwell a little on the particularities of the macroinstructions of 
certain operators. The macroinstructions of the operators =, A, A, O, O, 
—, €», X, contain instructions for the checkout mode, which are omitted 
in the composition of MP if the operand changing its value is of type (a) 
or (b) or if key 4 is “up.” 

In the macroinstructions of unary operators one of the groups I or II is 
omitted. 

The synthesis of the operators o— and |— is realized differently, 
depending on the preceding operator. For this the list of macroinstructions, 
aside from the proper macroinstructions for the operators o— and |—, 
contains their common macroinstruction with the symbolic designation 
“+ o, |," by means of which these operators are synthesized if pre- 
ceded by + or —. 

The operator * also has two macroinstructions: one for the case where 
the values of individual operands are listed, the other for the case of “‘list 
complex," denoted by the symbol *. 

The macroinstructions for the operators X, >, +, o—>, |-5, *, V, and I 
contain control-transfer instructions whose addresses are completed by the 
value of the index 7 and the counters 7 and J. 

The details of the macroinstructions will be explained in the descriptions 
of the corresponding subblocks of bosc. 
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B. BLOCK FOR OPERATOR SYNTHESIS CONTROL (bosc) 


The block bosc is divided into subblocks according to operator, which 
prepare the information about the macroinstructions for the block synth 
and control the synthesis of the corresponding operators. 

A number is assigned to each subblock, numerically equal to the operator 
code. For example, the subblock that controls the synthesis of the operator 
«> has the number 15. The sentence numbers in the L-description of the 
subblocks have two components: the first indicates the number of the 
block, the second, the number of the sentence in its L-description. For 
example, the number of sentence 5 of subblock 15 of block bosc is written 
as follows: bosc 15.5. Below, for conciseness, the designation bosc will be 
omitted and the first component enclosed in parentheses; e.g., in our 
example (15)5. In order to organize exit from synth the index y is assigned 
the value of the address of the start of the corresponding sentence. For 
example, (01)4 = y signifies that control will be transferred from synth to 
sentence 4 of subblock (01). 

To select the corresponding subblock by the operator code it is convenient 
to introduce transfer by variable, which is particularly simple to accomplish 
in URAL-1, which has an operation for modification of instruction (30a). 
The choice of subblock is performed by means of the table of control 
transfers (TCT). Each row, associated with one of the operators, contains 
the unconditional transfer instruction to the subblock for control of the 
synthesis of this operator. 

The choice of row in TCT by operator code is realized by subblock (00) 
of bosc. This subblock initializes the value of the index c: 


0 at the start of synthesis of all operators except c — and |; 
c — 1l during the synthesis of the operator +; 
2 during the synthesis of the operator —. 


The table TCT begins in register 1000, where the rows corresponding to 
operator codes not encountered in LP are used to store additional constants. 
The use of TCT permits the block reco to be simplified, since in this case the 


operator codes are not recognized in isolation. 


(00) 
$1 oc-or, where the complex R is TCT 


The subblocks of bosc will be given the designation of the operator whose 
synthesis they control. (In the descriptions of certain subblocks that do not 
require comment, only their L-programs will be given). 





TRANSLATOR FOR URAL-1 149 


Operator § 


The operators §, |, f will be assigned to the class of unary operators 
with left operand, since, aside from their basic functions, they must conserve 
and transmit the value of the implicit variable r. 


(01) 
$1 (01)4 = vytı= sp, 024—393 Preparation for synthesis. If key 4 is 
$2 1 on at the start of the sentence in 
$98. + s— (05)3 MP, three checkout-mode instruc- 


tions are inserted; otherwise, they 
are omitted 


$4 ++ selco 14 > 1 — [000400 | Formation of a row of TCT 
+ [003740] = a 
pı o—- 57 — 3—6 
§5 J 
§6 + [220000] = ka — reco 1 


Here and below the complex T is the complex of “‘starts’’ of macroinstruc- 
tions. For example, t4 = 0700 is the start of the macroinstruction of 
operator —. | 


Operator | 
(05) 
$1  (05)4 Selection of macroinstruction of oper- 
$22 => ytz >s +1 ator ^, since the given operator does 
$3  — so — (54)4 not have its proper macroinstruction 
4 jf Memorization of the start of the M- 
piece (group of machine language 
instructions inserted in MP from LP) 
$5  Anmnb,o-recoloa If the current instruction of the M- 
$6 b, A [3870000] 6 u, o7 piece is not a transfer instruction, it 
^aQ3|56 is inseribed in MP without modifica- 
b, — 10 tion; otherwise, its address is added 
SV baf to the initial address of the M-piece 
$10 45 write 1— 5 The complex U = (210000, 220000, 


240000] 
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Operator ‘‘-”’ 
(06) 


$1 repeat 1 = yts — 2 Synthesis of control-transfer instructions in OPLU 
— (46)4 for listing of a ‘‘final memory state" 


Since the operator ''-" does not have a left operand and is synthesized 
by the overall block synth, the initial address of the macroinstruction will 
be given as two less than the true one. This will also be the practice below. 


Operators —, — 


This subblock controls the synthesis of the operator € (§ 1), operator 
— ($2), and other operators that assign values to operands ($ 4). 


(07) 
$1 © yo anop13 Exchange of characteristics of operands in the case 


of operator <= 


$2 recol Preparation for synthesis of operators =, = 
§3 => yti => § + 1 


$4 = S --2-—s Sentence 4 controls the translation modes (checkout, 
ô O synth 1 computation), depending on the position of key 4, 
p. o synth 1 during the synthesis of operators =, =>, o, ©, 
sı — (54)4 A, A,X 


Operator A 
(10) 
$1 ti +3 => sitio — 2 
§2 => s(07)2 


$8 => ys+1 
$4 = S, synth 1 


Operator ^ 


(11) 


$1 ti t+4>s; 
tu — 2— (10)2 
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Operators o, o 


(12) 
$1 (07)2 Preparation for return from block write after inscrip- 
$2 => ed, — write 1 tion in MP of first instruction realizing operator 


O Or O 


The groups of machine instructions realizing these operators differ only 
in the first instruction (‘‘200000” for operator o and ''024244"' for operator 
© ), which is taken according to the operator code from the table of auxiliary 
constants D, distributed among the rows of TCT; the remaining instruc- 
tions are synthesized as for the operator >. 

The last instructions of operator €» are synthesized in the same way, 
differing from the above in a single instruction (024022), which is also 
selected in table D by means of subblock (12), but in this case the exit 
from the block write must be to (07)1 and not (07)2, as in the case of the 
operators o and o. 

Therefore, exit from the block write is organized by means of an index e. 


Operator — 


The program realizing this operator is written thus: 


E Ey hE ij ir > Ej. 
(15) 


$1 (15) 2= yteo — (44) 2 Synthesis of instructions realizing the expres- 
sion £; — r£; 


$2 t+ anop 13 O yo Synthesis of instructions realizing the phrase 
(15) 3 5 (07) 3 — £i, with account to the checkout mode. 
For this the operands exchange character- 
istics, and the macroinstruction of the 
operator — is used without the instruc- 
tions of group I (yo = 0) 


$83 o yı (07) 1— (12) 2 Synthesis of instructions realizing the phrase 
r— £j for which the operands again 
exchange characteristics 


This procedure for the synthesis of the operator €» has permitted us to 
avoid the creation of a special macroinstruction for it. 
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Operator X 


(£; X né; ~N £i o>n F F => £jC[£;] e Ei => £i). 


The left operand of this operator can be the right operand of the preceding 
operator if the latter is of the class that changes values of operands (=>, €). 

The block reco detects the criterion of this situation by the value of the 
index d (d + 0 if the left operand is "intrinsic," d = 0 otherwise). 


(42) 


$2 (42) 3 > yty > S 


If d = 0, instructions are synthesized which 
realize the phrase o— n | — £j; otherwise, 
£i 0o n H => £;. (The instruction “8300001” 
is in the macroinstruction in front of the 
instruction for assignment of value to the 
index £;, in order to “fit”? the macroinstruc- 
tion to standard form. ) 


$3 (42) 7=> vp. o—4 Completion of the transfer-instruction address 


—6—5 (the address of the row in TCT, prepared in 
$4 —4 reco, is added to the instruction written in the 
$5 ia register with address [7 — 6 ] in the checkout 
$6 0 yon + ka= ka mode or the instruction in register [i — 4] in 

the computation mode) 
++ anop 13 Synthesis of instructions realizing the phrase 
te + 12> s8 c) O £;— £j, for which the operands ex- 
to + 15 — (07) 4 change characteristies 
§7 [02 4000] + ap Synthesis of instructions for storing the value of 


+4 write 1 — reco 1 


7 in the accumulator (the value of the im- 
plicit variable 7 always remains in the accum- 
ulator at the end of the realization of 
operators) 


Operator — 


81. (44) 3> ytu 
§2 —5--2— (05) 3 


$9 m 
$4 + kp kp 


— reco 1 


Synthesis of instructions transmitting the value of 
7 and not the incomplete instruction ‘‘220000”’ 


Completion of the unconditional-transfer instruc- 
tion 
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Operators +, ! 


To reduce the volume of MP the operators + and ‘‘!’’ are executed by 
means of a subroutine P (++), whose algorithm is presented below. In MP, 
instructions are synthesized for the execution of these operators which 
transmit to the subroutine P (++) the “return” address v and the value of r. 
The subroutine has two entries ($1 for the operator +» and § 2 for the 
operator ‘‘!’’). 

The depth of realization of the program registering the value of the 
index p must not exceed 10; otherwise, the machine stops with the transfer 
of the value of p to the accumulator. 

To exercise control transfer by the operator ! to the corresponding 
"depth," the complex of levels W = {wo, wi, ..., w7} is introduced, each 
of whose elements contains the address of transfer to the corresponding 
level. If p = 0 (the program is realized at the “zero depth"), the operator ! 
is omitted. 


Poo) 
$2 =rv+l>w, Formation of complex W 


Ap-— 1003 Change of value of program-execution-depth 


po register 
$2 —»vp o3 Execution of transfer by operator '*!'; if p # 0, 
A pr > W, change of value of p 
$8 rv Return to execution of MP with conservation of 
the value of 7 
(45) 
$1 (45) 2=> ytə =s Synthesis of instructions that fix r and transmit 
ta + 5 — (05) 3 the return address to the subroutine P (++) 
$22 7-1 Definition of the address of the transfer instruc- 
$93. + ku = ktis] tion and the instruction transmitting the return 


e ® (x | (44) 3 address in the case of the operator + 


$4 okun AtAj Erasure of last instruction in MP, not required in 
the case of the operator ‘‘!’ 


e ® (D | recol Definition of the address in the instruction trans- 
12 — (44) 4 ferring control to the subroutine P (+>) 
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Operators o, |^ 


T'wo cases are distinguished in the synthesis of the operators o — and |: 


(a) the preceding operator was + or — (c z 0) 
(b) any other operator (c = 0) 


In ease (b) instructions are synthesized for logical addition with zero for 
the operator o—, or addition modulo 2 with zero for the operator |. 
These operations conserve the value of 7. 

In case (a) the last instruction of MP (extraction of the 32-bit result) is 
erased and instructions are added that correspond to the expression 


(1) ***—o^fo-—rG2|—1r—2 for the combinations of operators 


$1 TN coe fore ON, eee — eee In, 
$2 
(2) ---—oa^fw-rGa|—ncz-*- for the combinations ---—--- 


onm, een. 


The subblock (46), using the macroinstruction for the operators o, | 
and the special macroinstruction “= o, |—," depending on the cases 
listed above, controls the synthesis of the operators o —, |. 


(46) 
$1  (44)3 yc o2 Formation of data on the macroinstruction 
(460) 5— Y AS Aj “+ o, |” in ease (a) and erasure of 
tr; — 2> s last instruction in MP 
ti; + 10 — (05) 3 
$2 o 09 (0)|53 Synthesis of the operators o— and | in 
tig 4 case (b). [The definition of the address in 
$3 ty the transfer instruction is realized by sub- 
$4 =3s+3- (05)3 block (44).] 
$5 9 — 2+ ks — kis Completion of the control-transfer instruc- 
o O6 (o-)|-7 tions for the combination operators 
c 1l 10 coe fees Qn, sse — eee l> n 


$66 oag— (45) 3 
§7 c@l1|-6 


$10 o en + kii Completion of the control-transfer instruc- 
=> ku tions for the combinations ---—--- on, 
— (45) 4 ->+-+-++-|->n and removal of the last 


instruction in MP, which is no longer 
necessary 
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Operator V 
The phrase £; V is performed by means of the program 
Ł>aofog 
$81 Af@40 0-2, Aaoml1lAsb-l 


$2 B.. 
(50) 
$1 102»at;;— s Synthesis of instructions that execute the 
to + 15 expressions given above 
$2 = s$4(50) 3 — (54) 3 
$38 i—a=>bj—2 Completion of addresses in transfer instruc- 
+ ky => ky tions 
$4 Jj — at kya — ku- 
— reco 1 
Operator I 


The subblock (51) controls the synthesis of the operation £; I, performed 
by the program 
£j a o f40—9gog 


SI AgAfÍfGA4002a^c; o1 
e, V8-58-1 


52. Dus 
(51) 
$1 12 = at; => sS Synthesis of instructions corresponding to the 


ti + 17 — (50) 2 operator and completion of the addresses of the 
internal transfers by means of subblock (50), 
transferring to it the corresponding value of the 
index a 


Subblocks (52), (53), (54), (55) control the synthesis of the operators 
I—, H, 1, f and do not require particular explanation, nor do the pro- 
grams that realize them. It need only be noted that the operator T in this 
translator carries out a “separation” function between LP’ and LP", and 
transmission of the value of r. 


Operator |— 
(52) 


$1 tg 
$2 = s+ 4—  (54)2 
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Operator }+ 
(53) 
$1 ts3 — (52) 2 
Operator | 
(54) 
$1 ty=s+2 This fragmenting of the sentence is required because 
§2 = so reco 1 the given program is common to many subblocks 
§3 = So 
$44 +2 
$0 =>s,— synth 1 
Operator f 
(55) 


$1 promp 2— (05) 2 


Operator * 


The operator * has two modifications and, correspondingly, two macro- 
instructions: (a) to list the values of ‘individual’ operands and (b) to list 
complexes. In view of the absence of the complex of cardinalities in the 
simplified version of LYaPAS for TRALU, when the values of complexes 
are listed their cardinalities are indicated at the right of the operator by an 
index, variable, or constant. 

In the translation of LP in the checkout mode the given operator is 
completely left out in case (b) ; in ease (a) it retains one of its funetions— 
the transmission of the value of r. 

The values of the operands are listed in the same significant positions as 
in input. 


(56) 
$1 yı |—> 5p 04 Control of synthesis of operator * in the 
$2 tr listing of "individual" operands 


$3 —5s--1— (54) 2 


$5 ps |— reco ld anop 13a In checkout mode the operator * is omitted. 
=> ĝ1 © & 0 — a => a Exchange of operands by their character- 
istics; correction of operands, and addi- 
tion of missing ones, in order to put them 
in “standard” form and use block synth 
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6 = a(50) 4 = yts: — 1 Preparation for synthesis of the operator * 


=> sts + 7 in the case of listing of complexes and 
$66 >s completion of the address of internal 
§7 s+2— (10)4 transfer by means of subblock (50) 


Operator = 
(60) 
SI tco => sto + 11 — (63) 2 


Operator < 
(61) 
$81 (61) 2 — (62) 2 In the synthesis of the given operator the 
$2 [070134] = kui- — reco macroinstruction of the operator > is 
used, with a certain correction 
Operator > 
Sl recol 


§2 => yta — ste + 1 — (56) 6 


Operator — 
(63) 
$1 te st + 20 Control of the synthesis of instructions realizing the 
$2 =>s,recol>y operator — (£j€— £j ~ £i < £j => 040 — £; => ôt; > 
(56) 7 ô V B ^ fi) 
Operator V 


Subbloek (64) eontrols synthesis of the operation £; V £;, performed by 
the program 


£;— aj yog < y ba < ô A dy> 0a» Ne VB 
(64) 
S1 tes => Stes + 25 — (63) 2 


Operator : 


Division £;:£; is executed by means of a program carrying out a sequence 
of subtractions of the divisor £; from the dividend £,. 
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t—T0oHsS The quotient is “accumulated” 
$81 7—£jo52—-7An—1l in the index a, and the re- 
$2 m... mainder remains in the ac- 

cumulator 

(65) 
SI (65) 2> yts = s Synthesis of instructions that 

tes + 4 — Sotes + 17 — (54) 5 carry out the division program 
$2. j + ku- — keg — 5 + kr- Completion of addresses in the 


= kiio 01 O —> 37 — 14 — ( 44) 4 internal transfers 


§8 j — 13 — (44) 4 


Operator X 


Because of the absence of a multiplication operation without roundoff 
in URAL-1, it would be necessary to use a rather cumbersome algorithm 
to execute the operator X as it is described in [2]; this is undesirable. 

Most often in practice the need arises to multiply natural numbers. 
Therefore for memory economy we limit the range of the multiplied num- 
bers to the segment [0-215], which permits an uncomplicated algorithm to 
be applied for multiplication, the sense of which is clear from the macro- 
instruction. 


(66) 
Şi tes = s + 2 — (54) 2 


Operator + 
(70) 
$1 Le Clo 
$2 =>s+4 


$8 = sreco 1 — (10) 3 


Operator — 
(71) 
$1 2 > cla => stn + 5 —> (70) 3 


Control of the synthesis of the operator ^ is exercised by subblock (56) 
(§ 2 and 3) 
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Operator V 


$1 


tz => (56) 3 


Operator @ 


$1 


t4 (56) 3 
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C. SYNTHESIS OF MP INSTRUCTIONS (synth) 


The block synth, utilizing data about the macroinstruction and the 
operand characteristics, constructs the MP instructions, leaving the 
addresses in transfer instructions undetermined. The final form of the trans- 
fer instructions is formulated by the corresponding subblocks of bosc. 


$1 
§2 


§3 


$4 


§5 


D. 


synth 
Oa 
A^Aao20-w 


yal > 3 As—>5 


£& O 4k, + Ba 4^ write 1 


A sk; + o4 45 write 1 


If the synthesis is terminated of 
instructions of group II, exit is 
realized from synth 


If an operand is absent from the 
phrase, the corresponding sub- 
group of instructions I, or II, is 
omitted 


Synthesis of instructions 30a, when 
the operand is an element of a 
complex 


Synthesis of instructions completed 
by means of the characteristic ac. 


A 88, — 8 0 2k, 45 write 1—5 Transcription from the macroin- 


struction of instructions for the 
subgroups I, and II; 


INSCRIPTION OF MACHINE INSTRUCTIONS IN WORKING 
STORAGE (write) 


The functions of writing instructions in MP, counting their number, and 
monitoring for overflow of the memory field reserved for MP are con- 
centrated in a single block whose program is presented below. 
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write 
$1 =k; Write current instruction 
$22 AJAT Change values of counters and check for overflow 


— imax |— 3! of MP field 


$9  (?,n) 6 Stop machine on overflow and transfer the values of 
counters ? and n to the accumulator 


7. BLOCKS THAT COMPLETE THE OPERATION OF TRALU 


A. PREPARATION FOR OUTPUT OF MP (promp) 


The block promp prepares information on the volume of MP subject to 
listing or transfer to magnetic tape (MP"), “combines” parts of MP, and 
checks the parity of final address in transfer to magnetic tape (in tape 
instructions only full addresses may appear). 

The block promp has two entries: $ 1 after synthesis of the operator 
and § 2 after synthesis of the operator 7 (i.e., after translation of LP’). 


eC 22 
e. 


promp 

Sl imax 985 Preparation for listing of MP after “-”. If after 

$2 j — io |— 3[22 2530] synthesis of the operator f it is found that 
+ write 1 j «€ i, then the instruction [22 2530] is 


written at the end of MP, since in this case 
MP” is written starting from register to = 
2530, and 7 = J in the composition of MP” 


$3 «A [000001] o—4 If the address of the last instruction in MP’ is 
+> write 2 even, then zero is appended to the end of MP 
to make it terminate with a full register, 
since the addresses in magnetic-tape-manip- 
ulation instructions in the given computer 
must be full 


$44 7=> 61 Fixation of the last values of counters 7 and 7 
$55 >a— inu and the volume of MP for listing and transfer 
— primp 1 to tape 
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B. BLOCK FOR REPEATED TRANSLATION (repeat) 


Repetition cf the translation of LP begins with § 1 of the block init in 
translation of LP' and from $ 5 of the same block (1.e., without initializa- 
tion of the counter of constants and without clearing the memory zone 
occupied by the constants, subroutine, and TSS) in the translation of LP". 

Repeated translation 1s blocked by key 5. 


repeat 
$1 ps o primp 1 Block repeated translation by 
key 5 
E (MP) © Xs o primp 1 = If the check sums do not agree, 
=> 24x O> init 1 the sum obtained is stored and 
To — init 5 translation is repeated 


C. PRINT MP (primp) 


From the information prepared by promp, primp prints the instructions 
of MP together with their addresses. To reduce the volume of the material | 
listed, zeros are suppressed. Together with the instructions of MP" are 
printed the table of constants, subroutine P (++) if it is used, and the table 
of starts of sentences. 


primp 


$81 pe o tape 1 Block printing of MP by key 6 
19— a8 — u => b 


$22 ka 03» 212 y'b « 3 V y'* Print out MP instructions together 
83 AbAaQGQa|2-tapel with their addresses and zero 
suppression 


D. BLOCK FOR STORAGE OF MP ON MAGNETIC TAPE (tape) 


In the translation of LP in two steps, MP’ is transcribed to magnetic 
tape (MT) in order to free space for MP". After composition of the latter, 
MP’ is read back from MT and written in memory in front of MP", 
beginning from register Jo. 

The transcription of MP’ to MT is carried out with check reading into 
another location. If the check sums do not agree, the transfer 1s repeated. 
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Information about MP’ written on tape (its cardinality yo and the check 
sum X’) are sent to OPLU. The signal of presence of MP’ on tape is the 
value z = 0. 


tape 
$1 eG (f)|— coplu1 Z (MP MP" is not written on tape. Storage 
=>: of check sum of MP’ 
[004000] — 2 + i>a Preparation of addresses of the tape- 
[004000] — 2 + J + u= b manipulation instructions 
$2  / de m, M 1005 Inscription of MP’ (registers 7% to 
i — 2) in zone 1005 of MT 
/ M1005, u, Jo Reading of MP' from MT into 
registers Jo to jo + u — 2 (here 
z (MP’)’ ® Z'|52 Check inscription on MT 
p. = pol — 000031 ] = x Preparation for translation of the 
pı |^ calltp 4 next part of LP. (In mode B the 
(8,6) ó — calitp 4 machine stops for change of tape 


in the machine reading device, 
since for translation of LP" it is 
necessary to dispose TP" in 
memory, while the tape of LP 1s 
in the reading device.) 


E. CALL OPLU (coplu) 


The block coplu terminates the work of TRALU in the current stage. 
TRALU will be restored in memory in succeeding stages of translation by 
BLOSÉ. 


The task of the block coplu is to call in OPLU in mode A or to stop 
the machine in mode B. 


coplu 


§1 pl 2f» ó In mode B the machine stops for change of tape 
$2 Z M5, 1035, 0034 in the reading device before input of OPLU 
— OPLU 
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8. CONCLUSION 


TRALU is an example of a translator from LYaPAS for small digital 
computers with small memory volume, having words of not less than 32 bits. 

The translator was written in LYaPAS with maximal utilization of the 
partieularities of the concrete machine. Since LYaPAS is not intended for 
these purposes, it was necessary to “adapt” it for the description of concrete 
machine programs by the introduction of certain changes. Other procedures 
known at the present time for writing such large programs, copiously 
supplied with transfers, are unsuitable. 


APPENDIX 


Basic OPERANDS UsEep IN L-DESCRIPTIONS or BLOCKS 


Address 
of 
register Symbol Basic function 
p a NERO E 
0002 Qo Characteristics of operands 
0003 Q) 
0004 Bo 
0005 Bı 
0007 Yı 
0010 0, 
0011 ài 
0012 £o 
0013 €ı 
0014 s Initial address of the macroinstruction in bosc and current 


address in synth 


0015 So Final address of group I in macroinstruction (bosc-synth) 
0016 Si Final address of group II in macroinstruction (bosc—synth) 
0017 T Operand counter in phrase analysis 

0020 m Counter modulo 2 of LP codes (selco) 

0021 Ô Index of exit from block selco 

0022 h’ Working register 

0023 

0024 2, Check sum of MP (repeat) 

0025 

0026 e Operator code (reco, anop, bosc) 

0027 k Constant counter in TC 
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APPEN DIX—Continued 


Address 
of 
register Symbol Basic function 
0030 A Next code in LP (selco, reco, anop, const, bosc) 
0031 Yy Index of exit from block synth 
0032 i Counter for MP instructions stored in memory 
0033 n LP line counter (selco, const, bosc) 
1025 C Criterion of type of operators in synthesis 
1027 I Counter of parts of LP in a single stage 
1041 d Criterion of a phrase of type = £i X n£j 
1043 n Row number in TSS in analysis and synthesis of transfer 
operators 
1047 Imax Maximal address of the memory field reserved for MP 
1067 € Index of exit from block write 
1101 É Index of exit from block anop 
1103 To Address of register in which storage of MP begins 
1105 J Counter of true addresses of MP instructions 
1142 Ho Cardinality of MP’, transcribed on MT’ 
1143 z Tag indicating that translation of LP is carried out in two steps 
1144 pi Check sum of MP’ written on MT’ 
1145 
1146 D Number of zone of LP in next stage 
1147 ¢ Tag indicating presence of the operators +>, ! in LP 
1153 Jo True initial address of MP 
3727 p MP depth-of-realization register 
3730 W Complex of MP depths of realization 
3737 





(Constants, used in the L-description, are mainly situated between the rows of 
table TCT.) 
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PART Il: APPLICATIONS 


Section A: ABSTRACT PROBLEMS IN SYNTHESIS THEORY 


PROGRAMMING BOOLEAN COMPUTATIONS 


A. D. Zakrevskii 


The present chapter is written for the purpose of expanding certain 
concepts and introducing the corresponding symbols, utilized in the sub- 
sequent chapters in the discussion of various problems of a logical char- 
acter. 

The constructions are based on the elementary theory of finite sets 
[1-4] or, more exactly, Russell’s elementary theory of types, whose basic 
ideas are presented, for example, in [5 ]. 

The basic material for the present article is taken from earlier publica- 
tions by the same author [6, 7 ]. 


1. THE HIERARCHY OF BOOLEAN SPACES 


Let us consider a certain finite set X = (zo, tı, ..., 2n1}, calling it the 
space of first rank. By X we shall denote the set of all 2” of its subsets and 
call it the space of second rank over X. By X we denote the set of all 27?" 
subsets of X and call it the space of third rank over X, etc. Passing to a 
more convenient symbolism, we shall denote by X? the space of kth rank 
over X, which is also called the Boolean space over X ^7». For example, 
X =X, X¥ = xo, X-xo, 

We shall bring into consideration set-theoretical variables, representing 
them by the symbols a, 8, and y, which can be accompanied by superscripts 
and subscripts (in the representation of concrete sets we shall also operate 
with letters of the latin alphabet). By the superscript we shall indicate, if 
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useful, one important characteristic of the variable, called its rank. We 
shall assume that the values of the variables of the kth rank are subsets 
of the space of kth rank, and only such subsets: o^, 6^, yt C X. We shall 
also adopt an alternative convention for the representation of the rank 
of a variable (or constant set): p(o) denotes the rank of the variable a. 
From these definitions it follows that if a € X, then p(a) = k — 1. Con- 
versely, if p(a) = k, then a is an element of the space X “+; for example, 
o € X,a' © X, a? € X. Subscripts will be used to distinguish variables. 

The cardinality of set o, defined as the number of its elements, will be 
denoted by o(a). If o(a) = 0, the set o is called empty, and is denoted 
by the symbol Ø: o(a) = 0 +> a = Ø. To avoid possible confusion, we 
remark that the empty set (Z can be a "legitimate" element of any other 
set; for example, if it is known that the unique element of a set o is the 
empty set, it must be considered that o(a) = 1. At the same time, the 
empty set is subject to special rules; it can be assigned arbitrary rank, and 
therefore may be manipulated on the same level as sets of arbitrary ranks. 

The point is that such relations among sets as equality (=), inclusion 
(€), strict inclusion (C), and exclusion ((1) are defined only for sets of 
identieal rank, constituting elements of the same space. A similar remark 
holds with respect to the application of the set-theoretieal operations of 
union (U), intersection (n), and difference (X) of sets; for example, the 
expression o! U o? has no meaning, while the expression {a!} U o? is per- 
fectly meaningful, since {a!} denotes the set of second rank whose unique 
element is o!. Expressions of the type o^ = Ø, a^ U Ø, ete., are always ad- 
missible, i.e., have a defined sense. We shall adopt the convention that 
{a;} is a set containing the single element o;, the expression (a;/i € I} is 
the set of all elements o; for which : € J. 

The set a is the complement of the set o^ in the space X :a* = X®\a*. 
Let us also introduce the operator +, the summation of sets, defined in the 
following way: a + 8 = (aU 8)N(oan 8). From the definition it follows that 
a+ B= angBUohnB.Itis assumed that the operator N operates before the 
operator U. 

Let us adopt à convention on the order of action of the operators. By 
convention, if two adjacent unary operators are present in the formula, 
the one at the right acts before the one at the left: if y; and y» are unary 
operators, then Vase = ya(Vsa). We divide binary operators and relation 
symbols into four sets: 


inj, {U, \, Fh ET G; c, f. C, g =, Æ}, eh, 


considering that the order of action of the operators occurring in the dif- 
ferent sets coincides with the order of the sets. If this order is violated or 
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if we wish to make explicit the order of action of the operators in a single 
set, we shall introduce additional parentheses. Thus, the expression 


aNBUanB€C AnmatBEB 
is equivalent to the expression 
(((an8) uU(anB)) € A) — ((a + B) € B). 


A useful element of the model being constructed is the existence quanti- 
fier J; by ( do)[e(o) | we agree to denote the proposition that there exists 
a certain a that satisfies the condition g(a) [4]. 

For example, let us define by means of the existence quantifier the sense 
of the symbol €?:a €? 8 > (Jy) [ea € y € 8], ke., a €? B if and only if 
there exists a y such that a € y and y € 8. By way of generalization we ob- 
tain the expression 


a € *8e (Jr, Ys ..., Yra) la € Yı € Y2 € *-** € va € B], 


read in the following way: a € *8 if and only if there exist yi, Y2, °°°, via 
such that œ € yı, Ya € Ys, -.., Ya € B. We obtain a similar generalization 
for the relation € (o € 8 signifies that o is not an element of the set 8) : 


a € Bo (in, ya, «+ +) Yr) [a € Y € Y € **- € ka € B], 





where (J 71, vs, ..., via) signifies that “there do not exist such yı, ys, .. ., 
(yii that ..." 

As for the universal quantifier [4], which in our ease must necessarily 
be bounded, it is possible to avoid it, since an expression “‘for all a, where 
a € 0, ..." has the following equivalent: “a € 8 — +++” 

Let us introduce an abbreviated notation for the operation of union of 
elements of a set 


a = fag, a, ..., às a]: [a] = oo a V +++ U ant. 


Analogously, 

N [a] = a O ai N oua 
and 

+ [a] = ao + ar + *** + ama 
Obviously, 


e(U [a] = e(O [a] = pe(+ [o] = pla) — 1. 
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By way of generalization of these operations we shall assume that if 


a = {ao a1, ..., Ama}, 
then 
Ua] = (U[oc], UEa], ..., U Lams ]}, 
(N@Fa] = {Cao ], Nla], eis A aa ]] ; 
t O[o] = {+[oo], +o], ..., Hamal}, 
while 


V Le] = VIV[o]], fe] = OLNfe]], + [e] = EF. 
The meaning of the symbols U*, U, Ak, (199, +r, + will be defined 
by induction. 

For example, let a = {a1, a2}, where a1 = (6, 6] and o» = 18», Bs}, 
while &1 = {b}, 8; = (a, d], 6s = (b, c]. Then 


U [a] ane (81, B» Bs] , (A [a] = {Bs}, ae [a] = {B1, Bo}, 
V La] = (a, b, c dj, M? [a] = Bs, 
V9 [a] = fib ¢,} (a b, e dj], O® La] = {{b}, Ø}, 


and so on. 
The relations among the ranks of the sets under consideration for ar- 
bitrary k must satisfy the following conditions: 


(a) p(a) > k +1, 
(b) p(U* La] = p(CY [a]) = eC [a]) = pla) — k, and 
(c) p(U® [a]) = (AY [a]) = o(+ [a]) = pla) — 1. 


We also generalize the operation of complementing of sets a = {ao, 
01, ..., Oma}, putting la = a: 
“| La] = {1 ao, Ta, ..., 7 ans}, 


~] @) [o | = {1 [ oo |, d La], C | [05 ]] 


and so on. Obviously, the expression 1“ [a] has meaning only if p(a) > 
k + 1. Note that 1? [a] = [a]. 

Let us introduce the operators inf and sup, obtaining the lower and upper 
bounds of a set a (the operations have meaning for p(a) > 2): 


8 € infe (8€ a) ^ (390 [Y € à) ^ (Y C 8], 
B E€ supa (BEa) ^ (Fy) [lye a) ^ (vx 28)] 


In connection with the use in these expressions of the operators of the propo- 
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sitional calculus, note that the order of their execution is defined by the 
inclusion of the operator of conjunction A in the same set as the operator 
N, and the operator of disjunction V and the operator of addition modulo 
2 ® in the same set as the operators U and +. 

Let us introduce an operation of multiplication of sets, which will be very 
essential for further constructions, consisting of obtaining a set called the 
produet of the initial sets. In the present chapter we shall, as a rule, con- 
sider only sets with distinct elements, and furthermore, for the meantime, 
we shall neglect ordering of elements in sets, assuming, for example, 
(a, b] = {b, a]. 

Therefore this operation, which we shall denote by the symbol cart, 
differs from Cartesian multiplication of sets and has commutative prop- 
erties: a cart B = B cart a. 

For the case a N 8 = Ø the product a cart B of the sets a and 8 is defined 
as the set of all sets containing exactly one element from each of the factor 
sets. For example, 


(a, bj cart (c, dj = {{a, cj, (a, d}, Ib, c}, (b, d. 


The case a N p z£ Ø is somewhat more complicated. The multiplication 
operation corresponding to this case is defined as follows: associating the 
set indexes with the elements of the factor sets, we first consider them as 
distinet elements and obtain the product of sets corresponding to the case 
«n8 = £f; then we eliminate the indexes and “reduce like terms," retaining 
in each set only distinct elements. For example, if a = (a, b, c] and 8 = 
(a, b, d], then 


o cart B = {ja}, {b}, (a, bj, (a, cj, (a, dj, {b, cj, (b, d}, fe, d] J. 


From this example it is evident that in the case æ N 8 = Ø the sets that are 
elements of the product of the sets a and 8 may contain more than one 
element of each of the factor sets. Thus, in the example considered above, 
the set (a, b] contains two elements of the factor (a, b, c] and two elements 
of the factor (a, b, d}. 

Let us put Carta] = ao cart o1 cart +++ carta 3 if a = {ao, a1, .. ., Amr} 
[ obviously, the given operation has meaning for p(a) > 2]. For example, 
if 

& = {ta}, {b}, {a, b}, {c}, (e, djj, 
then 
Cart[o ] = {{a, b, c], (a, b, c, d}}. 


We formulate a pair of theorems whose simple proofs we omit. 
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Theorem 1. 
U [Cart [a ]] = U [a]. 


Theorem 2. 


a U 8 = X? — UO [à cart 8] = X, 


Let us introduce the operator ming, the -minimization of a set, defined 
by: 


a € mingB € (a € 8) ^ (39) L(y € B A (e(y) € e(o))], 


where (a) is some numeric function, defined on the set 8. Analogously 
we introduce the operator max,, ¢-maximization of a set: 


a € max, 8 €& (a € B) ^ (Jv) [lv € 8) ^ (e(v) > e(o))]. 
For example, if 


a= (ia, b, cj, (a, dj, (a, €; kj, (6, dj, (b, e,m, ty} 
then 


min, a = {{a, d}, ic, dj], and max,a = {{b, e, m, t}}. 


2. OBJECTS IN BOOLEAN SPACE AND CERTAIN FORMS 
OF THEIR REPRESENTATION 


The set X“*), containing, in particular, the empty element, is called 
a Boolean space over X. The consideration of the properties of various 
Boolean spaces reduces in an obvious way to the investigation of the 
Boolean space M = X. 

Practical forms of representation of objects in Boolean space require a 
definite ordering of the elements of the space. Since positional binary 
coding of numbers is widely used in modern computers, it is convenient 
to adopt as the number of the element c; of a Boolean space X, where 
X = zx 21, ***, 24.1], the number 


n—l 


i= J 75-23 
j=0 


where 7; € {0, 1} and r; = 1 5 z; € ay. 
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On this method of numbering is based, in particular, the representation 
of the subsets M ; in M, given by the row matrix 


|| (M4 2 M |. 
For example, if X = íze zı, 23] and M; = {@, (xo, zı}, (xy, z2} ], then 
| (M3 > M || = [10010010] 


(it must be taken into account that the components are numbered from 
the left). 

We shall say that the subset M; C M represents the Boolean function 
fi(Xo, 31, * * *, 243), taking on the value 1 on elements of M; and the value 
0 on elements of M;. For convenience we shall adopt the convention that 
the symbols M; and M ( f;) have the same meaning. 

The nonempty subset J C M, satisfying the condition 


yeEloaly CB, 


where a, 8, y € M will be called an interval of the Boolean space, and a 
and 8 are its lower and upper elements, denoted by /(? and I, respec- 
tively. The interval J represents a Boolean function that can be expressed 
algebraically by a single elementary conjunction, in which the number 
of letters is equal to the rank of the interval p(/). The relation 


p(I) = n — c(BNa), 


where c is the symbol of the cardinality of the set, 1s obvious. 

We define the reference sets V and W of intervals of the first rank, as- 
suming that the intervals forming the set V correspond to single-letter 
conjunctions with the inversion symbol, and the intervals in W are single- 
letter conjunetions without the inversion symbol. In other words, 


IcVol9o-$, I9? = XN); 
IcW-«eolIes-6iíz [© = X, 


where j = 0, 1, +++, n — 1 and @ is the symbol of the empty set. 

Since any Boolean function f; may be expressed as a disjunction of ele- 
mentary conjunctions, it can be represented by the corresponding set of 
intervals Int; € (I1;, IŻ, +++, I^], where k is the number of conjunctions 
in the given disjunction, while 


M; = U [Int] = I} OJ Ie OU oss UJU IE. 


Boolean functions can have diverse forms of representation. We shall 
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limit our consideration to three fundamental forms, calling them the vector, 
elementary, and interval forms (by convention). 


(1) In the vector form the Boolean function f; is represented by a vector 
|| {M:} 2 M || of dimensionality e(M) = 2”. 

(2) In the elementary form the Boolean function f; is represented by the 
matrix || M; > X || of dimensionality c(M;) on n = o(X) or by the matrix 
|| M: > X ||, with corresponding sign. 

(3) In the interval form the function f; is represented by two matrices 
|| Int, © V || and || Int; C W ||, each of dimensionality k = e(Int;) on 
n = c(X). 


Expressed in bits, the memory capacity N required to represent a Boolean 
function is 2” for the vector form, o(M;) -n (ore (M ;) -n) for the elementary 
form, and 2n-o(Int;) for the interval form. Starting from these relations 
and considering the particularities of the function represented, the form 
of representation in each concrete case is to be chosen, bearing in mind 
that the working memory of a modern computer contains 101-108 bits. 

For example, the vectors form of representation of Boolean functions, 
which is particularly convenient for machine computations, is practically 
inapplicable for n > 15. The elementary form may be used up to n of the 
order of several hundred, if the cardinality of the set M; is severely limited 
(for example, if c(M;) < 100). 

It is frequently expedient to consider spaces of a more restricted char- 
acter. For example, suppose that in the execution of the algorithm for 
solving a certain problem it is possible to analyze only a subset of some 
set P which, in turn, is only a subset of a Boolean space M. In this case it 
is not useful to code the subset of P as a subset of M, since this coding may 
be too complieated. Instead, it is convenient to renumber in sequence the 
elements of the set P and represent the set by the vector V (P), in which 
c (P) of the left components have the value 1, and of the others 0, expressing 
any subset P; in P by the vector || {P;} > P ||. This method of coding is 
fairly economical. 
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OPTIMAL COVERAGE OF SETS 


A. D. Zakrevski1 


1. COVERAGES OF SETS 


One of the very general concepts used both in finite automata theory and 
beyond it is the concept of coverage of a set or, more precisely, coverage 
of a set by elements of another. We shall define this concept, using the 
language described in [1 ]. 

We shall call a-coverage of a set 8 every subset y of a set a for which 
U [y] 2 8. The set of all a-coverages of the set 8 is denoted by cov, B. 

From the definition it follows that 


n yı Č Y= U [m] C U [2]; 
(1 C v» € a) ^ (m € cov, 8) — Y2 € CVa b; 
U [æ] D 8 e cv, 8 = Ø; 
pla) = p(B) + 1. 


There exists a convenient matrix interpretation of the concept of cover- 
age. Indeed, this concept is based on the relation 2 between elements of 
the sets a and 8 which can be represented by the Boolean matrix || a 2 6 ||. 
To each a-coverage of a set 8 there will correspond a certain subset of rows 
of a matrix having together ones in all the columns of this matrix. 

Let, for example, 


I ER S 


= OO = 
orm © 
O = Ọ | 
=. OO © 


O.. © 
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l.e., a= (o1, Q2, n3; as, } ; B= (£1, Bo, Bs, Ba, Bs} » A 2 8»; Qi > Ba, a2 23 f etc. 


The set cov, 8 (ordered in some arbitrary manner) is expressed by the 
matrix 


|| cova 8 2 a || = 


O m~m e © orm 
O =. O m = 
MO p RR 
I— EB o ERE 


Theorem 1. 


CVa B = Cart[a* ], 


where || a* 2 «|| = T || e 2 8 || and T is the matrix transpose operator. 

Since the set cov, 8 is convex [2] with respect to the relation C. (ie., 
(1 C vs € a) ^ (m € cov, 8) — vy» € cov, 8), the lower bound of this set 
inf cove B, which we shall call the set of irredundant coverages, is of interest. 
In the example considered above, this set is expressed by the matrix 


1 10 1 
|| inf cova 8 2 a || = la 0 1 H 

On the set a = (o1, a2, ..., an} a certain positive function e can be de- 
fined, which can be considered as a vector e = [eié.. .e,], where e, = e(oi), 
€? = €(a2),..., €n = €(an). We use the term cost of coverage y for the 
value of the scalar product e(y) = e-]| {y} 2 a ||. The problem of finding 
a coverage of minimal cost or of optimizing the coverage (the optimality 
criterion in this case is the minimum cost) arises in may practical applica- 
tions. The best-known interpretations of this problem are the minimization 
of Boolean functions in the class of disjunctive normal forms [3, 4, 5], 
finding the externally stable set of nodes of a graph [6], and expansion of 
parentheses in the conjunctive normal form of a Boolean function [7]. 

Since the cost function ¢(7) is linear in y, the problem of optimization of 
a coverage can be solved by means of linear programming [8, 9], although 
this involves certain difficulties arising in the search for integer solutions— 
the values of the vector || {y} 2 a ||. 

On the other hand, there is a basis for hoping that the consideration of 
the specifies of the problem will permit more efficient algorithms to be 
constructed for its solution, whose execution will require smaller outlays 
of time. In this chapter we present some results of investigation along these 
lines. 
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2. SOME WAYS TO FIND OPTIMAL COVERAGES 


Let us consider the set min, cov, 8 of the g-minimal a-coverages of the 
set B, i.e., coverages that correspond to minimal values of the function g. 


Theorem 2. 


cov, B D inf cov, 8. 2 min, cov, B. 


The theorem follows from the positiveness of the function e. 

Particular attention is merited by the cases e = 1, ore = [11...1]. 
In these cases e(y) = o (y) and the e-minimal coverage will have the mini- 
mal number of elements, so that these coverages can be called shortest, 
and the set formed by them will be denoted by min, cov, 8. The search for 
shortest coverages was followed, in particular [8, 9 ]. 

It is obvious that in the search for optimal coverages a certain sifting of 
the subsets in a must be realized. This sifting can be shortened on the basis 
of a preliminary division of the set o into equivalence classes with respect 
to the given optimality criterion. If the criterion of optimality of the 
coverage is the minimum cost, then two elements o; and a; of the set o are 
considered to belong to the same equivalence class if the substitution in 
any coverage of the element o; by a; (or vice versa) does not increase the 
eost or violate the coverage. More exactly, e(o;) = e(o;) and a; N 8 = 
o; B. The set o; 8 is called the projection of the set a; on the set 8, or the 
8-projection of the set o; (it can, of course, also be called the o.;-projection 
of the set 8, but we wish particularly to distinguish the set 8, projecting 
onto it various sets a;, a;,...). 


Theorem 3. 
(o5, o; € a) ^ (a; B = o; B) > (a; €? min, cov, 8 €» aj €? min, cov; B). 
Theorem 4. 


(a; a; € a) ^ (a; B = a0 8) ^ (e(ai) = e(o;)) 
— (a; €? min, cov, B €» o; C? min, cov, B). 


The proof of these theorems is based on the already observed possibility 
of using the interchangeability of the elements o; and a; to satisfy the 
formulated conditions; such a substitution effectuates passage between 
equivalent coverages. We note that by virtue of Theorem 2 the symbols 
min, cov, and min, cov, in the formulations of Theorems 3 and 4 can be 
replaced by either the symbol inf cove or cova. 
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Taking o-minimality as the criterion of optimality of coverage, we sep- 
arate the set a into equivalence classes with respect to the relation a; n a= 
a; 8; i.e., we shall include in one class the elements o; and a; if and only 
if their 8-projections are equal. We denote by ay) the class for which 


æ; E Ay €; a; 8 = y. 


We denote by a* the set of distinct 6-projections of the elements of the 
set a. Obviously, 


oa* = f? [o Cart (8] ]. 


Denoting by A; the set (a55)/y; € yi}, we formulate the following 
theorems from the above considerations. 


Theorem 5. 
Yi € COVa* B €» Cart [A;] C cov, B. 


Theorem 6. 
Yi € inf cova* B <> Cart [Ai] € inf cov, B. 


Theorem 7. 


Yi € min, cov,* B <> Cart [A;] C min, cov, B. 


Theorem 8. 
cov, B = U [ {Cart [A;]/w; € cove* 8] ]. 


Theorem 9. 
inf cov, B = U[ (Cart [A;]/vy; € inf cova* 8j ]. 


Theorem 10. 
min, cov, 8 = U[ (Cart [A;]/y; € min, cov, 8] ]. 


These theorems permit the problem of finding the a-coverage of a set 8 
to be reduced to the problem of finding the a*-coverages of a set 8, which 
is of practical interest if «(a*) < o(a). Indeed, according to the theorems, 
to find all a-coverages of the set 8 it is sufficient to find the a*-coverages 
of the set 8, to obtain for each of these coverages the product of the corre- 
sponding elements of the coverage of the classes in a, and to unite these 
products. . 

These theorems can be used, for example, to construct algorithms for 
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the minimization of weakly defined Boolean functions [10]. To find the 
set of y-minimal coverages of the set 8 it is useful to reduce the set aj) 
to min, aq; and then assume that the function e takes on the same value 
on the element y; of the set a* as on the elements of the set min, a(,j. 


Theorem 11. 


y; € min, cov,* B +> Cart [ (min; a (,,/y; € vi] ] € min, cov, B. 


Theorem 12. 


min, cov, B = U [ (Cart [ (min, «5/y; € vi] ]/vi € min, cova* B} ]. 
3. FINDING IRREDUNDANT COVERAGES 


Passing to the consideration of concrete coverage-optimization algo- 
rithms, we introduce the operator E of passage from the matrix || œ > £ || 
to the matrix || inf cova B 2 a ||: 


|| inf cov48 2 «|| = Rila 2 Bll. 


As recalled above, the set cov, 8 is convex with respect to C. Therefore 
it is completely defined by its lower bound inf cov, 8, to find which is of 
course equivalent to finding the entire set cov, b. 

The utilization of the property of convexity of the set cov, 8 permits the 
volume of calculation in the execution of the operator R [11] to be reduced. 
The basic idea of this reduction is to traverse the boundary of the convex 
set, attemping to analyze the smallest possible number of elements of the 
space & (for membership in the set cov, B or inf cov, 8). It is obvious that 
the volume of calculation carried out in this will depend primarily on the 
dimensions of the boundary. 

We denote by k2,. the maximal value of the cardinality «(inf a) of the 
lower bound of the convex set o, given in the n-dimensional Boolean space 
M. This value corresponds to the convex set o, defined in the following 
way: y € a + c(y) > n/2, i.e., is equal to the number of combinations of 
n/2 out of n (for even n): 


n! 


E (n/2) (n/2) b 


Approximating this value for large n by Stirling's formula, we obtain 


cS 2 
km ax 7 C; 


doni a = (2/1n) 1/2 2 "T 


180 A. D. ZAKREVSKII 


As we see, the reduction is not particularly great. For example, operating 
with convex sets in a space Y, where o(X) = 60, it must be recalled that 
since (2/607)? > 1071, there exist convex sets a in X whose boundaries 
will contain one tenth of all 2° zz 10" elements of the space X, i.e., 


e (inf a) & 10". 


It is possible to hope, however, that in the solution of many practical prob- 
lems such that the set of solutions of each of them is a convex set, the 
boundary of this set will be found to be substantially smaller and the 
method of boundary traversal developed here will be substantially more 
efficient—all the more since the traversal of the boundary can be organized 
with minimal connectivity of the algorithm [117]; there is no need to store 
the part of the set inf cov, 8 already obtained, and the result ean be listed 
element by element. 

A substantial acceleration of the traversal of the boundary can be ob- 
tained by a preliminary ordering of the elements of the set a (the rows of 
the matrix subject to the operator R), which leads, in particular, to the 
extraction of the kernel of the solution— the intersection of all coverages 
[12, 13]. Ordering can also be carried out during the execution of the 
algorithm, in which case it is carried out with respect to an uncovered part 
of the set [14 ]. 

Below we describe the subroutine which realizes the operator R, effecting 
passage from the matrix || A > B || to the matrix || inf cova B 2 A ||. The 
operator is given the code fisirco, since it finds the set of irredundant cov- 
erages. 

The reduction of search volume obtained by the algorithm is expressed 
in the sequence of values of the variable set A*. 

The proposed algorithm for executing the operator R is based on reduced 
search (the idea of which is given in [11]) and the analysis of the subsets 
A; of the set A for membership in the sets cov, B and inf cova B. In the 
process of direct incrementation of the set A; the cardinality of the set 
progressively increases through inclusion of those elements of the set A, 
taken in order of increasing number, that are not absorbed by the set 
P—the union of the elements (P C B) already included in A,. Together 
with the current value of the set P is also determined the current value of 
the set Q which contains those elements of B that belong to not less than 
two elements of A.. 


Theorem 13. 


(Ja) [a € A; € cova B) ^ (a C Q) ] & A; < inf cova B. 
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Some reduction of execution time for the algorithm is achieved by the 
utilization of the auxiliary set S = (Sj, S2, +++, Sn}, where the element 
Sj = aj 1U Qj42 U +++ Ua, represents the possibility of a remainder A;* = 
{j41, 042, ***, Qn}; if the regime of direct incrementation is connected 
with the inclusion in A; of elements taken from A;* and P U S; Æ B, then 
passage is effected to a special regime of incrementation of the set Aj, 
presented in sentence 4 of the subroutine, after which the values of the 
sets P and Q are determined anew. 

The program is (2, 2)-terminal. The basic terminals correspond to the 
start and finish of sifting of all the irredundant coverages. In finding the 
current irredundant coverage, represented by the current value of the 
set A;, exit from the subroutine is through the auxiliary exit terminal a, 
and to obtain the next coverage it is necessary to return to the subroutine 
through the auxiliary entry terminal, sentence 4. 


Bg ou 
Yi (B), 

62:11 {Az} 2 A |l, 
e: 8 > BJ. 


The eurrent values of the sets P and Q are the variables b and c: 
b::]| {P} 3 Bll, e::]l {Q} > B]. 


fisirco au, BK +, yn +, ôn, ex/d, b/ (Bye) 
5 247 10 (8abc) (ôd) 


bg —1—aoboaobocoó Initialization 

$21 fB,Va-a/.aa- «a|—1 Obtain set S 

$22 Abbl^fg,o——»^2b^AG;Vc-c Direct incrementation of 
€& V ô= ôb Vb>bO y|—> 26>d the sets A;, P, Q; find 

A; € cova B 

833 dXoac A 8,| 3 Test A; € inf cova B 

$4 60 1+1A6btS>ba,06565d|—>5 Remove the last element 
e ® y |^ 10 from A; 

$5 oboc 


$66 dX7aB. Ab V c= chb Vb—b-6 Reevaluate sets P and Q 


WV bVa@®yo-2->4 Analysis of the possibili- 
ties of remainder in A 
§10 
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To illustrate the algorithm we present three matrices: the initial matrix 
|| 4 > B ||, and the matrix || S 2 B || corresponding to it and obtained 
during execution of sentence 1, and || D 2 A || where D is the set of those 
subsets A; of A that are considered for the execution of sentence 2 and 
are represented by the value of the variable 6. 

The rows of the matrix || D 2 A || marked by an asterisk represent the 
elements of the required set inf cov, D. 


00 1 10 1 1 
1110000 
01 01 100 
I42>Bi=!5 1 9001 0 
1000001 
0010100 
1 1 1 1 11 1 
1 1 1 1 1 1 1 
1 1 10 1 1 1 
182Bl-|l10 1010 1 
0010100 
0000000 
100000 
110000 
111000 
11000 1f[* 
101000 
1010 10f 
100100 
10011 0 
lD3A|21]100 1 1 1f 
01000 0 
01 100 0 
01 1 100 
01 1 1 10fF 
001000 
001100 
00 1 11 0 
00 1 1 1 L1J* 


The initial information for this example has been taken from [15 ]. 
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4. FINDING THE SHORTEST COVERAGE 


Here we present an algorithm for obtaining the set min, cov4 B of the 
shortest A-coverage of the set B, proposed by Novoselov [16]. 

The algorithm utilizes the method described for reducing the sifting 
of the sets A; in A with the following additions, permitting the speed of 
sifting to be increased. 


(1) In the course of execution of the algorithm all coverages that have 
a minimal (among the coverages considered) cardinality are memorized. 
These coverages form a certain variable set U. In the search for a new 
coverage only those subsets A; in A are subject to analysis whose cardinali- 
ties do not exceed the cardinality of the coverages of U. 

(2) The coverages found are not tested for redundancy, since the method 
of sifting the subsets in A guarantees that all shortest coverages are di- 
rectly obtained. 


In this connection the algorithm operates with the sets A, B, A; P, S, 
whose significance is defined in the description of the operator fisirco, and 
with the cited set U. The set min, cov, B is obtained by the operation of 
fishco aBy//; the initial data are given by the complex a: 


a::||A > B |. 

The complex £ is used to store the intermediate information: 
8::]| S2 B |. 

The complex y represents the set U during execution of the algorithm: 
Y:]lU34AJl; 


upon termination of the computation the complex y is the result of the 
operation 
y::|| min, cova B > A ||. 
The current value of the sets A; and P are represented by the variables 


c and f: 


c: {43 2A |], f: {P} > BI. 
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fishco ak +, 8&k??, yx? /f, c/ (ag) 
11 260 7 (adf) (yac) 


o cb,—a-bg??odof Initialization 

$1 Aao,Vd-d-f&a|l—51loe Obtain set S 
—^aoaob 

$2 aX3by V £2f£—2 Obtain set P 

$8 AaQb,o-6b-—e|—68,vVfGd|—6 Analysis of current ele- 
f l A aa O` 3a V f ®@d|—>5 ment a; in A for utility 
l1+b@®eo-4ocl+b>e of its inclusion in A; 

$44 a Vex Ac>b,->3 Inclusion of A; in U 

$ C Ve=>cAba V f>=f-3 Inclusion of a; in A; 


$66 co7 l-Fl1lAcr-aAbofc, Exclusion of an element 
Oc-ca-2 from A; 


§7 


In the search for the set of shortest coverages it is possible to utilize also 
the method of testing all subsets A; of cardinality k, obtained by sifting 
the C,* combinations of k out of n, where n is the cardinality of the set 
A [17]. The initial value of k is defined as the minimum possible [18]. 
The coverages found as a result of the inspection of all C,* combinations 
form the set min, cov4 B; if none of the analyzed subsets of A; is a coverage, 
the parameter k is increased by unity and the combinations corresponding 
to its new value are sifted. 

This idea is embodied in the operator fishort, performed by the following 
program where, as before, 


a::]| A2 B], 8::]| S 2 B |l, v:: || min, cova B 2 A |l. 


fishort ak +, 8«??, yR?, ón + /e, c/ (a) 
14 300 10 (ydac) (abe) 


ba => a => b??? omdobod 


Sl AadaaVb>b=>£.a\|—>1 o aô Construct set S 
=coa—->4 


$22 ocavidor-satdAasc@av Sift combinations 
=>cc>a 
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$39. a—d/^Aa-—ca—daGéecr-acVe, 
— ac o6 
$4 AaQb,o-10,Va-aJ/Ac| 4a 


=>coe 
$55 ck >aq@c>c o— ba. Ve Test current A; and in- 
—e-5 clude new elements in 


$66 evV8,Obo—7Aca—1^a-a-3 min, cov4 B 
§7 eVo,GQGb|—2a-y?Ab—2 
$810 b=>b,. 


5. OBTAINING -MINIMAL COVERAGES 


The operator fiminco described below for finding g-minimal A-coverages 
of the set B is also due to Novoselov [19 ]. It executes an operator similar 
to fishco, having only two distinguishing features. 


(1) The criterion of the quality of the coverage of A; is not the cardi- 
nality of the coverage but the value of the function e: 


Q — 25 ela), 
aj e Ai, 


where e is some positive function, given on the set A. Of the coverages con- 
sidered, only those for which ¢ takes on its minimal value are included in 
the set U. 

(2) The algorithm provides for finding both a set min, cov, B and a se- 
quence of irredundant coverages A,’ (which offers substantial economy 
in the volume of certain programs). 


The operands in the operation fiminco aByéern// are given the following 
sense: 

oa is an auxiliary exit terminal, corresponding to the finding of all sets 
min, cova B (the basic output terminal is reached upon obtaining the 
current irredundant coverages; to obtain the next, it is necessary to return 
to an auxiliary entry terminal, $ 3). 

The initial information is given by the complexes 8 and 6: 


8::|| A > B ||, 


[6;] = e(a,) (6 is the complex of weights of the elements in A). 
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The index n defines the operating mode of the subroutine: for n = 1 the 
mode of obtaining the entire set min, cova B; for n = 0 the mode of obtain- 
ing the current irredundant coverage. 

The result of operation of the subroutine is given by the values of the 
variable ¢, constituting the current coverage A,’, 


£l {AZ} 2 1A I 
and the complex e: 
e: :|| min, cova B 3 A |l. 
Intermediate information is represented by the same complex e: 
e: :|| U 2 A || 
and the complex y: 
se mee oa 
fiminco a4, BK +, yRK??, ôk +, ek?, £n, 


mu + / g,b/ (By) (£m) 
12 315 7 (8df) (cac) 


o cbs >a =b? obodof Initialization 
$1 Adba V d>d=>ya|—>l1ög=>aoa Obtain set S 
$2 aX3bß Vf=fn 02à --b—b—2 Obtain set P 


$83 AaQbgo—ó6y,VfaGdiof 1 Analysis of the current 

^ Ba 053 element a; € A for 
n O—> ôa + b =e — 1 — g |> 3b. V f expediency of its in- 

®© d |— 5e ® g o> 4eSgoc clusion in A; 

$44 c Vc pe? Ac>b.-3 Inclusion of A; in U 

$0 Ca Vc ce> bs. Vf>f-3 Inclusion of a; in A; 

$66 co-a lt+1lAckKaSa of o be Exclusion of an element 
Oc25c— a2 from A; 

V aVfi@dl—-5aVc>¢. Output of the current 


coverage 
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6. OBTAINING A SINGLE SHORTEST COVERAGE 


In the solution of certain practical problems it is sufficient to find one 
of the shortest coverages (it is not important which one). In such cases it 
is possible to use the algorithm described below, in which the enumeration 
of the variants considered is strongly reduced. This algorithm is based on 
the following two theorems, whose proofs are simple. 


Theorem 14. 
(Ja; a; € A)[a; C aj] min, cova xta; B C min, cova B. 
Theorem 15. 
b; c B—(3aj)[b; € a; €? min, cov, B. 


From Theorem 14 it follows that in the search for only a single shortest 
A-coverage of the set B it is expedient to reduce the set A to its upper 
bound. Theorem 15 represents the expansion of the problem of finding the 
shortest A-coverages of the set B into a collection of analogous problems 
for sets of smaller cardinalities. This expansion is preferably carried out 
with respect to that element b; € B to which corresponds the column of 
the matrix || A € B || containing the minimal number of ones; in this case 
the sifting of variants is, as a rule, reduced. 

This expansion leads to a repeated replacement of A and B by certain 
A; C A and B; C B, for which min, cova; B; is sought. In this the operation 
of reducing the set A ; alternates with the operation of finding the minimal 
column in the matrix || A; € B; ||. 

The sifting of coverage variants, which can be represented by a search 
tree, is also reduced by stopping the examination of paths of length ¢ or 
more, where ¢ is the cardinality of the shortest of the coverages examined. 

The operator of finding one shortest coverage is expressed, in particular, 
by the following three L-operators. 

. We define the operation redminor aBy// or reduction of the minor of a 
Boolean matrix, represented by the complex a. The minor is defined by the 
values of the variables 8 and y: 


8::]| CP'j € P ||, 
v: (Qi € QI], 


where P’ is a distinguished subset of rows in the set P of rows of the matrix, 
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and Q' is a distinguished subset of columns of the set Q of columns of the 
matrix. As a result of the given operation the set of rows P’ must be re- 
duced to a certain P" C P through removal from P’ of the rows absorbed 
by other rows of the minor, and cancelling of like rows. The result is repre- 
sented by the variable 8: 


a Me S OE 
redminor ak +, 6n, yn + / b, b / (ay) 
1 62 3 (Bab) 


8 —b 
$1 b X 3bo © p =a 
822 aXlaa | Ay ^ œ| 2e, 0 8 81 
$83 


In the execution of the operator mincol aßy// a minimal column of the 
minor of a Boolean matrix is found, given by the complex o and the vari- 
ables 8 and y, exactly as in the case of the operation redminor aBy//. The 
result of the operation, the determination of a minimal column, is repre- 
sented by the variable 6: 


6::|| {A*} 2 A I, 


where A* is the subset of rows of the minor having ones in a distinguished 
column. If there are several minimal columns, the rightmost is taken. 


mincol ak +, 8n +, yn +, ón/c, d/ (ay) (86) 
2 107 4(Gac) (yb) 


y—bod 
$81 bX4bB>ao0coc 
$2 aX3ao, ^ & 0—52 A c, V C c2 
$9 c—d|—51c2dc-8—1 


$4 


The examination of different variants of coverage in this method is 
carried out by means of the operator tree, intended for application in the 
following situation. 

Let the process of solution of a certain problem have a multistep char- 
acter, and be representable by a tree whose root corresponds to the start 
of solution and each of whose nodes q; corresponds to a branching of the 
process, represented by a subset T'; of a certain set T. In the realization 
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of the current step of the solution process one element in T'; is selected and 
passage is effected to the next node q; of the tree, located deeper by unity 
(1.e., farther from the root). Then T; is determined, where the method of 
determination can differ in different problems. The depth of transversal 
of the tree increases until one of the required solutions is obtained or the 
current set T, becomes empty. 

The operator tree provides a complete traversal of the tree under these 
conditions, which may be reduced by auxiliary considerations. For this the 
subroutine has an additional entry terminal, sentence 2, upon entry to 
which the inspection of any given variant in depth is blocked. 

To accelerate the process of solution the information used in the solution 
corresponding to the nodes q;, located along the path joining the current 
node to the root of the tree, is memorized. This information is given by the 
values of the operand 


0:51 T 9T. 


where T; corresponds to the set of variants not yet examined by the con- 
tinuation of the calculation, and by the operand ¢, whose meaning is made 
precise in the programming of a concrete problem, and which ean represent, 
in particular, the list of certain variables enclosed in parentheses. The 
memorization of this information is carried out on the complex e. The 
number of the element of T selected in the current step is the value of the 
index y, and the depth of the step, the value of the index 8. 

The program has two exit terminals. The basic terminal is attained after 
termination of the planned enumeration of variants, the auxiliary (a) 
after the current, but not last traversal. 


tree au, BU, YH, ón, ek, (B/ —, — 
3412 


A B 
S1 6 X2vy(ó() — ea 
$2 A Be= (ôt) 8| 1. 


We pass, finally, to the description of the operation oshco aByée// of 
obtaining one shortest A ;-coverage of the set B;, where A and B are certain 
sets, a::||A > Bl, 8::]| {A;} 2 A ||, y::|| {B;} 2 B ||, the variable e is 
its result after completion of the operation (e::|| {Az} 2 A ||, where A; is 
the found shortest coverage), and the complex 6 is intended for storage of 
the intermediate information in traversal of the tree of variant enumera- 
tion. 
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oshco (1, 2, 3) ak +, 8n +, yn, ôk, ex/e, e/ (ay) (Be) 
4 1252 (Bede) 


oeocó—coe-2 
$1 c Ve-—eo; | Ay y|52e«e—1-e- tree2 
$2 c ® e o tree 2 redminor acy//mincol acyd//tree 1 cddd(cye) //. 


Figure 1 illustrates the method: a tree traversed in execution of the 
above subroutine seeking the shortest A-coverage of the set B if 


001 10 1 1 
1110000 
01 01 100 
crue 01000 1 0f 
100000 1 
0010100 


where &ı = a; @a = b; a3 = c; a, = d; a; = e; a5 = ff. 


Fic. 1. 





The tree has only three branches. The leftmost represents the first of 
the coverages found {a, c, b}, the next two, {e, a} and {e, d}, are examined 
only to depth 2 (since the already found coverage has three elements) and 
are dropped, since they are not coverages. 

Comparison of this operator with the operator fisirco which was illus- 
trated by the same example, shows the substantial reduction of solution 
time obtained with the operator oshco. 


7. AN APPROXIMATION METHOD FOR FINDING A 
SHORTEST COVERAGE 


The approximation method in question was described by way of example 
in the description of LYaPAS [20]. Therefore we shall limit ourselves here 
to brief presentations of the corresponding subroutines. 

The operation approshco aByé// consists of finding one of the A cover- 
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ages of the set B; where, as in the definition of the operator oshco, 
a:i] A > Bll, 8: (44 3 A I], vll (B3 2 B |l. 


The coverage A; found is considered as an approximation to the shortest, 
and is represented in the result by the value of the variable 6: 


6::|] {An} 2 A |l. 


The algorithm is very rapid, but the degree of approximation may be 
rather low. 


approshco (7, 6) /a +, bu, yn +, ón/c, d/ (oy) (Bô) 
10 56 1 (8c) 


O ô 
$1 mincol aßyc//mazrow acyc// 
C V6—60 | AB>ba | ^ y> y|>1. 


The operator mincol has been presented earlier. The operation mazrow 
aæaßyô//, described in [20], consists of finding the maximal row of a minor 
prescribed, as above, by the representative matrix of the complex a and 
the variables 6 and y, defining the rows and columns of the matrix, respec- 
tively. 


mazrow ak +, 8n, yn +, du/—, b/ (ay) 
6 42 2 


oô ob 
$1 BX2aaAyV—bo-1+b>ba>6-1 
§2 


In the solution of certain problem—for example, in the synthesis of 
functionally stable circuits—the need appears for finding h-fold coverages. 
By definition, an h-fold coverage of the set B is a subset A; of A such that 
the following condition is satisfied: Each element of B enters into not less 
than h elements of A;. 

An algorithm for finding h-fold coverages was considered in [21 ]. 


REFERENCES 


1. Zakrevskii, A. D., Programming Boolean Computations. This volume. 
2. Kurosh, A. G., “Lectures on General Algebra" [in Russian]. Fizmatgiz, Moscow, 
1962. 


192 A. D. ZAKREVSKII 


10. 


11. 


12. 


13. 


14. 


15. 


16. 
17. 


18. 


19. 


20. 
21. 


. Quine, W. V., The Problem of Simplifying of Truth Functions, Amer. Math. Monthly, 


59, No. 8, 521-531 (1952). 


. Gavrilov, M. A., Minimization of Boolean Functions Characterizing Switching 


Networks, Avtomat. i Telemek. No. 9, 1217-1238 (1959). 


. Waligorsky, S., Calculation of the Quine’s Table for Truth Functions, Prace ZAM 


PAN 2, A 15 (1961). 


. Berge, C., “Theory of Graphs and Its Applications” [Russian translation from 


French]. IL, Moscow, 1962. 


. Nelson, R. L., Simplest Normal Truth Functions, J. Symbolic Logic 20, No. 2, 


105-108 (1955). 


. Pyne, J. B., McCluskey, E. J., Jr., An Essay on Prime Implicant Tables Funda- 


mental Product Table of Combinations or Truthtable, SIAM J. Appl. Math. 9, 
No. 4 (1961). 


. Maistrova, T. L., Linear Programming and the Problem of Minimization of Normal 


Forms of Boolean Functions, in “Problems of Information Transmission,” No. 12, 
pp. 5-15 [in Russian]. Izd. Akad. Nauk SSSR, 1963. 

Zakrevskii, A. D., Algorithms for the Minimization of Weakly-Defined Boolean 
Functions, Kibernetika (Kiev) No. 2, 53-60 (1965). 

Zakrevskii, A. D., On Reduced Sifting in the Solution of Certain Problems in the 
Synthesis of Discrete Automata, Izv. Vuzov, Rsdiofiz. 8, No. 1, 166-174 (1964). 
Quine, W. V., On Cores and Prime Implicants of Truth Functions. Amer. M ath. 
Monthly 66, No. 9, 755-760 (1959). 

Zhuravlev, Yu. I., Set-Theoretical Methods in Boolean Algebra, in “Problems of 
Cybernetics,” No. 8, pp. 5-44 [in Russian]. Izd. Akad. Nauk SSSR, 1962. 
Choudhury, A. K., and Basu, M. S., A Mechanized Chart for Simplification of 
Switching Functions, IRE Trans., Electron. Computers 11, 376-418 (1962). 

Pyne, J. B., and McCluskey, E. J., Jr., The Reduction of Redundancy in Solving 
Prime Implicant Tables, IRE Trans., Electron. Computers 11, 473-482 (1962). 
Novoselov, V. G., Finding Shortest Coverages, Tr. SFTI, Tomsk 48 (1966). 

Roth, J., Algebraic Topological Methods in Synthesis, Proc. Intern. Symp. Theory 
Switching, Pt. I. Harvard Univ. Press, 1959. 

Kazakov, V. D., Finding Minimal Normal Forms of a Logical Function by a Method 
of Bounded Search, in “Structural Theory of Switching Devices,” pp. 145-147 
lin Russian]. Izd. Akad. Nauk SSSR, Moscow, 1963. 

Novoselov, V. G., Finding -Minimal Coverages, Tr. SFTI, Tomsk 48 (1966). 
Zakrevskii, A. D., Description of LYaPAS. This volume. 

Agibalov, G. P., Finding Optimal Multiple Coverages of Sets, Tr. SFTI, Tomsk 
48 (1966). 








THE SOLUTION OF SYSTEMS OF LOGICAL EQUATIONS 


A. D. Zakrevskii and A. Yu. Kalmykova 


1. STATEMENT OF THE PROBLEM 


We shall consider that to solve a system of logical equations means to 
obtain all sets of values of the logical variables satisfying the entire system 
as a whole, i.e., each of the equations in the system. Sometimes the condi- 
tions of the problem admit of only several such sets, called roots of the 
system, in particular, a single one. 

An arbitrary logical equation is easily brought to the form F; = 1, where 
F; is some Boolean function (for example, a = b ~ ab V ab = 1), and a 
system of m logical equations can be brought to the form 


which we shall use in this chapter. 
It is obvious that the above system is equivalent to a single equation 


F.A «Fy, = 1, 


where the Boolean function F = Fi-F;- +++ -Fm represents all the solutions 

of the system; i.e., the set of roots of the equation F = 1 coincides with the 

set of roots of the initial system. Therefore it is possible to formulate the 

problem of solving a system of logical equations as the problem of finding 

the function F, i.e., as the problem of carrying out the logical multiplication 

of the functions Fi, F», ..., Fm. The essential factors determining the degree 
193 
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of complexity of the resolution of the given problem are the form of repre- 
sentation of the Boolean functions Fi, F», ..., Fm and the form in which the 
result is to be expressed. 

In the examination of systems with a small number n of variables (for 
example, forn < 10) the problem is solved fairly simply, but as n increases 
it becomes far from trivial, requiring enormous expenditures of time to 
solve (even using computers, which it is impossible to avoid in the general 
case). 

At the same time, in any practical statements of problems of a logical 
character the initial volume of information, as a rule, is not large. This 
means, for example, that systems of Boolean equations whose solutions are 
of practical interest are prescribed by Boolean functions of limited class, 
and it is possible to develop efficient algorithms for solution of these systems 
by taking into account their particularities. 

In the present chapter we present the results of some studies in this 
direction, expressed by algorithms in LYaPAS. Reference [1 ] is devoted to 
the exploitation of the particularities of search for only one solution of a 
system. 


2. THE FORMS USED FOR REPRESENTING THE INFORMATION 


We shall use the forms of representation of Boolean functions introduced 
in [2]: the vector, elementary, and interval forms. 

By analogy with the forms of representation of the ordinary Boolean 
functions it is also possible to define the form of representation of a system 
of Boolean functions Fi, Fz, ..., Fm: the vector form || M* > M ||, where 
M* = {M,, Mo, ..., Mm}, the elementary form consisting of a set of 
matrices || M; 2 X || for all M; € M*, and the interval form, consisting of 
a set of pairs of matrices || Int; € V || and || Int; € W || for all ¿ = 1, 
25-505. M: 

Aside from these, we bring into consideration a limited vector form of 
representation of a system of Boolean functions, whose application is useful 
in those situations in which the total number n of system variables can be 
fairly large, but the number of essential variables of each of the functions 
in the system is bounded by a certain small number / (for example, n = 50 
and l = 5). Completing the number of variables in each of the functions 
to l (by the introduction of certain fictitious arguments, if needed), we 
represent the entire system by a pair of matrices A and B: B::|| X* 2 X ||, 
where X* = (Xi, X», ..., Xm} and X; is the set of arguments of the func- 
tion F iy 

A; = || (MJ > X; 


J 
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where? = 1,2, ...,m; A; is the ith row of the matrix A; X;is the set of all 
subsets in X,, forming a Boolean space over X;; and Mx is a subset of X; 
representing the function F’,. 

Of course, aside from the above, it is possible to apply other forms of 
representation of Boolean functions (for example, superpositions, giving 
Boolean functions in the form of the superposition of certain reference 
functions). In certain situations it 1s expedient to transform the Boolean 
functions, i.e., to pass from one form to another, to increase the efficiency 
of information processing. 

For example, in the interval form of representation of a system of 
Boolean functions and for n < 15 it is useful to pass to the vector form, 
which is executed by the operator passinvec. The interval form of a system 
of Boolean functions is given by complexes a, 8 and a complex y, repre- 
senting the required division of the complexes a and 8 by the enumeration 
of the numbers of those elements of the complexes a and 68 that correspond 
to the last elements of the subcomplexes, in the form of individual matrices 


|| Int; CV |] and || Int; C W ||, 


for each ? = 1,2, ..., m. 
The vector form obtained in the result is represented by the complex 


8::|| M* 3 M || 


passinvec ak, BK, YK +, ôk / b, c / (a, 8) 
24 115 3 (dab) 


oaoaobob 

§1 a, X2ca2 A d, a1 

$2 8,X3ca/^ €e,5a2 

$838 aVb—boa^Aay-—a|1 
b—à&ob/AbGQ.b,l1. 


3. SIMPLE ALGORITHMS 


One of the simplest algorithms for solving system of logical equations 
consists of enumerating all elements in the Boolean space M, substituting 
them suecessively in the system equations, and finding among them those 
that satisfy each equation. As soon as some one of the equations is not 
satisfied, the tested element of the Boolean space is eliminated from further 
consideration. 
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This algorithm is carried out by the operator sisle for solving a system of 
logical equations by the method of sifting the elements of the Boolean space, 
which is performed by the following program: 


sisle (*) / au, BK +, YK +, 6K, en / —. b / (86) 
62 64 2 


Aeboeoa 

$1 y.—a5;/^aQb,0- aya — a = b, 
calvaboof leô / / 

$2 oaetoa sell. 


All the information about the system of logical equations is represented 
by the complex 8, which is divided by the elements of the complex y into 
parts, each of which represents one of the functions F;. The sifting of the 
elements c; of the Boolean space is reflected by the sequence of values of 
the variable e: e: :|]| {o;} 2 X ||, for each of which the operator calvaboof 
defines the values of the functions F;, represented in sequence by the com- 
plex à (depending on the form of representation of the Boolean function, 
one or another operator of the type calvaboof can be taken). The operator 
calvaboof has one additional exit terminal, corresponding to the unit value 
|. of the calculated function and returning to the program in § 1. The operator 
sisle also has an additional exit terminal a, attained when a root of the 
system is found, which will be represented at that moment by the value of 
the variable e [at the start of execution of the program [e] = n = e(X)]. 
To continue the search for roots it is necessary to return to the auxiliary 
entry terminal of the subroutine sisle; § 2. 

In utilizing this subroutine it is first necessary to match its internal 
operands (a, b) with the corresponding set of the operator calvaboof. 

The solution of a system of logical equations given in vector form is 
carried out exceedingly simply. For example, if C::|| M* 2 M ||, after 
execution of the program 


oaoa 
Sl c ^a-a^AaqQb.|1., 


the set of all roots of the system will be represented by the function F, 
given by means of the variable a: :|| M(F) > M ||. 

It is not difficult to find a root of the system if it is represented in elemen- 
tary form. Below we give a subroutine solsysgri, corresponding to a method 
proposed by Grigor’yan [3]. 

The initial information is given by a complex a, whose initial portion 
represents a sequence of matrices || M; 2 X || for? = 1, 2, ..., k and last 
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part the sequence of matrices || M; 2 X || for j =k +1, k+2,...,m. 
The parameter k is given by the value of the index y: [y] = k, and the 
division of the complex a into subcomplexes is determined by the complex 8, 
constituting the ordered list of their cardinalities. The result of the opera- 
tion of the subroutine is represented by the complex a, a::|| M' > X ||, 
where M’ is the set of roots of the system. 

The idea of the algorithm is to search for elements common to the first k 
sets of M; and absent from the remaining sets M ;. 


solsysgri (26, 46) / ak, BK, yu / b, i / 
32 206 4 (oa) 


oboaobodof8,—c—2 
$81 f| 4b =y Aad — 8,— de — 120b — a > bl >f H 2c | A b 
— b — sequel 2 
$2 Oo eB. -- d d Aa OQ y o 10, — i sequel 3aaicghade || f |- 2b => c 
o b—2 
$9 a= œ A b — sequel 2 
$4 compress aba / /. 


This subroutine uses the operator sequel, which performs the following 
function. In the complexes 6 and y certain subeomplexes are defined by the 
indexes « and 2, giving the positions of their initial elements, and by the 
indexes 6 and e, giving their cardinalities, respectively. 

The operator sequel finds in these subcomplexes equal elements and 
supplies information in the following form: the variable 9 represents the 
values of the elements found, the indexes ¢ and y their number in the com- 
plexes 8 and y. Exit from sequel is realized by the auxiliary terminal a, and 
to obtain the next pair of equal elements it is necessary to return to the 
subroutine by the auxiliary entry $ 2. 


sequel au, BK +, YK +, Ou, eu, Cu, nu, Ou, ku, u/ —, —/ (Bye) 
26 62 2 
k— (64-6602 —md- ee 

81 8L O y,|5 2y,—5 0 a 

$2 Ateóél|lIkx—tAnG«e|l. 


The ease where the system is preseribed in interval form is more com- 
plicated, corresponding, as noted above, to the representation of the system 
functions in the form of the disjunction of elementary conjunctions. We 
offer an algorithm that models the abbreviated process of direct multiplica- 
tion of these disjunctions and is carried out by the subroutine roots cdc 
(finding the roots of a Boolean function given in the form of the conjunction 
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of disjunctions of elementary conjunctions). The multiplication process is 
carried out by the rules of traversal of a logical tree with storage of inter- 
mediate results obtained in operations along the path connecting the current 
node of the tree with the root. The initial information is represented by the 
complexes à and e, containing the complete list of all conjunctions of the 
system and the complex ¢, expressing the division of the complexes ô and e 
into subcomplexes, representing the equations of the system individually; 
the value of the element ¢. is the number of those elements in the complexes 
ô and e that are last in the subcomplexes representing the [c ]th equations 
of the system in interval form. 

The resultant function F, representing all the roots of the system, is also 
given out in interval form, as a sequence of intervals, represented by the 
pair of variables 8 and y at the moments of exit by the auxiliary terminal a 
(to obtain the next interval it is necessary to return to § 2 of the sub- 
routine). The values of these variables 8 and y express the process of 
sifting over the intervals obtained in the intersections of the elements 
belonging to various sets Int;. The complex 7 is used to store the intermedi- 
ate information obtained in the traversal of the tree. 


roots cdc a4, Bu, yn, 6k +, ek +, CK +, nK/b, c/ (ye) 
17 136 3 (Bab) 


oaoboaobolb, 
$1 Aaó4,Va-fgeVb-Yvy^g|—3^-c^AbQGOb;o-»a(aab) —3 
$22 Abg-ay-bc-a1 
$3 a © & | 19 — (aab) A b @ fy | 3. 


Before the application of the operator roots cdc it is useful to order the 
equations of the system in the order of increasing cardinalities of the sets 
Int,;. Ordering is carried out by the operator ord cdc, for which the initial 
information is given by the complexes o, 8, and y, whose meanings coincide 
with the meanings of the complexes 6, e, and ¢, respectively, of the sub- 
routine roots cdc. The result supplied by the operator, representing the 
ordered system of equations, is fixed by the values of the complexes ô, e, 
and ¢ (a is transformed to ô, 8 to e, and y to ¢). The complex 7 is auxiliary. 


ord cde (22) /ax +, BK +, YK +, ÔK, ek, £&, nK/a, f/ (aB8e) (yen) 
36 136 4 
odobogof 
$81 v -1—9gm-Fg-—gAbGb,|1 
$2 o e fiminel 3nca // 
$3 Ye — nm + 1 b 
§4 a= bb, aa AdAbAe@al—40 nd—-1S|¢o; Af @ b, | 2. 
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The operator fiminel finds the minimal element in the complex 8, which is 
interpreted in the given case as the code of a natural number; its value is 
represented by the variable ô, its number by the index y. On finding the 
minimal element, exit is realized over terminal o; on a new entry to the 
subroutine fiminel (to $ 2) a different element is found (if there are no more, 
exit is realized over the basic terminal). 


fiminel a4, BK +, yu, ón/ —, a/ (Bô) 
22512 


Ooa>y 
$1 Ba — By 05 2 Aa® bg |— 18, ô—> a 
§2 oaAy ®@ bg | 1. 


4. ABBREVIATED SIFTING 


Cherry and Vaswani [4] have proposed a method for reducing the 
sifting over elements of a Boolean space in the search for the roots of a 
system of equations in which each one depends on a small number of 
variables. Its difference from the full sifting method described (the operator 
sisle) consists of the following. 

In the analysis of the current element c; of the Boolean space the first 
unsatisfied equation is found, and the number j of the highest-order argu- 
ment of this equation is determined. Then the code representing the 
element c; is incremented by transfer to the mode of arithmetic addition 
of unity in the jth position from the left, and the assignment of zero to all 
positions to the right. 

For example, if c; — 00101011 and it is found that this value does not 
satisfy the equation whose arguments are z», 23, and zs, the following value 
of ø; is taken to be 00110000. As is evident from the example, the abbrevia- 
tion is achieved through the elimination from consideration of certain 
elements in the Boolean space (in the present case, the elements 00101100, 
00101101, 00101110, 0010111). 

The effectiveness of the method is increased by a preliminary ordering 
of the system and the renumbering of the variables, as a result of which the 
equations are ordered by increasing index 7 of the highest-order argument. 

The operator solsysche for the solution of a system of logical equations, 
given in limited vector form by the complexes 8: : A and vy: : B, is based on 
this idea. The operator solsysche is realized by the following subroutine, 
giving the current root of the system on exit over the auxiliary terminal « 
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in the form of the value of the variable 6, and writing the number of variables 
of the system of equations in e. 


solsysche (30) /aa, 8k +, yk +, ôn, eu/c, f/ (yò) 
31 120 3 (8b) (yac) 


O ce — l>e 
$1 ode+te>co-3>6 
$2 Ad GO bg 0 gay = b packva cbc//Ba A ce | > 2b 1 --1 Vb I Yc 
--12co-3o0dc-60-2 
$3 


The operator packva appearing in the subroutine "packs" the components 
of the variable a, separating the unit components of the variable 8, pre- 
serving their order, and locating them at the extreme right positions of the 
index y. For example, if a = 00101011 and 8 = 01101000, then y takes on 
the value 00000011. | 


packva an +, 8n +, yu/a, b/ (aß) 
30 65 2 (aa) 


o y40— b8-5a 
$1 Abtbao2 1 +1Aa F ac, G9a- 8a ^ c, 0 lo V y 
—y—1l 
$2 


The inverse operation is performed by the operator unpack, which dis- 
tributes the right-hand components of the index y over the positions of the 
variable « marked by unit components of the variable 8 (the values of the 
remaining components of the variable « in this do not change). For example, 
if a = 10110100, 8 = 01100101, and y = 00001011, the result of the 
operator unpack is that the variable a takes the value 11010101. 


unpack on, 8n +, yu + / a, b / (aß) 
27 702 (oa) 


Bea | ^a—a40—b 


$1 Aba o>2 l1l--1^al--5ace9a-ace ^y o— le Va 
=> a — l 
§2 
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5. SYSTEMS OF LOGICAL EQUATIONS IN 
LIMITED VECTOR FORM 


In [5] it was pointed out that in a number of cases a system of logical 
equations can be subjected to a preliminary simplification, leaving un- 
changed the set of roots of the system but substantially reducing the 
subsequent sifting. Simplification is carried out in pairwise comparison of 
the system equations by the removal of all those roots of one equation that 
are not roots of the second. The simplification process terminates by 
obtaining some unsimplifiable (in the framework of the method) form. 

Let us consider here an algorithm for simplification of a system in limited 
vector form, and below, for a system given in interval form. 

The simplification of the limited vector form of a system of logical 
equations, consisting of the removal of components of unity from the 
matrix, is carried out by the operator simpliseq, for which the initial infor- 
mation is given by the complexes y::A and 6::B, and the index 8, whose 
value is the number of variables on which each one of the equations of the 
system depends. 

The application of the operator results in the complex y::A', where A’ 
is the matrix obtained from A in which certain 1’s are replaced by zeros, 
and the variables ¢ and e, containing information that can substantially 
reduce further search for the solution: ¢::|| {P} > X || and e::|] {Q} > X|], 
where P is a subset of X whose elements are known not to enter into any 
of the solutions of the system, and the elements of Q, on the contrary, must 
appear in a root of the system if any exist. In particular, the overlap of sets 
P and Q is a criterion of incompatibility of the system. 

A detailed description of the algorithm of the subroutine simpliseq is 
given in [5]. We remark only that in its execution all the equations of the 
system are examined, and intervals given on X; are sought that do not 
contain roots of the function F; (we therefore call them empty intervals). 
The process begins with the search for intervals of lowest rank. Then the 
empty intervals are transformed to the space X; in which are given the 
functions F; of the other equations, the roots of the functions F; covered by 
them are removed, and the corresponding elements of the matrix A are 
given the value zero. This simplification process has a chain character, 
sinee the removal of a single unity from the matrix A increases the prob- 
ability of removing others. The effectiveness of the process increases with 
increase of the number m of system equations. If the system is incompatible, 
exit from simpliseq is realized over terminal a. 
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simpliseq (7, 27, 30, 23) /au, Bu, YK, ôk, en, tn / g, n / (dee) 
37 436 21 (Sedfg) 


oOo£foe 
$1  om40—8- d fe4—e-9g—4 


$22 glAV+t+lAgeh<d=jh@g Search for empty 
—k«d-—imn120cch-5 intervals 

$3  k|—2gencombva 4g // g V © 1| 13m 
0141 


$4 g—h—2 
$5  oly.^Ah[|57k-n 


$6 ô = e unpack een //! h = ne — d 45 6d Transformation of empty 
^tl57e^«|57d ve—5fVvoaol intervals to other 
l-10d V £—fteVe-—ecAt€o-10 spaces 


— a 


WV. AcGb,|55—3 





$810 Al OG b o—>7lL®co—10 Aff Removal of roots covered 
|^ 10e >g by empty intervals 
$11 packva góic //! d— gi j «d j 4 1E 
«d-i-5P12y; ^ c o—10c l A «i 
=> yıl => m — 10 


$12 vectin ijc//! 


$13 m|—>1 Organization of the order 
$14 AfG400-15eV ce;—e-5gom-4 of sifting the equations 
$15 . and their analysis 


This subroutine uses the operator gencombva, an operator for sifting the 
values of the variable 8 with fixed number of 1’s. Exit is realized over the 


terminal a on obtaining the current value, and over the basic terminal after 
all combinations have been generated. 


gencombva au, Bu / b, a / 
7 66 1 (Bab) 


B-F1i^8-5ao18--1e68-c«1--1—ba—10Ga[l- —ab 
e —-a>ab<a@®a>B-a 


§1 





"a e ^o CR XN c - Pe eR TE RU LL SR [UT Rr UPS eae 
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The operator vectin is also used; it finds the vector form of an interval, 
given in an interval form by the variables a and 8, and represents the result 
by the variable y. 


vectin on +, Bn +, yn / b, a / (a, B) 
23 52 3 (aab) 


O ya — ag =b 
Sl a X 2ad, ^AYyvy1 
$2 bX3ae Ay y 2 
$3 


Directly after the operator simpliseq for simplifying the system, it is 
possible to apply the operator solsysche for solution of the system, giving 
the pair of matrices A’ and B for its initial information. 

It is also possible to take another path, preparing the information in 
interval form suitable for use by the operator roots cdc. The corresponding 
transformation consists of finding the shortest disjunctive forms of the 
functions F; of the simplified system. 

In this minimization those unit elements of the matrix A to which 
correspond zero elements of the matrix A' are considered to be elements 
whose values can be defined arbitrarily. 


6. SIMPLIFICATION OF SYSTEMS OF LOGICAL EQUATIONS 
IN INTERVAL FORM 


The above general idea for the preliminary simplification of the system of 
logical equations also can be carried out in the case of the interval form of 
representation of the system. 

We submit an algorithm corresponding to this case, based on the following 
elementary transformations of the system (we denote by J,‘ and Ij the 
intervals that are elements of the sets Int; and Int;, representing the ith 
and jth equations of the system, respectively) : 


(a) if In Ij = Ø for all 7? € Int; the interval J,‘ is removed from 
the set Inti; 

(b) if Jn Ij? = Ø for all 7? € Int; except for one J,’, then the interval 
I,‘ is replaced by the interval 7,5n 7,7, which increases, as a rule, the rank 
of the interval and increases the probability of further reduction; 

(e) if there exists an interval 7 satisfying the condition 


Ji DJ D JENIE E In] 
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then the interval J,’ may be replaced by the interval J (this transformation 
includes, in particular, the two preceding ones). 


The algorithm is performed by the subroutine s?nseq for the simplifica- 
tion of the interval form of a system of logical equations, carrying out 
simplification in the following order. For a given pair of equations 7 and 7 
the set [7,50 I,7/I,? € Int;} is found for one of the values of s, after which 
a minimal covering interval J is found for this set and the condition J,* D I 
is verified. When the condition is satisfied, J,“ is replaced by J (in particular, 
instead of J the empty set may sometimes be taken), and when the possi- 
bility exists, the new interval is absorbed by some other interval of Int;. 
If absorption cannot be effected, the possibility of joining the new interval 
to other intervals of Int; is examined and, if this is possible, a junction is 
made and the new interval obtained is again analyzed for the possibility of 
joining it to others. 

This process of analysis is carried out in three nested cycles; in the inner 
cycle the various intervals of Int; are sifted, in the next the value of the 
parameter j is changed, i.e., the second of the equations in the pair under 
investigation is changed, and in the external cycle the first of the equations 
is changed by change of the value of t. 

The process of sifting the pairs of equations is stopped only if all the 
possibilities of simplifieation by the given method have been exhausted. 

The initial information for the subroutine sinseq is given in interval form 
by the complexes 8 and y and by the complex ¢, separating the preceding 
complexes into subeomplexes by listing their cardinalities. The complexes 
e and à are auxiliary, in which the sets (7,50 J,//I,7 > Int;] obtained during 
execution of the algorithm are represented. 

The result, the simplified system of equations, is represented by the same 
complexes 6, y, and £, in the same form. 


sinseq (21, 20, 25, 33, 35) /a4, BK, YK, ôK, ek, (K/d, L/ (Bye) 
24 442 14 (adc) 


§1 oeohont,—f-—1l1-d—3 

$2 1n o j o k setin (81) (vn) 8yóef (Q4) //b, o0 11 
mincovin decd // c V d= 20, V y, © 1 03 
] = mc - Bad => Yr —> 6 

8&8 Ah@®@lo—48, V y, 0532 

$44 mo—ooni—(,—12h 

§ fac-f—fA^Ad,eo—5deobl53odofl—1-—h^Ae-ct. 

=> le © b; | 3m |> 1 > 13 
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$66 l—-¢-1> 9 

§7 Ag@h o—7B, V y, o5 7g € 0l o 10) | 12 
absin 11cd (8,) (Ya) // >7 

$10 125 jk 0563 

$11 1-29 m o 8, O yj O> 3g h 56 

$12 joinin 11cd (8,) (vo) (85) (vo) //1>k>7 

$18  condinf By¢ //. 


If in the operation of sinseg it is found that the system of equations is 
incompatible, exit is carried out over terminal a. 

The operator setin finds the set (7,50 I/I; € Int;} for the interval L.f, 
given by the variables a and 6, of the set Int;, represented by subcomplexes 
of the complexes y and 6, separated by indexes n and 9, giving the starts 
of the distinguished subsets and their cardinalities, respectively. The result 
is represented by the complexes e and ¢. 


setin am +, Qn +, yk +, ôk +, ek, tk, qui, 0u/b, a/ 
21 72 2 (aab) 
-02390o0a 
$1 oV n>a Vóà,—»bA»G)9 0— 2b A al— la> «b 
=f(,Aapb-1 


§2 


The operator mincovin finds the minimal covering interval for the set of 
intervals represented by the complexes a and 6, representing the result by 
the variables y and 6. 


mincovin ak +, Bk +, yn, ôn / —,c/ (af) 
20 613 
oal=>bl>c 

Sl aNhw>yor2Ab@b,|-1 

§2 B.A B.=5 0-3 Ac ® bg | 2 

§3 


The operator absin has two exit terminals, and realizes exit through the 
auxiliary terminal a if the interval given by the intervals 8 and y is absorbed 
by an interval given by the variables 6 and e. Otherwise exit is through the 
basic terminal. 


absin ad, pa +, yn +, òu +, en + / —, — / (óc) 
25 261 
óvBaoeso|olevyGe|51-a 

§1 
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The operator joinin joins, if possible, the interval given by the variables 
8 and y with the interval given by the variables à and e and represents the 
result of Joining by the variables ¢ and s, realizing exit through terminal a. 
If Joining is not possible, the basic exit terminal is used. 


join aa, Bu +, yn +, ón +, en +, (ri, qn/b, — / (Byôetn) 
33 57 1 (Bab) 


86 60-5ao0—1leOQ yb o—5lavbVG61|—51b |l AB 
=> tb | ANyY>n->ea 


§1 


In the course of execution of the subroutine sinseg some of the Int; are 
reduced through elimination of individual intervals in simplification, and 
the elements of the complexes a and 8 representing them take on zero 
values. When the simplification process terminates, the complexes a and 6 
are condensed through the elimination of the elements with zero values, 
and the values of the elements of the complex y are altered correspondingly. 
This operation is carried out by the subroutine condinf. 


condinf ak, BK, y& | —,d | (aß) 
35 752 


ocoaobwy,—d 
Sl o. V B. O — 2a, — Qabe — Ba A a 
$2 AcGd]|1a- nyn A by, -- d — db © b, | 1. 
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TESTING FOR IDENTITIES IN BOOLEAN ALGEBRA 


A. D. Zakrevskit 


1. STATEMENT OF THE PROBLEM AND VARIOUS 
INTERPRETATIONS 


Let us formulate the problem of testing the relation 
Ai V Az V sies V Am = 1 


for identity, where A; are certain elementary conjunctions, containing the 
symbols of binary variables (with or without inversion) in the set X = 
(zi, X2, e.. dus 

This problem, which becomes far from trivial as n and m increase, is of 
partieular interest already because certain other problems, of broad sig- 
nificance, reduce to it. For example, the identity of a given relation can 
be considered as the necessary and sufficient condition for absorption 
(A' — N) of an elementary conjunction A’ by a disjunction 


N = Aj’ V Ad’ V ad V An’ 


of elementary conjunctions not orthogonal to the conjunction A’ [1, 2]. 
For this it is sufficient to utilize the theorem formulated in [2 ] 


(A'—^ N) (V (A;:A')) = 1), 
il 
where A: A' is a conjunction obtained from A,’ by the elimination of the 
symbols entering into A’ and the replacement of A;': A' by Å.. 
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We take a second example from the field of machine search for a logical 
derivation [3, 4]. In this field the following problem is typical: for a given 
system of propositions Bi, B», ..., By, C it is required to establish whether 
the truth of C follows from the truth of Bi, B», ..., B,. An algorithm that 
answers this question may be called “oracle” [4]. In situations presenting 
practical interest the number of essential variables in each of the proposi- 
tions considered is, as a rule, small, but the total number of variables can 
be fairly great, in which connection computational difficulties arise. Con- 
sidering Bı, B», ..., Bi, C as Boolean functions taking on the value 1 for 
truth of the corresponding proposition, it is possible to formulate the 
problem of "Oracle" as the problem of testing the identity of the relation 


Biv BV +--+ VBVC = 1. 


Since each of the functions B1, B», ---, B, and C depends on a small number 
of variables, it is not difficult to obtain the disjunctive normal forms of the 
functions Bi, B», .. ., Bz, C and, uniting them, pass to a formula of the type 


Ai V Ap V ** V A, = 1. 


A third example can be the problem of finding one of the solutions of 
a system of logical equations. In effect, in [5] it was shown that the general 
solution of equations characterizing the Boolean functions fi, fo, ..., fs 
(each of which takes on the value 1 if and only if the corresponding equa- 
tion is satisfied) can be reduced to the inversion of the Boolean function 
F=fi Vf V +++ V frin the class of disjunctive normal forms. In seeking 
only one (arbitrary) solution the problem is substantially Simplified, and 
becomes the problem of testing the identity of the relation 


fAiVhvV > Vf, = 1: 


if this relation is satisfied identically, the system of equations has no solu- 
tion; if for a certain combination of values of the arguments the relation 
is not satisfied, then the given combination is one of the solutions of the 
initial system. In the satisfaction of conditions similar to those considered 
in the preceding example, the disjunctive form of the function F is fairly 
easy to obtain. Thus, we again come to the problem of testing the identity 
of the relation 


Ai V Ap V +++ V An = 1, 
where A; are certain elementary conjunctions, and this problem is solved 


much faster than the problem of finding all solutions of the system of logi- 
cal equations. 
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2. BASIC RELATIONS 


We denote by K the set of all elementary conjunctions and by a 1 A 
the relation of orthogonality between a (a € K) and all conjunctions enter- 
ing into the set A (A = (Ai As, ..., Am} C K): 


alAo(A;€ A Aj;^a-90O) 


It is obvious that the problem of testing the identity of the relation 
A; V As V «++ V Am = 1 reduces to finding a conjunction a with the 
indicated property. 

Let us consider the set A/b, where b € K and A C K, obtained from A 
by removal of all conjunctions orthogonal to the conjunction b and removal 
from the remaining conjunctions of the symbols occurring in b. For example, 


(abc, ad, acd, bde}/ad = (bc, 1, be}. 
By definition, it follows that 
a LA e (A/a = Ø), 
where @ is the symbol of the empty set. 
The following theorem is easily proved. 
Theorem 1. 
(A/c = B) ^ (B L a) ac L A. 


Assuming that a, b, c € K, A C K, and y € (zy, di, 2», o, ..., Xn, En}, 
we formulate a corollary of Theorem 1. 


Corollary. If there exists a symbol y that does not enter into any of 
the conjunctions of the set A, and if there exists a conjunction a orthogonal 
to all conjunctions of set A, there also exists a certain conjunction 6 con- 
taining the symbol y and also orthogonal to all conjunctions of the set A. 


In effect, it is sufficient to put b = ay, since 
(A/y =A) A (A La) av LL A. 


We note that from the definition of orthogonality there follows the 
proposition 


(y € A) ^ (A La) va = a. 
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In other words, if in A there exists a certain single-literal conjunction 
y and if there exists a conjunction a orthogonal to all conjunctions in A, 
then a contains the literal 4. 

The relations formulated permit the symbols entering into one of the 
conjunctions, which can serve as a solution, to be found successively. Only 
when the conditions represented in the left sides of the above formulas are 
not satisfied does the necessity arise to sift variants, which can be organized, 
for example, by the values of the remaining free variables in their order 
of occurrence. 


3. SOLUTION ALGORITHM 


Let us formulate the algorithm for solution of the above problem on 
the basis of the relations obtained. 

The set A is analyzed for the possibility of applying the above relations; 
i.e., conjunctions are sought that contain only one literal, and literals of 
the type x; or Z; that are not contained in a single conjunetion of the set A 
are sought. The corresponding conjunetion a is constructed, all conjunc- 
tions orthogonal to a are removed from A, and the remainder is again 
analyzed. This process is continued until further reduction of A becomes 
impossible. If the set A has become empty, the current value of the con- 
Junction a is a conjunction orthogonal to all conjunctions of the set A, and 
the problem is considered to be solved. Otherwise some sifting of variants 
is carried out to finish the construction of the conjunction a, represented 
by a logical tree, whose nodes (which are not terminal leaves) are branch 
points with two exits, one of which corresponds to the symbol z,, the other 
to Z;, where z; is one of the binary variables not figuring in the current 
value of the conjunction a. The basic idea of the algorithm is that the ap- 
plication of the described rules permits the dimensions of the tree to be 
substantially reduced and thereby its traversal to be accelerated. If in the 
course of calculation 1 appears in the current remainder of A, a backtrack- 
ing movement is carried out over the current branch of the tree (since there 
does not exist a conjunction orthogonal to 1); if this has not occurred and 
at the same time the remainder of the set A is no longer subject to reduc- 
tion by means of the formulated relations, a movement upward along the 
tree is effected. Information is memorized about the values of the con- 
structed conjunction a corresponding to those nodes of the tree to which 
it is possible to return, i.e., those nodes lying on the path joining the cur- 
rent node to the root of the tree. 
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4. EXAMPLE 


We shall illustrate the application of the given algorithm by the example 
of testing the identity 


af V ace V abef V aéf V abēf V abf V aef V àbe V àdef V abdef V 
V abef V acef V àbcef = 1, 


Fig. 1. 


"tl Y 


Oy 





in which the tree of variants considered (shown in Fig. 1) is traversed, and 
it is established that the given disjunction is identically equal to 1. The 
initial set A of conjunctions is subjected during this to the following se- 
quence of reductions: 


Ai = A/a = (bf, ef, be, def, bdef, bef, cef, bcef] ; 


A» E Aib = (ef, €; def, cef, cj] ; 
A; = As/e = (f, df, f]; 

A, = A;/f = {c ’ cj; 

As = As/é = {1}; 

As = Ai/b = (f, af, def, def, ef, cef] ; 
A, = Af = (de, de, ë, di; 

As = A,/e => (d, d 

Ay = As/d = {1}; 

Aw = A/a = (f, ce, bef, ef, bcf] ; 
Au = Ax/f = (ce, be, e, be]; 

Ax = A/e = fc, b, bc] ; 

Ais = Aw/é = {b,b}; 

Au = A13/b == {1}. 
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5. L-PROGRAM 


The algorithm described is carried out by the L-program testidendisc (test 
of the identity to unity of a certain disjunction of conjunctions). The 
program corresponding to it will now be described. 


A. THE EXTERNAL OPERANDS 


a is an auxiliary exit terminal of the program attainable when a certain 
conjunction a is being found, orthogonal to all conjunctions of A (the 
basic exit terminal is reached when the truth of the tested identity is 
found). 


B::||A > X ||, where X = (a, zs, So diss 
y::]] A > X' ||, where X’ = (a, &, TETUSS 
6::y(A). 
e: (X). 


¢ is a complex for storing intermediate information in traversal of the 
tree; its cardinality is 3k, where k is the maximum height of the tree. 


2::|| {a} > X ||, 
3::]| {a} 2 X' ||, 


Where a is the constructed conjunction, which tends to become orthogonal 
to all conjunctions of A (the current subset A* of those conjunctions in 
A that remain nonorthogonal to a is given by the value of the variable f 
where f: :|| {A*} > A ||). 

Motion away from the root of the tree of sifting variants in the con- 
struction of the conjunction a is taken as motion upward, that toward the 
root as motion downward. 


? 


testidendisc au, BK +, yk +, ôn +, en + ; K, nu, nyh, a/ (Byetnd) 
13 351 11 (dbf) (Gacdegh) 


Onovdsfok 


$1 f>=bo-aocodo gohe@yn Find in A a single-literal 
Oi>e conjunction 

$2 b X3agf, V C> cy, Vd dO, Vy, A 
eao-11V-—2|l528,Vvg-g 
Ya Vh 5h2 
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$33 c@d>aAcVgAe>gaAdv Find literals not entering 
h^e—hVvgo-7g^Ahj|1lh V into conjunctions in A 
n= ng V3-—óÓ3O 
$4 fb Remove from A conjunc- 
§$ b X laba A 9|—5 6ya ^o 05 tions orthogonal to a 
$669 a@f>f-5 Upward along the tree 
WV €@®71@0>a(ndf) > fat — ac, V 
Ü—320-4 
$10 £2 (qof)e D n D 9 I- — ace, V Downward along the tree 
94 
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PART Il: APPLICATIONS 


Section B: STRUCTURAL SYNTHESIS 


DETERMINATION OF THE CONNECTIVITY OF A GRAPH 


A. D. Zakrevska 


Basically utilizing the terminology of Berge [1], we shall call a sym- 
metrical graph k-connected if it remains connected on removal of any 
k — 1 branches. The solution to the problem of determining the connec- 
tivity number k of a graph involves great computational difficulties. In 
the general case it is possible to propose the sifting of the subsets of branches 
of the graph, testing whether they are cutsets, i.e., whether their removal 
from the graph induces loss of eonnectivity. It is obvious that the set of 
all cutsets of a graph is a convex set with respect to inclusion, and there- 
fore the search can be reduced as was done in the realization of the operator 
fisirco. On the other hand, since the connectivity number of a graph is 
defined by the minimal (in cardinality) section, the search can be shortened 
still more, excluding from consideration all subsets of cardinality not less 
than p, where p is the minimal cardinality of the cutsets already found. 

The maximum reduction of the computational process can be achieved 
for the solution of particular cases—analysis of the graph for 1-connectivity 
(or simple connectivity) or 2-connectivity. 

The analysis of a graph for 1-connectivity can be carried out on the basis 
of the algorithms presented in [2] or [3]. 

The program presented below in LYaPAS is distinguished by high speed 
of machine execution; o is an auxiliary exit terminal of the subroutine cor- 
responding to the detection of nonconnectivity of the graph; 6::|| F © F ||, 
Y: V (F), F is the set of nodes of the analyzed graph; © is the relation of 
adjacency between nodes. 
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ansigrac a4, BK, 'yu/b, b/ (By) 
15 613 (Gab) 


Oo b 
$1 Ab © b; 05389, —a-—b 
$2 aX lab V 9, 8,2 
$3 Bo O vy |^ a. 


The analysis of the graph for 2-connectivity is somewhat more complex. 
We define a symmetrical graph G by the set of nodes F and the set of 
branches U: G = (F, U). We say that the graph (F, U) is 2-connected 
on C C F if its subgraph (C, U), corresponding to the set C, is 2-con- 
nected. 

We submit the following algorithm, whose idea consists of the successive 
extension of the set C on which 2-connectivity of the graph (F, U) is es- 
tablished through the inclusion in C of nodes located in elementary circuits 
of the partial graph (F, UNU 5) closing on C, i.e., circuits whose boundary 
nodes belong to C. We shall assume that c(F) > 2. 

The expression of the algorithm contains six sentences, corresponding 
to various stages of the algorithm. In stage 1 a branch identical to the set 
C is found. In stage 2 motion is simulated over a certain elementary circuit, 
whose start is the branch found in stage 1, and which passes outside C. 
In this motion the matrix 8, representing the tested graph, is changed so as 
to exclude the possibility of backward motion over the branches already 
traversed, and the nodes traversed are included in a set B, the set of nodes 
of the graph (F, U) subjected to analysis, beginning with the analysis of 
the zero node (stage 0). As soon as the continuation of the elementary 
circuit outside C becomes impossible, execution of stages 3 and 4 begins, 
in which it is clarified whether there exists in the graph (F, U), in which 
backward motion over the already traversed branches is forbidden, a path 
connecting the final node of the circuit with the set C. In the presence of 
such a circuit stage 5 is carried out; all nodes belonging to B are included 
in C. If C coincides with F, the 2-connectedness of the graph is taken to be 
established and the basic exit terminal of the subroutine is attained ; other- 
wise, stage 1, etc., is again executed. The absence of 2-connectivity is found 
if in the execution of stage 1 no branch is found identieal to the set C or if 
in the execution of the last stages the absence of the sought path is estab- 
lished. 'The auxiliary terminal o is then attained. 

As in the earlier subroutine for the operator ansigrac, 8::]|| F © F ||, 
where © is the relation of adjacency between nodes of the graph and 
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Y::V(F). The variable sets B and C represent the current values of the 
internal variables of the subroutines b and c: 


b::|| {B} > F |], cl {C} > F ||- 


ansigrac two a4, BK, yn/e, b/ (By) 
16 166 5 (Gabcde) 


€,» b—5 
Sl a Xaac A B.o1-a Search for exit from C 
$2 a=ba F >a Vb—bo 98, Motion over the elemen- 
Bab |1^,—a|52c,-e-5a-d tary network outside C 
(with inhibition of re- 
turn) 
$83 a X4a8, V d d—3 Attempt at closure of the 


$44 dAc|l55e lA d—ao—aVe-e8 elementary circuit ob- 
tained on C 


$5 b—c-aowvl|l. Inclusion of B in C and 
test for equality of 
C = F 





Fig. 1. 


The functioning of the algorithm is illustrated by the example of analysis 
of the graph (Fig. 1), where 0-31 are the nodes. It is expressed in the suc- 
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cessive inclusion in C of those nodes that enter into elementary circuits, 
obtained in the execution of sentence 2, indicated in the figure by the heavy, 
broken, double, wavy, and dotted lines. 
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ALGORITHMS FOR THE MINIMIZATION OF 
BOOLEAN FUNCTIONS 


V. G. Novoselov 


The theory of the minimization of Boolean functions in the class of 
disjunctive normal forms is one of the most highly developed divisions of. 
the general theory of minimization of Boolean functions. However, in 
engineering practice its application encounters the following difficulties: 


(1) The weak knowledge on the part of engineering and technical 
workers of the mathematical apparatus and language in which the minim- 
ization algorithms are presented. 

(2) The large expenditures of time for the execution of computations 
connected with the solution of minimization problems. 


One of the methods for avoiding these difficulties is the following. Each 
minimization method or even system of methods is represented in the form 
of a computer program, and each program is characterized by the form of 
presentation of the input information. Many of the methods described in 
the literature are theoretically applicable to the minimization of any 
Boolean function, but in practice it is found that there does not exist a 
single method that would be universal in this sense. In other words, each 
method is applicable only for the minimization of a certain class of Boolean 
functions that is characteristic of it. The limits of the class are established, 
starting from the requirement of limited volume of the information pre- 
sented at any one time and limited time for solution of the problem. This 
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means that a system of programs is necessary to carry out various methods 
of minimization. 

Thus, in the representation of minimization methods in the form of com- 
puter programs, all the calculations can be carried out by the machine, and 
it is only required that the engineer have knowledge of the form of repre- 
sentation of the input information and the possibilities of each program, 
expressed in a finite number of characteristics. 


1. SOME DEFINITIONS 


An interval I of a Boolean space is a subset such that it is completely 
defined by its minimal a and maximal 8 elements, namely, 


YCloaCwYvC g. 


The prescription of the interval partitions the set X of binary variables 
into classes of internal and external variables for the given interval. The 
external variables of the set X are those whose values coincide for all 
elements of the interval. The remaining variables are internal. The set of 
internal and external variables is easily defined by the minimal and maximal 
elements of the interval. The rank of the interval is equal to the number of 
its external variables. An interval covers itself and any of its subsets. 

We introduce in a Boolean space the concept of symmetry. Two intervals 
are symmetrical if they have the same external variables and if the values 
of identical external variables differ for one and only one variable. We say 
that the intervals are symmetrical with respect to this variable. Two 
intervals Jı and Ie, symmetrical with respect to r;, are joined by this 
variable, forming the new interval J; = Iı U I». 

Let X' C X be the set of external variables of the interval J. An interval 
I is extended by the variable x; € X’ if the extended interval I’ is the result 
of the joining of the interval J and the interval symmetrical to it in z;. 
The interval 7 is extended by the set of variables X" C. X' if it is extended by 
the variable x; € X", then the result is extended by the variable z; € X" 
(2 + 7), ete., for all the variables of the set X”. 

If on the set of elements formed by the union of two intervals J; and Z> 
there exists overlapping, but not equal sets of external variables, there 
exists a maximal interval 7;, distinct from the initial intervals, and the 
intervals J; and I admit a generalized joining, whose result is the interval J3. 
It is obvious that the values of the common external variables of the 
intervals J; and J. must differ only for one variable. 
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An interval formed by elements of some subset M' in the Boolean space 
M is called an interval on the set M'. The interval I is a maximal interval of 
the set M’ C M if on M’ there exists no interval J’ that completely covers 
the interval J and does not coincide with it. 


2. ALGORITHM FOR THE MINIMIZATION OF BOOLEAN 
FUNCTIONS IN THE INTERVAL REPRESENTATION 


One possible initial representation of Boolean functions f(X) is the dis- 
junctive normal form (dnf) which, in interval representation, is given by 
the set of intervals Int = {h, D», ..., Im}. 

For the given form of representation of a Boolean function there exists 
the well-known method of construction of the minimal form developed by 
Blake. Blake’s method consists of the following two parts: 


(1) Construction of the set of maximal intervals of a Boolean function 
by applying to the initial set of intervals the operation of generalized 
joining and removal of the completely covered intervals. 

(2) Construction of the set of irredundant sets of maximal intervals by 
applying an operation inverse to generalized joining, and selecting in it the 
minimal form. 


A machine algorithm based on Blake’s method is described in [1 ]. Using 
the results of this article, however, we introduce changes in certain phases 
of the algorithm that permit the volume of search for the construction of 
the set of irredundant sets of maximal intervals to be reduced. 

On the basis of the operators of the algorithm for construction of the 
minimal form is constructed an approximate algorithm, based on the 
sequential extraction of kernels from the residues; specifically, the kernel 
on the set Jntmax of maximal intervals of the Boolean function is found. 
The intervals of the kernel and the antikernel are removed, as well as the 
intervals covered by the kernel intervals and one of the remaining intervals, 
of rank not greater than the rank of the interval removed. On the remaining . 
set of intervals Int* a kernel of this set is again removed, etc. If on the set 
Int* there is no part belonging to a kernel, one of the intervals of minimal 
rank is distinguished, which 1s introduced into the resultant form of the 
Boolean function and removed from the set 7n£*; the algorithm for extrac- 
tion of a kernel is again applied to the new set /n4* of intervals. 
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A. ALGORITHM FOR THE CONSTRUCTION OF ONE 
MINIMAL dnf OF A BOOLEAN FUNCTION 


(1) All possible generalized joinings among the elements of the set Int 
are carried out; the results distinct from the elements of the set Int are 
included in it. This process is repeated over the new set Int as long as the 
results of the generalized joining are different from the elements of the set 
Int. 

(2) From the set Int obtained, all intervals are removed that are com- 
pletely covered by other elements of this set. A new set Int, 4X of maximal 
intervals of the Boolean function is constructed. 

(3) In stage (1), together with the construction of the set Int there are 
associated with each element of this set values of the variables A, B € 
(0, 1], where 


1, if the interval can be generally joined with 
other elements of the set Int; 
0, otherwise; 


A 


1, if the interval is the result of a generalized 
B = joining of elements of Int; 
0, otherwise. 
\ 


The set Intmax of maximal intervals is separated according to this 
information: sep Intmax = (Inh, Int», Intz, Inta}. In the class Int; (or 
Inl», Int;, Int4) are included the intervals of the set Intmax for which A = 0, 
B=0O0(0orA =1,8 =0;A =0;B =1,A =1;B = 1). Intervals of the 
classes Int; and Int» are included in the kernel of the set Intmax and, as a 
result, enter into each minimal form of the Boolean function. Intervals of 
the class Int; are included in the antikernel of the set Int, and do not 
appear in any of the minimal forms. Further investigation concerning the 
membership of the intervals of the fourth class Int, in minimal forms is 
necessary, and is carried out in the next stages of the algorithm. 

(4) Up to this point our algorithm coincides completely with the 
algorithm given in [1]. In the next stages all irredundant subsets are found 
by sifting various subsets of the elements of the class nts, and from them 
one minimal subset is chosen. In many cases it is possible that the set Int, 
ean be substantially reduced before sifting is carried out. 

Intervals that are completely covered by the union of kernel intervals are 
removed. These intervals belong to the antikernel. Intervals (also in the 
antikernel) each of which is completely covered by the union of the intervals 
of the kernel and one of the elements of the set Int, of lower rank are 
removed. Since we are looking for one minimal form, it is also possible to 
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remove intervals covered by the union of kernel intervals and one of the 
elements of Int, whose rank is equal to the rank of the interval removed. 

It is clear that the removal of these intervals from Int, can lead to a 
substantial reduction of the subsequent search. We denote the set of 
intervals thereby formed by Int,*. The reduction of Int, to Ints* is accom- 
plished in the following way. 


(a) The part of the interval 7; € Int, that is not covered by kernel 
intervals is found. It is represented by the set of intervals Int/. 

(b) A search is carried out for an interval I; € Int, (i + j), covering 
all intervals of the set Int,’ and with rank not exceeding the rank of the 
interval 7 ;. 

(c) If such an interval J; € Int, has been found, the interval J; is 
removed from the set nts. If all the intervals 7; € Int, have been examined, 
the process terminates; otherwise, step (a) is repeated for the next interval. 


(5) In this stage the algorithm branches. 


(a) If it is necessary to find a minimal form, pass to stage (6). 

(b) If it is sufficient to find a certain (on the average good) approx- 
imation to the mdnf, second- and higher-order kernels are found, and 
specifically, the removal of certain intervals from the fourth class changes 
the conditions of mutual generalized joining among the intervals of this 
class, as a result of which certain intervals may be permitted to enter into 
the kernel and antikernel of the set Int;*. For this purpose stages (1) and 
(3) of the algorithm are carried out, but now on the set Int;*. Sets Int(*), 
Intj?, Intf?, and Int{*) are found. The elements of the sets Int(?) , Int, 
and Int;*) are included in the corresponding sets Ini, Int», and Ints, while 
the set Int;*? is renamed Int. The operations of stage (4) of the algorithm 
are applied to the set Int, as long as the result is not the identity of the sets 
Int, and Int,*, or that Int,* is empty. In the former case passage to stage 
(10) takes place; in the latter the process of construction of the resultant 
form has terminated. 

(6) Operations similar to those described in [1] are performed on the 
set of intervals Int,*, except that in stage (8) a more general criterion of 
termination of the sifting of irredundant subsets of the set Int4* is introduced 
before all the irredundant subsets have been taken. A set X’ of literals 
(variables aad their inversions) external to the intervals of the set Int,* 
is found, as well as the lower bound k of the number of intervals in Int* 
whose union covers all the intervals of the sets Int,* and which are called 
in the ensemble a coverage. 
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(7) The next set (of cardinality k) of intervals in Int,* is found, which 
contains all the literals in X', and is tested if it is a coverage. For this 
stages (1) and (2) are executed over the set Int, and the current set of 
intervals in Int,*. 

Then stage (8) of the algorithm is performed. 

(8) The set of intervals of the fourth class, formed by the applieation 
of the operations of stages (1) and (2) to the set Int; and the given set of 
intervals from Int,*, is compared with the set Int,*. If the union of intervals 
of the new fourth class contains all the intervals of the set Int,*, one of the 
irredundant sets of maximal intervals of the Boolean function has been 
obtained. On subsequent entries into the stage (7) all other irredundant 
sets are obtained. Only one of the sets with minimal sum of ranks of the 
intervals entering into it is retained. The current irredundant set is either 
eliminated, if the sum of ranks of its intervals is not smaller than the sum 
of ranks of the intervals of the set in memory, or (in the contrary case) 
stored as the minimal. The process of obtaining a minimal form terminates 
if the sum of ranks of intervals of the set in memory is not greater than the 
sum of ranks k of the intervals in the set Int,*; otherwise, the next stage is 
carried out. 

(9) Stage (7) of the algorithm is executed, and if all coverages of 
cardinality k have been obtained, k is increased by unity. 

(10) In the set Int, an interval of minimal rank is found, which is 
introduced into the resultant form of the Boolean function. The interval 
found is removed from the set Int,® and stage (4) is applied to the new 
set I nl4*. 


B. LYaPAS REPRESENTATION OF THE ALGORITHM 


We first present a number of subroutines of the general L-program 
corresponding to the algorithm. The L-program is also represented in the 
form of a subroutine, and executes the operator mifboof. Let us introduce 
the general notation. By definition, each set Int of intervals is equivalent 
to the assignment of two sets Y and Z, where Y contains the minimal 
elements and Z the maximal elements of the corresponding elements of the 
set Int. According to this the set of intervals is represented in successive 
subroutines by the complexes o: :|| Y > X || and 8::]| Z > X ||, where X 
is the set of variables on which the Boolean function depends. To represent 
the elements of the intervals the zero component of the elements of com- 
plexes a and £ is not used, and therefore the set X is defined in the following 
way: X = (m, £o, ..., Ln}. 
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genadj. Perform generalized adjunction (joining) of intervals of a set. 


The set of intervals Int of the Boolean function is represented by the 
complexes a and 8. Each interval J;(aj, 8;) is tested for the possibility of 
generalized joining with all the elements of the set Int. If the result of the 
generalized adjunction differs from the elements of the set Int, they are 
added to the set Int. The values of the variables A and B introduced in 
stage (3) of the algorithm are represented in the zero positions of the 
elements of complexes a and 6, respectively. The result of the subroutine 
is represented by the changed complexes o and B. 


genadj ak?, 8k? /b, d/ (ag) 
170 233 4 (oab) 


o a = bba => d& |—b 


$1 Aa@®d o> 4a, ® œa A b= a, Test for generalized adjunction of 


® 8,^a-al|c @ «| lo, intervals J, and I», formation 
V a a- o0, ^B, Va of the interval Jz—the result of 
V Co = ba? Co V Qa — alo V a the generalized adjunction— 
=>a,ocoa and setting of tags 

$2 a ® aa A b | 38. O Ba A b Test for presence of interval Ia 
I 800. V 8, Be Oa in Int 


§8 Ac@d|>2a|-1Ad—->1 
$4 oaAb@d|—1ld> b= bp. 


redcoin. Reduce the set of intervals by removal of completely covered 
intervals. 


The lower bound of the set of intervals represented by the complexes a 
and £ is found. The unit components of the variable y represent the essential 
variables of the Boolean function. 

The result of the subroutine is represented by the same complexes a and 6. 


redcoin ak, BK, yn + /a, c/(aBy) 
171 133 3 (aa) 
O a => bba >c 


$1 AaGco-20,G020, | A Y= aa Test for coverage of interval 


® 8, Aal— las € o, ^ al la I, by I, and removal of the 
® b o1 A ca, => oy, — Bo — 3 covered interval 
$22 Ab 


$3 © ab GO c|— 1c = b, — bs. 
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sepic. Separate the set of intervals by classes. 


The operator sepic separates the set of intervals Intmax by classes, 
according to the description of stage (3) of the algorithm. The intervals of 
classes Int, and Int» are represented by the complexes 8 and 7, the intervals 
of class Int, by complexes ô and e. If it is found that the set of intervals of 
the fourth class is empty, passage over the auxiliary exit terminal to 
sentence a of the external program is executed. 


sepic — au, BK, YK, 6K?, ex?/a, c/ (Byôe) 
172 161 4 (Ga) 


oaobocoe =a 
$1 Ba A Co | 2¥a ^ Co | 48, = Byya => n /N b 4 
$2 Ya N Co | 38, => Birra — % A 5 4 
$3 g,^a-ó?y,^a- e? Ac 
$4 Aa G bg |> 1b bg => b,c OP a b, => be 


consinew. Construct from an initial set of intervals a new set not 
overlapping a certain interval J. 


The initial set of intervals is represented by the complexes @ and y, and 
the interval J by its minimal element 6 and maximal element e. Each 
interval J; of the initial set that overlaps the interval I is decomposed into 
a set Int,’ of intervals, each of which does not overlap J and whose union, 
together with the elements of the interval 7, covers the interval J,;. The 
interval 7; is removed from the initial set of intervals and the new set Int,’ 
is added to the initial set. If the interval 7 is completely covered by the 
initial set of intervals, then control is transferred to sentence a of the 
external program. The new set of intervals is represented by the complexes 
B and y. 


consinew — a4, BK?, yK?, ôu +, ea + /b, c/ Byte) 
200 213 5 (yab) 


© bbs — có Oe | => a 
$81 AbGco-58,0ó0-by,GOeA^ b|510, Oy, ^ a—b 
$2 bX 4aca A8 o0 3c, 1 A yo — Y?a | A By Be? IA c2 
$3 Ca V Bo = Be2Ca V Yo => Ye? A G9 
$44 Ac O0 af, — yy, 5 yy > 1 
$5 c= bg bp. 


depinc. Detect à part of an interval not covered by a set of intervals. 


An interval J; is represented in the zero elements of the complexes ô and e 
[in the initial assignment o(5) = o(e) = 1]. The set Int U Int» is repre- 
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sented in the complexes 8 and y. The subroutine suecessively determines 
the parts of the interval 7; not covered by all intervals of the set 7 nl, U Inte. 
The result of the subroutine, the set 7 nj, is represented by the complexes 
and e. When the interval 7; is completely covered by the union of intervals 
of the set Int, U Ini», control is transferred to sentence a of the external 
program. 


depinc (200) /au, Bk +, yk +, óx?, eK? / b, d/ (Byée) 
201351 


od 
$1 consinew aóe(64) (ya) // Ad ® bg |— 1. 


tecosin. Test the coverage of a set of intervals. 


The set Ini* is represented by the complexes 6 and e. The set Int,’ of 
intervals, represented by the complexes 8 and y, is tested for coverage by 
the elements of the set Int,*. The interval I. r € Ini*, covering the set Int,’, 
is tagged by the index ¢. When none of the elements of the set Int,* covers 
the set Int,’ control is transferred over the auxiliary exit terminal to 
sentence a of the external program. 


tecosin (174) /a4, BK +, yk +, ôk +, ex +, ¢u/b, a/ (Byée) 
173 51 1 (Gab) 
inmir Byab// © € 
8] Aftf€b50—2oa' | A &|> le 1 ^ b | I1. 
inmir. Find an interval of minimal rank that completely covers a set 
of intervals. 
Minimal and maximal elements y and 6 of an interval of set Int,’, repre- 
sented by the complexes « and £, are found. 
inmir ak +, BK +, yn, ón/ — , a/(aBys) 
174 37 1 


Oaocoyosd 
Sl aA y= Ba V>? 
Aa ® b, | 1. 


reman. Remove the antikernel from a set of intervals. 


The intervals of the set Int,*, belonging to the antikernel, represented by 
the complexes 8 and y are removed. The complexes ó and e are working 
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complexes (their cardinalities are defined by the operator depinc). The set 
of intervals of the kernel is represented by the complexes ¢ and 7. If the set 
of intervals of the antikernel is empty, control is transferred over the 
auxiliary exit terminal to sentence o of the external program. 


reman (172, 173) /a4, Bk, YK, 6K?, ex?, tk +, nk + /c, e/ (8'yóe(n) 
175 1523 


oeoc 
§1 Be= ôoYe = eol = bs depinc 2(móe/ /tecosin 36eBya//a ® e O— tecosin 18. 
® ya | V— d8, ® y, | V —d o tecosinl 
$2 OcA bg — b, — aba = Bea — Ye A € 
$3 Ae— bg o5 1c oa. 


finexli. Find a set of literals external to the elements of a set of in- 
tervals. 


A set of literals (variables and their inversions) is found, external to the 
elements of the set Int,*, represented by the complexes a and 8. The set of 
external variables encountered without inversion is represented by the 
variable y, and the set of external variables encountered with inversion, by 
the variable ô. The number of variables on which the Boolean function 
depends is represented by the index e. 


finexli ax +, BK +, yn, ôn, eu + /b, a/ (ofyà) 
176 70 1 (aab) 


oaovyoó0-—c-b 
81 aa® ba | Aba Na Vy ya, | ^aVó-ó6/Aa Q b, | 1. 


extrank. Vind an interval of extremal rank. 

The set of intervals is represented by the complexes y and ô. The extremal 
interval found is characterized by an index e and rank ¢. The operator 
exirank finds the interval of minimal rank (a = 0,8 = |) or maximal 
rank (a = 0,8 = o). 

The number of variables on which the Boolean function depends is 
represented by the index 7. 


extrank a 0,8 O, YE +, 6K +, eu, tn, nu +/a, a/ (y) 
177 71 2 (ya) 
O adavltgo — C => a 

$1 YD 1AaV — iHi iSite 

$2 Aa@®b, |>l1. 
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copoco. Construct possible coverages. 


The operator copoco finds on a set 7 nl,*, represented by the complexes 
8 and y, one of the sets (of cardinality ô) of intervals that contain in their 
ensemble all external literals of the elements of the set Int,* (the variables 
are represented by the unit components of the variable e and their inver- 
sions by the unit components of the variable ¢). The set is represented by 
the variable s, so that nê = 1 if the interval 7; € I ni4*, and I; occurs in the 
set; otherwise, y! = 0 (n* is the ith component of the variable 7). The 
current (except the first) sets are obtained by entry to § 1 of the subroutine. 
After all coverages of cardinality 5 have been obtained, control is trans- 
ferred to sentence a of the external L-program. 


copoco aM, BK +, YK +, on, err, (rr, nu, du, Ku / f, b / (Byetdx) 
202 267 3 (8abd) (necf) 
6—-1>aq 1+1>57>ch—1lSean>e0fo80 x2 
Sl nteAn>c O>ac— e ®c H => an Construction of the next 
+e®n<lt+e>ct —a=>aec set 


<aO7>nf>cn A e=> fe o— 3n 
—-eAn>covork 


$2 c X 9ad, D Ya 1d A Ba V O= Vba 1 Test that in their ensemble 


A& Ad Vxkx92 the intervals of the set 

$9 n-—e@nkK a8, y, 1>dA Ba contain all external lit- 
VIBe|- 1B l At AMUVK@E erals of the set Int,* 
I 1. 


mifboof. Minimize the interval form of a Boolean function. 


The operator mifboof performs the algorithm for the construction of one 
mdnf, described above. The Boolean function is represented by the com- 
plexes a and 8. The complexes y and ô represent the intervals of the fourth 
class; e and n are intermediate complexes. The complexes ¢ and 9 represent 
the intervals of the fourth class that belong to the minimal form. The 
number of variables on which the Boolean function depends is represented 
by the index x. 


mifboof (170, 171, 172, 175, 176, 177, 202) ak??, BK??, yx?, ÔK?, ex?, 
CE?, nk, OK, xu +, An/1, k/ (aByédetn?) 
203 1071 22 (aabghikl) 
Okoeōj obti oxi. 
$1 genadj o8/ /redcoin afli// o bk I 15e o — 3b, = ab, + b, => ba?? 








232 V. G. NOVOSELOV 


$2. e-— om = B. Ab Aa Ob, [2 

$3  sepic 22aBy6// 

$4 by 0-6 reman 6y8ega8/ / X o — 6a, € a,b, — Dy €» laby — baag 
€» Aybg => byas €» agb; => bg O b, => b; oe—1l 

$5. ba = ay, => Oa? be — Ba A b, => bgb., — ay, => Veda => 0, A by = b; 4 

§ | 13 finexli yóhgx//h V — ig V + i= ib, >g o hb, — f 

$87  extrank o o— vyócck/ / A by => aye €» Yade €» ac + hh — i 
o7g—b,—a-gokoh 

$10  copoco 12y6ghgjkl//f =b o cj a 

$11 a X lay, — os? — €? ôa => y? =n? A c be => b, A b= b, = bs 
— 11 

$12 Ag=10 hb,>6b 

$13 extrank © | vyàcck//^ |-9 5 A by — ary, €» y, €» 0C + h=h fi 
I> 13b = b, — 10 

$14 h —j|— 21 — copoco 1 

$15 v => að — bf >a 

816 aa @®al|— 178, € b|- 17 Ab @b,|>15 040120 

$17 Aa G b, | 16  copoco 1 

820 « On | AiV +i=i Aa Q b, | 20i — j |^ copoco lt 
— ja, € ard, = ba, €» ash, = bs O be — by 

$821 ¢*d*f>bd.=> s 

$22 a *B *. 


C. EXAMPLE 


The Booran function J (21, T2, xs s e) is p by the following set 
X1X2X 43526, Prud XaX3343526]. 

After operation of the operators genadj and redcoin a set Intmax of maximal 
intervals is obtained: 


V d» X3 T4 T; Te 


V ii X3 X4 Z5 Te 

To X3 La X5 Te 
V Xi X9 X33 T4 Te 
Int, 
21 X3 X4 X5 Te 
21 X2 T3 X4 X6 


———— es 
I € m o ER eee ee 


* 
8 
[e 
8 
> 
R 
3 


C2 X4 Xs 
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Xi To Ly Üs dg 1 0 
Tı X2 X4 35 Xe 1 0 
wa = Int. 
Tı X2 X4 X5 Te 1 0 
2i T, 14 Xs Te 1 0 


The operator sepic extracts the sets Int, and Into. The application of the 
operator reman permits the interval #,4.¢;%:4;, belonging to the antikernel, 
and marked by the *, to be determined. Since only one minimal form is 
found, it is possible to remove from Int, the intervals marked by the symbol 
V. The remaining unmarked four intervals in 7 nl,*, after processing by 
genadj and redcoin, enter into the sets Int and Int(*). Since the set Int(*? 
is empty, one of the minimal forms of the Boolean function is written in the 
following form: 


-æ æ æ = m 


V THEM VEM LM V L1X2X3L5X¢6 V 213214156 V 
V GXuXWXaXure V ZaXodaTAXe. 


3. ALGORITHM FOR SIMPLIFICATION OF THE INTERVAL 
FORM OF AN INCOMPLETELY DEFINED BOOLEAN FUNCTION 


An incompletely defined Boolean function f(X) is prescribed by the sets 
Int, and Int, of intervals on which the function takes on the unit and Zero 
values, respectively. 

There does not exist in the literature an exact method for the minimiza- 
tion of Boolean functions defined in this way. The proposed algorithm for 
finding a form of the Boolean function approaching the shortest is based on 
the coverage of the set Int, by the smallest possible number of maximal 
intervals. 


A. DESCRIPTION OF THE ALGORITHM 


(1) All possible joinings of the elements of the set Int; are carried out. 
The intervals that are completely covered by other elements of the set 7 nl 
are removed from the set Int. 


(2) Finding an interval J,*. For the interval I; € Int, a set of intervals 
Int; € Int, exists, the union of each of which with the interval J, is included 
in an interval not overlapping with the elements of the set Into. An interval 
I;* is found (if it exists), not overlapping with the elements of the set Into 
and covering the interval J; and all elements of the set Int,’. The interval 
J;*is the one sought, since it can be extended to a maximal interval entering 
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into at least one of the shortest forms of the Boolean function. If no interval 
Ij exists for the given Boolean function, the cardinality of the set Int;' 
and the index 7 of the interval J; are stored as the characteristics of the 
interval 7 ;. 

This procedure is repeated for the next interval I; € Int, and either 
there is found for it the corresponding interval J,*, which is then given as 
the sought, or again the cardinality e(Int/) of the corresponding set Int,’ 
is calculated. The characteristics of the new interval are stored if e (Int;') 
for the new interval is less than the corresponding cardinality of the 
previously stored one; otherwise the next interval J; € Int, is examined. 

If all intervals have been examined in this way, then that interval whose 
characteristics have been stored, i.e., the interval 7; with minimal value of 
o (Intj'), is taken as the one sought. The criterion of choice of the interval 
with minimal cardinality of the corresponding set Int; is intuitive, and 
analogous to the criterion of choice of elements in the matrix method [2]. 


(3) A set X’ is found of those external variables of the interval 7;* for 
each of which the interval 7;* can be extended without overlapping the 
elements of the set Into. 


(4) The interval J;* is extended over all sets of variables, defined by 
combinations of m out of «(X’) elements of the set X’ [in the initial state 
m = o(X’)]. If all intervals obtained after such extension overlap the 
elements of the set Into, then m is decreased by unity; otherwise, of the 
intervals not overlapping the elements of the set Into is taken an interval J,’ 
which absorbs the maximal number of elements of the set /ni;. If there are 
several such intervals, then the interval J^' is chosen with maximal over- 
lapping with the elements of the set Inl. 


(5) The interval I% is included in the resultant form of the Boolean 
function. All elements completely covered by J’ are removed from the set 
Int. If the remaining set of intervals Int; is empty, the process of construct- 
ing the resultant form has terminated; otherwise the set Int; is altered in 
the following manner. In each interval J; € Int, is found a subset, repre- 
sented by a set Int; of intervals, not covered by the interval I. The 
interval 7; is removed from the set Inti, and the elements of the set Int,’ 
are included in Int. Stage (1) of the algorithm is realized. 


B. REPRESENTATION OF THE ALGORITHM IN LYaPAS 


We first present a group of subroutines used in the general L-program, 
which program is also executed in the form of a subroutine and realizes 
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the operator mincodefin. We shall assume that in the subroutines the sets 
of intervals are represented by two complexes, where the first will represent 
the minimal elements, the other the maximal elements of the intervals of 
the corresponding sets. 


adjin. Perform possible adjunctions in the set of intervals. 


All possible adjunctions of intervals in the set 7 nh, represented by com- 
plexes a and 6, are carried out. The adjoined intervals are removed from 
the set Int, and the results of adjunction are included in J nl. 


adjin — ak, BK/a, b/ (aß) 
205 132 3 (aa) 


$1 oa=b 
$2 Aa ® b, O> 3a 6 œ = a|— © co |> 26, € & € a | 2a 1 ^ Qa 
=> A, 
a V Ba — Ba A b, — bs — af, — Biota — ay > 1 
$89 Aba b,| 2. 


finin. Find the next interval. 


In the subroutine (according to stage (2) of the algorithm) the interval 
I;* is found. The set Int, is represented by the complexes a and 68. The 
complexes y and f represent the minimal and maximal elements of the 
intervals of the set Into. The variable n represents the essential variables of 
the Boolean function. The sought interval J,* is represented by its minimal 
and maximal elements ô and e. 


finin ak +, BK +, YE +, OW, en, qu +, $k +/e, f/ (aB-yéen) 
206 246 11 (aabcde) 
OcoOe 
$1 Ac®bso-> 10a. >a®@B 1An>bocdbogod 
$322 d|26AbGb,0—5oa O8, l| ^b do, Ga 1l Ad—do—2 
$3 oa | 
$4 Ya Oba | ey, GOa^d^eo—2Aa0 b,|54d|»5 7d A c 
>t o-~lAg-2 
$5 5dce=d—>3 
$66 g—e|—1g- ec f1 
87 a^c-óclAbV8,—«e—11 
$10 a; — 08; => € 
$11 
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sevinex. Find the set of variables in which an interval can be extended. 


For the interval 7;*, represented by its minimal and maximal elements, 
y and ô, the possibility of extending it without overlapping with the ele- 
ments of the set Into, represented by the complexes a and 8, is tested. 
Extension is tested for each external variable of the interval J,;*. The set 
of variables e is formed for each of which the interval /;* can be extended. 
The set of essential variables of the Boolean function is represented by 7. 


sevinez ak +, BK +, yn +, ôu +, en, qu +/c, c/ (o8 y8en) 
207 110 4 (yabc) 


O ey Gà |^m7—a 
$1 aX4bq |—coa 
$22 AaGQb,o—3a,Q y— bj, 096 ^cAbo512 
$9 Cc Ve e—1 
$4 
extin. Extension of an interval. 


According to the stage (4) of the algorithm the interval /;* is extended 
by the set of variables of the set X', for each of which it can be extended 
without overlapping the elements of the set Into. The subroutine finds all 
such sets that have maximal cardinality. The set Into is represented by the 
complexes 8 and y, the interval J,* by the variables ô and e. The set X’ is 
prescribed by the unit components of the variable ¢. The current extension 
of the interval is represented by the variables n and 9. After all sets of 
maximal cardinality have been obtained, control is transferred to sentence 
a of the external program. To obtain the next interval, $3 of the sub- 
routine is entered. 


extin (212) /au, Bk +, yk +, ôn +, en +, (m+, qni, dn, «a/e, c/ 
(B'yóetn9) 
210 120 4 (tabe) 


7>Kroe 
$I eot 1!—aoa 
$22 AaGQbs;o—40,06-5by,GOce^b^ao532 
$8 genco aeq(x//— 1 
$44 eV-xel^A^ó-mgeVse-5. 


abovin. Calculate the cardinalities of subsets of elements that are ab- 
sorbed by or overlap a certain interval. 


The number «e of elements is counted that appear in the set Inti, repre- 
sented by the complexes o and 8, and are completely covered by the 
interval J,’, represented by its minimal and maximal elements 6 and e. The 
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number of elements of Inf; overlapping the interval J,’ is given by the 
index f. 


abovin ak +, BK +, yn +, ôu +, eu, (n/a, a/ (oy) 
211 77 3 (aa) 


oaoeoft 
$1 Aa@® bz 0> 3a, |l ^Ay|2525 | A &,|22A^e1 
$32 y@a >a Ob Aall Atl 
$83 . 


genco. Generate codes of combinations. 


The subroutine operates in two modes. If 6 = k, then (c (y), k) combina- 
tions of 8 unit components of the variable y are found. If 6 = 77, then all 
2° combinations of 8 are found. After all the required combinations have 
been found, control is transferred to sentence a of the external program. 


genco a4, B, ya +, ôn +/c, b/ (vy) 
212 177 5 (ybac) 


y5b—1 |^Awvy2cóQ 77 0o16—b8 03 
$1 obBAco->2y 1 VB+cAB>a@GBV>ba>B 
§2 B—1A^8-a8—1Ga^vy-br-aa V a= bb 
0406 ® b= b 
89 bXaaa V 8— BAb|—3 
$44 6@77 0-586 V @6 o-5—-a 
§5 


mincodefin. Minimize incompletely defined Boolean functions, given 
in interval form. 


The subroutine performs the algorithm described in 3.A. The set Int; is 
represented by the complexes « and £, the set Into by the complexes y and ó, 
and the set of intervals of the resultant form, by the complexes e and ¢. 
The variable n represents the essential variables of the Boolean function. 


mincodefin (205, 171, 206, 207, 210, 211, 200) 
aK??, 8k??, yk +, ôk +, ex?, tK? qu +/j, h/ (aBydeen) 
213 215 4 (aafghij) o h 


$1 adjin a8//redcoin afn//finin aByfgns//sevinex yofghn//ofog 
$2 eztin 3ybfghijc//abovin afijbd//f — b | eztin 3b = fd — g 
O — eztin 3d > gi > e? => (,?j — eztin 3 
$9 € — df — e A h consinew 4aßde//— 1 
$44 h—b.—destx 





238 V. G. NOVOSELOV 
C. EXAMPLE 


Let us consider the simplification of the Boolean function given by the 
following sets of intervals: 


I nl = [£534 d536, XoX4X 536, Xo 324536, L1L2X3X5X_, E11 2X3X¢} ; 
I nto = iz 334253, XaXoX3leo, X1X2X3X6, X3X415:X6, XoX3T4T53X6] ] 


The operator adjin does not alter the initial sets. The interval Io € Int, 
is considered. For this interval the set Int)’ is empty, and the operator 
finin supplies it as the sought set. The extension of the interval /,* is 
possible for each variable in the set X’ = {24, zs}. Of two possible maximal 
intervals ZZ, and £3%;f, the former is taken, as it overlaps the interval 
ZoT4X5Te. The intervals J) and J; are removed from the set Int, and in their 
place is introduced the interval xsxaX4xsfe, representing the subset of ele- 
ments of the interval J; not covered by the interval Io. The process is 
repeated for the following interval. The resultant form of the Boolean 
function is 


f(X) = da Ze V Lots V YXodste. 


It is one of the shortest forms of the initial Boolean function. 


4. ALGORITHM FOR THE MINIMIZATION OF COMPLETELY 
DEFINED BOOLEAN FUNCTIONS 


Here we consider the prescription of a Boolean function by a list of 
elements of a set Mı, which is equivalent to the perfect disjunctive normal 
form. The classical method for the minimization of Boolean functions given 
in the perfect dnf is the method of Quine [3 ], as perfected by McCluskey 
[4]. This method can be practically applied for the minimization of Boolean 
functions of a large number of variables, but with limited cardinality of the 
set M 1- 

The Quine-MceCluskey method consists of two parts: 


(1) Construction of the set of maximal intervals of the Boolean function 
by the realization of all possible adjunctions of the elements of the set M; 
and removal of the completely covered elements of this set. The algorithm 
that performs this part of the method is fairly fast, but for its computer 
execution it requires a large memory volume. 


ALGORITHMS FOR THE MINIMIZATION OF BOOLEAN FUNCTIONS 239 


(2) Construction of tables of coverage by maximal intervals of the 
elements of the set M; and finding from this table the resulting minimized 
forms of the Boolean function. This part of the method is connected with 
a large enumeration, to reduce which, depending on the required result, 
various algorithms have been developed for the construction of coverages. 
These algorithms are fairly completely described in [5 ], and therefore here 
we shall consider only the first part of the Quine- MeCluskey method. 


5. PROGRAM FOR CONSTRUCTING A SET OF MAXIMAL 
INTERVALS OF A BOOLEAN FUNCTION 


oswep. Order a set by weights of elements and partition it into classes 
of equal weights. 


For each element of the complex o, that represents the initial set, its 
weight (the number of unit components of the element) is calculated. The 
set of elements of the complex o, ordered by increasing weight, is the com- 
plex 6. A complex y of cardinality 6 is constructed, where ô is the maximal 
weight of the elements of complex a. 

The cth element of the complex y is the number of elements of the com- 
plex a whose weights do not exceed 7 — 1. Then it is found that the complex 
y defines a partitioning into classes (by equal weights) of the elements of 
the complex a: the element y; is the minimal value, less one, of the index of 
the elements of the complex 8 belonging to the class of weight 7, and Yip 
is the maximal value of the index of the elements of this class. In the 
construction of the complex 6 the above interpretation of the value of the 
elements of the complex y is used. 


oswep (61) /ax, 8k??, yx??, du +/a, b/ (a) 
215 132 3 


ô + 22 b,??b, => bg?? cleanup y//0 a 
$1 aVerbAnAa@bjlo-loaoa 


$22 a+ y. y,.5aA^aQb,|25202a 
§3 aa V => by, — co, = Be A, vy A a O bg | 3. 


desec. Delimit a set of elements of a complex. 


Those elements of the complex « whose bitwise conjunction with the 
variable 8 is equal to 0 are delimited. The delimited elements form a com- 
plex y. 
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desec ak +, Qu +, yR?, ó8/ — , b/yalaßy) 
216 502 


o ab, => b 
$1 aa ^ B | 2a, — vió A b 
$32 AaQb,l—1b2 b. 


cosmif. Construct the set of maximal intervals of a Boolean function. 


The initial information for the L-program is the set M,, which is repre- 
sented by the complex o, and namely, a: :|| Mi 2 X ||; the zero component 
of the elements of the complex a in the representation of the set M; is not 
used, so the set X is given in the following form: 


X = {%, 2» ..-; Ln}. 


In the operation of the program the complex a is ordered and partitioned 
into classes of equal weights of the elements. The ordered complex is repre- 
sented by the complex 6, and the boundaries of the corresponding classes 
of the partition are represented by the complex 7. 

The possible adjunctions of the elements of adjacent classes of the com- 
plex 8, i.e., those classes whose weights of elements differ by unity, are 
carried out. The intervals obtained as a result of adjunction in the set Mı 
are represented by the two complexes ¢ and e. The elements of the complex 
t are minimal elements of the intervals and the elements of the complex e 
represent sets of their internal variables. Elements of the complex 8 are 
considered as minimal elements of the intervals of nth rank, and are 
associated with elements of the complex a, representing the internal vari- 
ables of the intervals (with all elements of the complex a equal to 0). We 
formulate the conditions for adjunction of intervals with respect to the 
given representation: (1) the sets of their internal variables must coincide, 
and (2) the minimal elements of the intervals must be adjacent. 

Adjunctions of intervals are tagged by the unit value in the zero com- 
ponents of the corresponding elements of the complex @. After all possible 
adjunctions of intervals represented by the complexes a and 8 have been 
realized, the untagged elements of 8 are found, and the corresponding 
intervals are written into the complexes n and v, representing their maximal 
and minimal elements. If the complexes ¢ and e are empty, the process 
terminates; otherwise, the complexes ¢ and e are renamed complexes 6 and a, 
respectively, and the adjunction process is renewed. The value of the index x 
represents the number of essential variables of the Boolean function. 
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cosmif (215, 61, 61, 216)/aK, @K??, yR??, 0x2?, ex?, Ck, qx?, Ox, 
Ka +/c, f/ (aBeind), (và) 
214 340 6 (aab) 


oswep abyk//Co — c, = b cleanup a//b, = b,?? o bs = b, 

$1 oeocofceanupó//oa 

$2 y,— be => 06,/AaQQ b, o—>6ce => fY >c Ab o—>2 Aab, 
o 6%2 0 c 02 

$9. Abc-d 

$4 A day ® o4|— 58s © Ba A bale @ || 5œ V a= e?a | ^ f 
A^ b £6? Af A coo V By = bo V (a — Ba 

§5 d® y |— 4b 0 c|^53/Aa—2 

86 f b, — b; desec BC (Qa V Ba — mw?) //a, €» aa; €» agb, € baby €» bade 
|l 155 => b,. 


6. ABOUT THE METAPROGRAM 


In the theoretical consideration of the problems of minimization, all the 
algorithms have been classified basically according to the mathematical 
apparatus applied to the solution (algebraic, graphical, matricial, etc.). 
From the viewpoint of their computer execution it is necessary to classify 
the algorithms according to the circle of problems solved by means of these 
algorithms. We propose the following criteria of classification: 


(1) The maximal dimensionality of the Boolean space, expressed in 
terms of the number of binary variables n on which the Boolean function 
depends. 

(2) The maximal cardinalities of the sets representing the initial pre- 
scription of the Boolean function. 

(3) The precision of the solution obtained. 

(4) The form in which the initial information is presented. 


On the basis of these criteria we have considered and classified certain 
minimization methods and written the corresponding programs. A part of 
them is represented in this chapter. The system thereby composed contains 
programs that perform the following algorithms. 


(1) Algorithms for the minimization of Boolean functions represented 
in matricial form. The corresponding program [2 ] guarantees the construc- 
tion of an irredundant form fairly close to minimal. The program handles 
problems in the minimization of Boolean functions with not more than 11 
variables. 
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In the other programs of the system the number of variables can be fairly 
great (up to 32 and more), but other constraints are imposed. 

(2) In Section 4 of the present chapter a program is considered that 
performs the Quine-McCluskey algorithm, whose essential constraint is the 
eardinality of the Boolean space in which the function takes on the unit 
value. 

(3) In [6 and 7 ] are considered algorithms and the corresponding pro- 
grams for the minimization of weakly-defined Boolean functions, i.e., in- 
completely defined functions with constrained volume of the Boolean spaces 
on which the function takes on unit and zero values. 

(4) Finally, in Sections 2 and 3 of the present chapter and in [8] are 
considered algorithms and programs for minimization of Boolean functions, 
prescribed in interval form, with constraints on the cardinality of the 
initial set of intervals. 


In the description of each program the form in which the initial informa- 
tion is supplied and the precision of the solution are discussed. 

As is evident from the characteristics of the above programs, each of them 
is suitable for the solution of only a limited circle of problems, but at the 
same time the system as a whole permits a fairly broad range of problems 
to be solved, to a given degree of precision. The composition of such a 
system of subroutines is the first approximation of the results obtained to 
their practical utilization. The next stage is the construction, on the basis 
of the system of programs, of a metaprogram for the minimization of 
Boolean functions that uses certain criteria to associate with each problem 
the sequences of programs for its solution, taken in the existing system. The 
basic problem here reduces to the choice of a suitable system of algorithms 
and the development of the corresponding criteria of choice. 

The present programs can serve as the basis for such a system. Further- 
more, it is possible to develop new programs, using various combinations of 
operators of the L-programs described. For example, by completing the 
operator for construction of the reduced dnf described in Section 5 by 
various operators for construction of a coverage, it is possible to obtain 
various approximate algorithms. Or, in the operator mincodefin, by re- 
placing the operator for finding the next interval finzn by any other operator 
with the same functional content (for example, an operator for random 
selection of the next interval), it is possible to obtain another program with 
a different degree of approximation and speed. It is obviously desirable to 
complete the system with various statistical algorithms. 

To construct an algorithm for associating definite minimization programs 
with concrete problems, it is possible to use as the first approximation the 
criteria proposed above for the classification of the algorithms, completing 
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them with the characteristics of the programs. In particular, work is 
necessary on the estimation of speed and the possibilities of the programs. 

In this sense the representation of the algorithms in the form of programs 
can give an objective criterion for comparing the effectiveness of the 
algorithms and for determining the class of problems for which each 
algorithm can be applied effectively. The literature basically presents 
bounds on the effectiveness of algorithms. For practical use it is more 
necessary to have statistical, average estimates, which can be obtained 
partly with the utilization of the theoretical results [9] obtained, partly 
by accumulation of statistical results during the application of the algo- 
rithms to the solution of concrete problems. 
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THE DECOMPOSITION PROBLEM FOR BOOLEAN FUNCTIONS 


I. L. Fadeev 


The branch of switching-circuit theory concerned with the synthesis 
problem is of major practical interest. In recent years interest in synthesis 
methods based on the property of decomposability of Boolean functions 
has grown. There is a basis for supposing that the most general methods of 
synthesis can be constructed on the basis of the decomposability of Boolean 
functions. 

The present chapter is connected with the decomposition of completely 
defined Boolean functions and includes the construction of several de- 
composition algorithms, as well as investigations connected with their 
construction. 


1. ALGORITHM FOR DECOMPOSITION OF A BOOLEAN 
FUNCTION ACCORDING TO A PRESCRIBED PARTITION 


A. 


We denote by f(X) a completely defined Boolean function, where X = 
(zo, 231, ..., £4.31] and by A/B the partition of the set X into three non- 
overlapping subsets A, B, C. We shall be concerned only with those parti- 
tions for which 


C= XNAUB),  c(A) » 0, o(B) » 1. 
244 
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The function f(X) is called decomposable by the partition A/B if and 
only if there exists a pair of Boolean functions ¢(A, C, y) and v(C, B) 
such that 


f(X) = e(A, C, V(C, B)). 


Whether f(X) is decomposable by the given partition A/B must be de- 
termined. 

The problem has been stated in this form in [1], and an algorithm for 
its solution presented. Here the algorithm described in [1] is given by the 
LYaPAS operator decodeboom. In the operator decodeboom the operator 
dissym is used and is of independent interest. 


B. 


The operator dissym for the disjunctive symmetrization of a Boolean 
function with respect to Y, where Y C X, maps the initial function 7(X) 
onto a function V(X) by the following rules: 


n(Y) = 0 > y;(Y) 
n(Y) = 0 e yi(Y) 


I, 
0. 


Here n:(Y) and ¥;(Y) are the coefficients of expansion with respect to 
X\Y of the functions 7(X) and y (Y), respectively. 

The operator dissym in LYaPAS corresponds to the operator Sy(V ) 
described in [1 ]. It has the form: 


dissym an +, 8n +, yu/a, a/ (By) 
76 33 2 


p> ya 
$1 aX2ayYVYaVy>y—>l 
§2 


Here X,° and X, are the sets of unit vertices of the n-dimensional cube, 
defining the initial and resultant functions, respectively. 
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C. 


The operator decodeboom tests the decomposability of a completely de- 
fined Boolean function in matrix form according to a prescribed partition. 
The LYaPAS program has the following form: 


decodeboom (76) /a, 8n +, yn +, ôn + /d, a/ (By) 
77 1112 (óbcd) 


y>aob 
§1 aX2abAa=>b—1 
$2 b A ô= b dissym ybc//c ®© 6 — b => cy > a — dissym 1c => db — c 
= a  dissym 1c ® b A d oa. 


The described operator has one auxiliary exit o. This exit is realized 
if and only if the tested function is decomposable in A/B. 

The possibility of priming the variables permits functions to be investi- 
gated for which 5 € o(X) < 12. If e(X) < 5 itis possible to add dummy 
variables to make the total number of variables equal to 5. 

The same dimensional considerations apply to the operator dissym. 

We refer the reader to [1] for fuller detail. 


2. STRUCTURAL RELATIONS IN THE SET OF SOLUTIONS OF 
THE DECOMPOSITION PROBLEM 


A. 
We introduce the following concepts: 


M is the set of all partitions satisfying the definition of partition given 
in the last paragraph; 

M" is the set of all such partitions in M for which f( X) is not decom- 
posable. 

M^ is the set of all partitions in M for which f(X) is decomposable. 


It is obvious that M = M” u M? and therefore, disposing of M”, it is 
fairly easy to establish for any A/B € M whether f(X) is decomposable 
with respect to A/B or not. We shall call M* the set of solutions. A trivial 
enumeration of all partitions in M with test of f(X) for decomposability 
for each of these partitions offers the possibility of obtaining M”, but the 
enumeration of partitions is so extensive that even for functions of a rela- 
tively small number of variables it becomes practically impossible. 
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An important structural relation in M” was demonstrated in [1]. 
Theorem 1. 
A/B € M” — A'/B' € M” if A’ DA, B’DB. 


From Theorem 1 it follows that M* is convex with respect to the rela- 
tion given among its elements by the auxiliary condition of the theorem. 
In this case there exists a lower bound T of the convex set M” that uniquely 
defines M”. The relation r € M” holds, and the following relations, con- 
nected with the convexity of M”, also hold. 

Let A/B € T and A'/B', A"/B" c M\{A/B}, where A’ C A C A", 
B' C B C B". Then A'/B' c M4, A"/B" c M”. 

We shall consider the problem of finding T. 

The next section is devoted to an algorithm for finding T', and here we 
establish certain structural relations in M” that aid in reducing the enu- 
meration of partitions in M in the search for T. 


B. 


We introduce the basie concepts. For this we use the set-theoretical 
model of representation of a Boolean space and related concepts [2]. In 
this model: 


X is a reference set; 

X is a Boolean space over X or an n-dimensional Boolean cube, where 
n = c(X); 

a € X is a vertex of the cube X; 

(min, max) 18 the representation of an interval of the cube X by its min- 
imal and maximal elements, i.e., those elements for which amin € o C amax 
holds, where a is an arbitrary vertex of the interval concerned. 

We call the interval set Sa of the interval a = (amin, @max) a subset of 
X which is defined by the expression 


Sa = Am ax \Q@min- 


By Vy we denote a set of intervals having the internal set X\Y, where 
Y C X. 

We define the distance Ra between intervals a = (amin, @max) and 
b = (Bmin, Bmax), Where a, b € Vy, by means of the expression Ra = 
Qmin + Bmin. The operation + between two sets c and d has the sense 


c+d= (cUd)N(ch d). 
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The set Vy may be considered to be a Boolean space over Y. In this case 
we shall consider any interval in Vy as an element of a new space Y and 
thereby we abstract from the internal structure of the intervals in Vy. In 
this we shall concentrate our attention on various relations among the 
elements of Vy; for example, the relations describable by means of the 
concept of distance between intervals in Vy. The following lemmas contain 
propositions about this kind of relation among the intervals. 


Lemma 1. 
a, b c Vy — Ra C Y. 


Lemma 2. If 
a, b C Vxvu and a, b e D e Vxwvy, 


then 
Ra GC Y\U. 


Lemma 3. Ifa € Vy and U C Y, there exists in Vy a single interval 
b for which Ra = U. 


Lemma 4. Let a, b, c € Vy and let p be an interval of the cube that 
absorbs a and b. Then the following relation holds: 


Rw 2 Ry >c C p. 


We introduce the concept of R-absorption of a pair of intervals by a 
second pair of intervals. 

Let a, b € Vy and c, d € Vy, where U C Y, and the relations a C c, 
b C d also hold. Then the pair c, d R-absorbs the pair a, b if and only if 
Ræ = Rea. 


Lemma 5. The necessary and sufficient condition for A-absorption 
of the pair, a, b in Vy by the pair c, d in Vy, where U C Y, is the satisfac- 
tion of the conditions a C c, Ras = Rea. 


Lemma 6. Let a, b, c € Vy and a’, b’, c' C Vv, where U C Y. If 
a’, b R-absorbs the pair a, b and b’, c’ R-absorbs the pair b, c, then a’, c' 
FR-absorbs the pair a, c. 
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C. 


In Section 1.B we described the representation of f(X) by a partition 
of the set of vertices of the c(X)-dimensional cube into classes X, and Xo. 
Further we shall consider f (X) to be given on the cube by means of a color- 
ing of its vertices by the colors 0 and 1. A vertex of the cube will have color 1 
if and only if the function takes on the value 1 at this vertex. 

We call an interval with colored vertices a K-interval, where this color- 
ing is carried out by the prescription of f(X) on the vertices of the n-di- — 
mensional cube. The K-interval may be represented as the combination 
of the concepts of the expansion coefficient of the function f( X) and the 
interval on the cube in which this coefficient is given. If we are concerned 
with a concrete coefficient a and the interval in which it is defined, we shall 
speak of a K,-interval. 

Since the difference between the concepts of interval and K-interval 
reduces simply to the coloring of the vertices of the latter, all concepts con- 
nected with an individual interval and concepts characterizing the relations 
among several intervals hold also for K-intervals. 

We denote by Ky decomposition of the function f( X), where Y C X, 
the set Zy of all K-intervals on the n-dimensional cube having the internal 
set X XY. 

We also denote by Zy the set of all K,-intervals on the n-dimensional cube 
having the internal set X\Y. The difference between the K-interval and 
the K,-interval corresponding to it is of a purely formal order: in the case 
of the K,-interval there is a direct indication concerning the coefficient 
that is represented by it; in the case of the K-interval this indication is 
absent. We shall therefore identify the K,-interval and the corresponding 
K-interval. When necessary we shall introduce an index indicating the 
coefficient or, on the contrary, omit it if this does not cause ambiguity. 
For example, we shall denote the distance between the K,-intervals a, 
and bg, where aa, bg € Zy, by Rap. 

If Y = XXz;], where x; € X, we shall denote Zy by Z.. 

We shall call a K-interval with empty internal set.an element. 


Lemma 7. Let aa, bs € Zy. The necessary and sufficient condition for 
inequality of a and 8 is the existence of K-intervals c, and d; which are 
R-absorbed by the pair c, d and for which y + ô. 


D. 


Let us investigate the form of the function f (X) for certain assumptions 
about its decomposability. For proof we require the following two criteria. 
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Criterion 1. The function f(X) is decomposable with respect to the 
partition A/B if and only if the following holds for all i, j: 


fu(B) € 10, 1, (B), xj(B)]. 


Here f;(A, B) is the expansion coefficient of the function f(X) with respect 
to C, f; (B) is the expansion coefficient of f;(A, B) with respect to A, x;(B) 
is an arbitrary function and the limits of variation of i and j are defined by 
the conditions 0 € i € 2*5, 0 < j < 27), 


Criterion 2. The function f(X) is decomposable with respect to the 
partition A/B if and only if the following holds for all 4, j: 


fis(A) € (ex A), v«(A)], 


where f;(A, B) is the expansion coefficient of f(X) with respect to C, f(A) 
is the expansion coefficient of f;(A, B) with respect to B, ¢;(A) and y;(A) 
are arbitrary Boolean functions of A, and the values of 7 and j are defined 
by the conditions 0 € i < 2*0, 0 € j < 2995. 

Criterion 1 was formulated in [2], Criterion 2 in [1]. In terms of our new 
concepts, these two criteria appear as follows. 


Criterion 1a. f(X) is decomposable with respect to A/B if and only 
if there does not exist a pair aa, bs € Zx\ g such that Ras C A, a ¥ const, 
B Æ const, a ~ B, a Æ B. 


Criterion 2a. f(X) is decomposable with respect to A/B if and only if 
there does not exist in Zsuc a triplet aa, bs, c, such that a ¥ B, a ¥ y, 
B Æ Y, Ra U Ra C B. 

For the proof of Criteria 1a and 2a we utilize Lemmas 1, 2, and 4. 


Lemma 8. Let A U B = X. If A/B € M" and for every partition 
A'/B in M with respect to which A’ C A, the relation A'/B € M? holds, 
then there exist aa, bs € Z4 for which Ra» = A, a Æ const, B Æ const, a ¥ f, 
a zé B. For every c, € Z4M(a, b] the relation y = const holds. 


Pnoor: On the basis of Criterion la and the conditions A/B € M” it 
follows that in Z4 there exists a pair aa, bg for which Ræ C A, a # const, 
B z* const, a z£ 8, a Æ B. On the basis of this criterion and the condition 
A'/B € M? it follows that in Z4: there exists no pair c,, ds for which 


Y Æ const, 6 Æ const, y Æ ô, y Æ à, Ra C A’ CA, 


thus Ra = A. 
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We shall assume that in Z4\{a, b] there exists a c, for which y ¥ const. 
It is easily seen that at least one of the following conditions holds: 


ly Aa, Y &; 
2. Y 7: B, yx B. 


Let, for example, Criterion 1 be satisfied. Then in Z4 there exists a pair 
Qe, Cy for which a ~ constant, y = constant, y Æ o, y z£ & and for which 
Rac 75 A on the basis of Lemma 3, Rac C A according to Lemma 1 which 
implies Rac C A. According to Criterion la, f (X) is not decomposable with 
respect to the partition Rac/B, which contradicts the hypothesis of the 
lemma to be proved. Consequently, there does not exist a c, € Za\{a, b] 
for which y z£ constant. This completes the proof of our lemma. 


Lemma 9. Let AU B = X,c(B) > 2. If A/B € M" and for every 
partition A/B’ in M with respect to which B’ C. B the relation A/B' c M? 
holds, then there exist a«a, bs in Zg for which a z£ 8 and Ræ = B. For any 
Cy, ds € Ze\{a, b} the relations y = ô, y ¥ a, and y z& 8 hold. 


PRoor: We shall consider Zg to be a Boolean space over B, and the 
relations among the coefficients given on the K-intervals in Zg of interest 
will be represented on the cube B by means of a special type of coloring: 
two vertices of the cube will have the same color if and only if the K-inter- 
vals in Zg corresponding to them have identical coefficients. According to 
Criterion 2a and the conditions of the lemma to be proved, the coloring 
of the cube B should satisfy the requirements that the total number of 
colors used for coloring the entire cube is greater than two, but no proper 
subeube contains vertices with more than two colors. 

We denote by ca) the color of the vertex a, where a is an arbitrary vertex 
of the cube B. In the cube B whose coloring satisfies the above conditions 
there exists at least one triplet of vertices a, b, c for which A(a) = A(b), 
Ala) Æ A(c), (b) ¥ A(c). 

Let us consider the vertex d = (ab) U (an c) U (b Nn c). The minimal 
interval Læ covering the vertices a, b has the internal set Sa = Ra = a + b. 
It is easily shown that a + d C a + b, which on the basis of Lemma 4 
implies d € La. Similarly we prove that d € Ly, d € Lac, where Loc, Lac 
are minimal intervals of the cube B covering b, c and a, c, respectively. We 
assume that Sa, Sac, Soc C B, i.e., each of La, Lac, Loc is à proper subcube 
of B. In this case there does not exist a color for d that would satisfy the 
conditions for coloring the cube. This requires that the assumption be 
abandoned and that one of the distances Ra, Rac, Re. be put equal to B. 
To be concrete, let Ræ = B. Then on the basis of Lemma 3 it follows that 
Rai Roe C B. 
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Let us consider a certain vertex e € B\{a, b, c]. We assume that A (e) ¥ 
A(c) and A(e) = A(a). Then for the triplet of vertices a, c, e the relations 
A(a) # X(c), A(c) = (e), A(a) z (e) hold. As has been established in 
the preceding part of the proof, for such a triplet of vertices the distance 
between one of the pairs of vertices must be equal to B. This condition 
can be satisfied if and only if Ree = B. 

Let us take a certain vertex f € B\{a, b, c, e}. If A( f) € (A(c), A(a)}, 
then for the triplet of vertices e, f, b the conditions \(e) = A( f), A(e) =< 
A(b), ACF) A A(b), and Res, Ra, Ræ C B hold; but such a situation, as we 
have seen, leads to a contradiction. If A( f) € (A(c), \(a)}, then an anal- 
ogous situation can arise for the triplet a, c, f. The impossibility of coloring 
f requires us to abandon the assumption that A(e) = A(a) and A(e) zz A(c) 
and to assume that A(e) = A(c) and A(e) = A(b). But this assumption 
cannot give rise to the existence of new possibilities for coloring f, because 
of the symmetry of the coloring conditions with respect to the colors A(a), 
^(b) of vertex e. The assumption that A(e) = A(c) is abandoned. The 
coloring of all vertices in B\{a, b, c] by the color A(c) does not contradict 
the coloring conditions. The interpretation of the results of coloring B for 
the initial model Zz comprises the proposition stated by the lemma. 


Let us introduce the following concept. 

We give the name ‘“U-type function with respect to Y" to a function 
f (X), for which Z; contains a single pair of K-intervals a, and bg for which 
a and @ are not constants and Ra = XX(z;], where z; € Y C X, o(X) > 3. 
Among the remaining K-intervals in Z; there may exist only one K-interval 
c, such that y ¥ constant. 


Lemma 10. If A/BC T, AUB = X,o(B) > 2, thenf(X) isa U type 
function with respect to B. 


Proor: It is easily seen that the hypothesis of Lemma 10 absorbs the 
hypotheses of Lemmas 8 and 9, and therefore f(X) belongs to the types 
described in the propositions of Lemmas 8 and 9. 

We denote by a, and bg that unique pair in Z4 for which a and B are not 
constants, and by c, and d; the unique pair in Zg for which y = 6 and 
fea = B. We find all those K-intervals in Z; that have nonconstant co- 
efficients. Here we have in mind z; € B. Each element of Z; is absorbed 
by a certain element of Z4. It is obvious that each e, € Z; for which e ~ 
const can be absorbed by only such f; € Za for which ¢ ¥ const. Thus 
it is necessary to investigate only the K-intervals in Z; absorbed by the 
K-intervals a and b. 

On the basis of Lemmas 9 and 7, e = constant for e, € Z; if e is a K-inter- 
val that has an empty intersection with c or d. 
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Thus nonconstant coefficients may be possessed only by p, q, r, s € Zi 
such that p,q C a;r,s C b; pne = ;qndzs Q;rnegzs gí;snds Ø. 

The number of elements in the set K = {p, q, r, s} having nonconstant 
coefficients must be greater than one, since otherwise there arises a contra- 
diction with Lemma 9. The ease in which all elements in K have non- 
constant coefficients is also impossible, since in this case the coefficients of 
the K-intervals a, b are equal or the inverses of each other, which contra- 
diets Lemma 8. Of the remaining variants we must exclude the case in 
which exactly two elements of K, whose distance is A or BX(z;], have non- 
constant coefficients, since in these cases there arise contradictions with 
Lemma 8 or 9. 

The other cases do not contradict Lemmas 8 or 9. They are presented 
in the formulation of the present lemma. 


E. 


On the basis of this analysis of the form of the function we shall interest 
ourselves in the structural relations in the set of solutions, but we shall 
first formulate the following lemma. 


Lemma 11. Let AUB = X, x; € B. If there exist aa, bg, c, € Z; such 
that a, b C p € Za, Rae C A, a = constant, 8 Æ constant, y £ constant, 
then A/B € M”. 


Proor: The union of K-intervals m and n in Zg which absorbs a also 
absorbs c, as is easily shown with the use of Lemma 4. 

Let t and s be two other K-intervals in Zg whose union absorbs b. Then 
m, n, t, s in their ensemble absorb a, b, c. Let us consider the set T of ele- 
ments entering into the union of a and b, and the set L = (m, n, t, s]. These 
sets can be put into a one-to-one relation with each other by means of the 
relation of absorption of elements of T' by elements of L. Any pair of K-inter- 
vals in L R-absorbs the pair of elements corresponding to it in T. From 
a = constant and 8 ¥ constant it follows on the basis of Lemma 7 that 
the coefficient ¢ of the K-interval is not equal to any of the coefficients 
m, n, s of the K-intervals or the coefficient s of the K-interval is not equal 
to any of the coefficients m, n, t of the K-intervals. 

The elements entering into c are R-absorbed by the pair of K-intervals 
m, n. From the condition y ~ constant and Lemma 7, it follows that the 
coefficients of the K-intervals m and n are not equal to each other. But 
this means that the number of different coefficients among the coefficients 
m, n, s or m, n, t of the K-intervals is not less than 2. Consequently, the 
number of distinct coefficients m, n, t, s of K-intervals is greater than 2, 
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which implies nondecomposability of the function with respect to the par- 
tition A/B on the basis of Criterion 2a. 


Theorem 2. If A/B € T, then A'/B' € M”, where 
AUB = A'UB' = X,c(B) > 2. 


Proor: (1) Let us consider partitions A'/ B' for which B'n B = Ø. Let 
t; € B'n B. On the basis of Lemma 10 the function f (X) is a U-type func- 
tion with respect to B; i.e., in Z; there exists a pair of K-intervals a, and 
bg for which Ra, = X\{z,}, a 7£ constant, 8 ~ constant, and among the 
other elements in Z; there may be only a single K-interval having non- 
constant coefficient. Let us consider c, d € Z; such that Re = Rog = A’. 
On the basis of Lemma 5, b and c are R-absorbed by the K-intervals 
a’, b' € Za for which a’ D a, b’ D b, and Raw» = A’. From this it follows 
that c C a’. Analogous considerations for d show that d C b’. From the 
fact that f(X) is a U-type function with respect to B it follows that the 
coefficient of at least one of (c, d] is equal to a constant. Then at least one 
of the triplets (a, b, c], (a, b, d} satisfies the conditions of Lemma 11, which 
implies A'/B' € M”. 

(2) The case A'/B' = B/A. Here it is necessary that c(A) > 1. On 
the basis of Lemma 8 and Criterion 2a we conclude that A'/B' € M”. 

(3) The case A'/B' when B' C. A. According to Lemma 8, Z4 contains 
a pair Qa, bs for which Ra = A, a ¥ y, B ¥ y, where c, € Z4\{a, b]. 

Let us consider the set P, defined by the expression 


c € P e» (c € Za) ^ (Rea € B^). 
We have a € P, b € P, which follows from the definition of the set P, the 
condition B’ C A. and Lemma 4. Consequently, for a, and any c, € P\{a } 
we have y x a. 
We denote by a’ the K-interval in Zg. for which a’ D a. Let 


c, € Zpg'N(as]. 


In P there exists à K-interval c such that R,, = Ro. On the basis of 
Lemma 6, the pair a’, c’ R-absorbs the pair a, c. Since a’ z c, Rve = 
Rac 7 Ø and, consequently, c € PM(a,]. On the basis of Lenina 4 and 
a Æ yit fellows that a’ = y. 

Thus in Zg\ {aa} there does not exist a single K-interval c^, for which 
a! = xy. Bimilarise B' = 9', where 85, € Zg, b’ D b, and d' is aiy K-interval 

















DECOMPOSITION PROBLEM FOR BOOLEAN FUNCTIONS 255 


in Zp\{b’}. But from the two last propositions it follows that there exists 
in Zp’ a triplet of K-intervals whose coefficients are pairwise unequal, and 
this, on the basis of Criterion 2a, implies the nondecomposability of f(X) 
with respect to A’/B’. 


Theorem 3. If A/F € T, then A'/B' € M”, where 
A'U B' = AUB, a(B) > 2. 


PRoor: On the basis of the definition of decomposability of f(X) with 
respect to A/B, any K-interval in Ze, where C = X\(A U B) is a certain 
funetion of A U B that either is decomposable with respect to A/B or has 
the conditions of Theorem 2 fulfilled for it. There exists in Zc at least one 
K-interval representing a function of A U B for which the conditions of 
Theorem 2 are satisfied. But then the truth of the present theorem follows 
by the definition of the decomposability of f(X) with respect to some 
partition and on the basis of Theorem 2. 


Theorem 4. If A/B € M” and for any partition A/B for which A’ C A 
we have A'/B € M4, then every partition A"/B" in M for which D" D B 
or A" D B, and A" U B" = AU Bisa partition belonging to M”. 


Theorem 5. If A/B € M” and for any partition A/B' for which B’ C B 
the relation A/B’ € M? holds, then every partition A"/B" in M for which 
A" u B” = A U B and A" D A belongs to M”. 

The proof of Theorems 4 and 5 follows almost word for word the proofs 
of Theorems 2 (point 3) and 3. 

We now formulate a lemma whose proposition follows from Criterion 1a 
of the decomposability of f(X) according to the partition A/B when 
AUB - X. 


Lemma 12. A necessary condition for decomposability of f(X) with 
respect to A/B, when A UB = X, is the following. If there exists an aa € Zi 


for which a = const, then from the existence of bs € Z;for which 8 = const, 
Ra C A, there follows y = const, where c, € Z4 and c D b. Here z; € B. 


Theorem 6. If A/B c T, then A’/B’ € M”, where 
AUB = A'u B’ = X,c(X) > 3, o(B) = 2, o(A') > 1. 


Pnoor: On the basis of Theorem 4 the function f(X) is nondecom- 
posable with respect to every A’/B’ in M for which B’ D B or B C A’. 
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Let us consider such A’/B’ in M for which A’ n B = Ø and B'n B z Ø. 
Let B’ 3 z; € B and A’ 5 z; € B. 

Assume that A'/B' c M?. According to Lemma 8, there exists in Z4 a 
single pair ae, bg for which o = constant, 8 ~ constant, a ~ B, o = B, 
Ra = A. Each of a and b absorbs a pair of K-intervals in Z;, i.e., a = cUd, 
b = e Uf, where c,, ds, ee fr € Z;. The distance between c and dis Rea = {x;} 
and between e and f, Res = {x;}. We take such c', d', e', f' in Z4; for which 
c' D c, d' Dd, e' D e, f' D f. It is easily shown that among c’, d’, e', f', no 
two are identical. Hence Rea »* Ø and Rey ¥ OG. On the other hand, since 
c' D c, d' > d, it must hold that Rear C Rea. For the same reason, Rep C 
Res. But Rea = Res = {2;}, so Rep = Rea = {xj}. Among c, d, e, f there 
exists at least one K-interval whose coefficient is not constant, since other- 
wise the coefficients a and 8 cannot enter into the above relation. Let, for 
example, y ~ constant. We choose g, h € Z; such that the pair c, g is 
R-absorbed by the pair c’, e’ and the pair c, h is R-absorbed by the pair 
c’, f’. By Lemma 6, c’, f' are R-absorbed by the pair g, h and, consequently, 
Ron = Rey = {x;}. This signifies that g Uh € Z4, and 


gUh € Za\{a, b]. 


On the basis of Lemma 7 the coefficients of the K-intervals g and h are 
equal and constant. The pairs of K-intervals c, g and c, h are such pairs as 
were defined in the formulation of Lemma 12. The application of this 
lemma is possible since by hypothesis A’/B’ € M?. According to the lemma 
the coefficients of e', f' must be constant. Aside from this they must also 
be equal, since the coefficients g and h of the K-intervals are equal. But 
this implies e = const, t = const, and e = ¢, whence 8 = constant, which 
contradicts the hypothesis. 

This contradiction proves the incompatibility of the conditions 


A'B'€ M^ and  A/Bc T, 


which proves the theorem. 


We shall generalize the theorem to the case of A/B for which A UB = X. 
Theorem 7. If A/B € T, then A'/B' c M”, where 
c(X) »3,c(B) = 2, 0(A’) > 1. 


The proof of the theorem repeats word for word the proof of Theorem 3, 
but in place of Theorem 2, Theorem 6 is utilized. 
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3. COMPLEXITY OF THE ALGORITHM FOR FINDING THE 
LOWER BOUND OF A SET OF SOLUTIONS 


The complexity of the algorithm for the solution of the problem put at 
the start of the preceding paragraph can be estimated by means of the 
total number of partitions A/B for which decomposability of f(X) is es- 
tablished directly by the use of the operator decodeboom. The algorithm 
for solution of the decomposition problem will consist of an operator for 
selection of the next partition and the operator decodeboom for testing f (X) 
according to the given partition. The selection of the next partition to be 
tested must be performed taking into account the results of the previous 
tests and our knowledge of the structural relations in the set of solutions. 
This permits the total number of tests to be reduced. If we use the informa- 
tion about the structural relations in the set of solutions that is contained 
in Theorems 1, 3, and 7, an algorithm can be constructed whose relative 
complexity is defined by the following proposition. 


Theorem 8. There exists an algorithm for the solution of the problem 
of decomposition of f(X), constructed on the basis of Theorems 1, 3, and 7 
such that the number of entries to the operator decodeboom for the purpose 
of the direct testing of the decomposability of f(X) with respect to the par- 
tition A/B € M, for which o(A U B) > 3 does not exceed 


2 (25 Y Cr‘), 


1—0 


where n = c(X). 


Proor: Let A/B be such a partition that A UB = E C X, where 
c(E) > 3. We shall assume that with respect to every partition A’/B’ for 
which A’ C A, B’ C B, c(A'U B^) < c(E),itis known to which of the sets 
M”, M? it belongs. Then on the basis of Theorem 1 for certain A/B € Mz, 
where M z is the set of partitions A/B for which A UB = E, it can be shown 
that they belong to M”. We denote the set of all A/B € Mg for which this 
can be done by M£* 


(1) If M£* = Mg it is then obvious that it is not necessary to enter 
decodeboom. 

(2) Case (1) does not hold. If Mz\M#* contains a partition A/B for 
which o(B) > 2, c(A) > 1, the test of decomposability of f(X) with 
respect to A/B answers the question of decomposability for any partition 
in MgMME". In fact, if A/B € M", then on the basis of Theorem 3 there 
follows the nondecomposability of f(X) for any partition in Mz. If 
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A/B € M4, then no partition in MgzMM£* can belong to the set M", since 
in this case we enter into contradiction with either Theorem 3 or Theorem 7. 

(3) Cases (1) and (2) do not hold. Let M&zMMZ* contain a partition 
A/B for which ¢(B) > 2, 0(A) = 1. If the entry to decodeboom establishes 
that A/B € M", then it is not required to test other partitions in MgMM£". 
For the opposite outcome it is possible that it will be necessary to test such 
a partition A'/B' € Mg*MME', for which o(B) = 2. These two entries 
to decodeboom are sufficient to distribute all partitions in Mg over M? and 
M”, as follows from Theorems 3 and 7. 

(4) Cases (1), (2), and (3) do not hold. Let Mz\M#* not contain 
a single partition A/B for which o(B) > 2. Then the test of any partition 
in MzMM£* decides the question of decomposability of all partitions in 
MzgMME". Theorem 7 is used for this. 


It is thus possible to make not more than two entries to decodeboom in 
order to decide the question of the decomposability of any partition in 
Mz. If the algorithm is organized in such manner that decodeboom is first 
entered to test A/B for which o(A U B) = 3, then, applying one of the 
rules (1)—(4) for each Mz, to investigate all Mg where c(E) = 4, then to 
pass to Mz for which e(E) = 5, 6, 7, ..., then in order to investigate any 
Mg for o(E) > 3, it is not necessary to execute more than two entries to 
decodeboom. The algorithm is terminated when either all Mg for which 
c(E) = o(X) = n have been investigated or when in the investigation of 
each Mg, where o(F) is some fixed number less than n, a case is found 
analyzed in point (1), i.e., M£* = Mg. The demonstration that the num- 
ber of all possible Mg for 3 < e(E) < n is equal to 2” — J $= C,’ termi- 
nates the proof of the theorem. 

There is reason to believe that this estimate of the complexity of the 
decomposition algorithm can be improved. 
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THE CONSTRUCTION OF PARTICULAR MINIMAL 
NORMAL FORMS OF BOOLEAN FUNCTIONS 


V. P. Didenko 


The difficulty and volume of the computational process to obtain minimal 
normal representations of Boolean functions increase sharply as the number 
of variables increases for the overwhelming majority of Boolean functions. 
In this connection it is interesting to develop methods for the direct con- 
struction (without the construction of tables of coverage and finding 
all minimal terms) of particular minimal disjunctive (conjunctive) normal 
forms (mdnf). This makes possible a substantial memory economy and 
reduetion of the number of computer operations for the computation of a 
particular mdnf. The development of such methods permits a complete 
solution of the problem of obtaining a minimal normal representation 
of Boolean functions although not for all cases. The reduction of the 
sifting operations substantially extends the limits of application of the 
methods both with respect to the number of variables on which the func- 
tion may depend and the number of vectors & and 8 on which the function 
takes on the values F;(&) = 1 and Fo(8) = 0, respectively. 

Below we describe one of the methods of solving of this problem. The 
method contains the following basic stages. 


(1) Find the minimal terms of the kernel (these are terms of every par- 
ticular mdnf representing the function Fi) from the vectors & € Mr, and 
B € Mr, where Mr, and Mr, are the sets of vectors of the values of the 
variables on which F,(à) = 1 and Fo(8) = 0, respectively. 

(2) Remove from Mp, the vectors covered by the kernel? (the minimal 


1 The terminology is adopted from [1]. 
2 The vector à is said to be covered by a minimal term if all the values of the literals 
encountered simultaneously in & and in the minimal term are identical. 
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terms). If the set Mr, obtained after removal from Mr, of the covered 
vectors is empty, the process of constructing the mdnf has terminated. 
Otherwise pass to stage (3). 

(3) Find from the vectors in the set Mr, and in Mr, the sets M;, M; 
of the nonobligatory variables? and their negations (the variable x, is non- 
obligatory if its values on all vectors & € M'r, are nonobligatory). 

In the presence of nonobligatory variables the rule of point (4) is ap- 
plied, in their absence the rule of point (5) or (6). 

(4) Cross off in the vectors & € Mr, and 8 € Mr, the values of one of 
the nonobligatory variables* (their order of selection is arbitrary, although 
the variant of mdnf obtained at the end depends on this order) encountered 
in M; or M;. In comparison, or sum modulo 2, the crossed-off values of the 
variable x, in the vectors & and ĝ are reduced to a form where o, = 68, with 
subsequent restoration of the previous values of o; and 68, in the vectors 
à and B, respectively. 

We denote the vectors of the set Mr, with the crossed-off value of z, 
by Mrz, and of Mr, by Mrz, (the subscript Z. indicates that in the 
vectors 8 € Mp, both occurrences of x, and i, are crossed off), and we 
apply to the vectors of the sets M p, ;, and M,r,,z, the rules of points (1)- (4) 
until either in point (2) the process of formation of the particular mdnf 
terminates or in point (3) passage to point (5) occurs. 

(5) Form the subset (M*,);,,, composed only of those vectors & € Mr, 
on which the values of the variable £, are obligatory. Further, apply the 
rules of points (1)-(4) to the vectors of the sets (M7,);,, and (Mr)... 

If in point (1) no minimal terms are found, passage is effected to point 
(5), where the subsets (MF, )z,,,z,, and (Mry)z,,,¢m, are found. 

With repeated passage to point (5) the subsets (Mr,):2,,2,,,....24, and 
(Mr,)za £m...» are found, where k is smaller than the number of vari- 
ables n in F, with subsequent passage to point (1) and the replacement 
of Mr,, Mr, by (MF,)z,,....24, 200 (Mr)ss,....24,. Otherwise in point (3) 
passage is effected to point (6). 

(6) If in passage to point (6) the vector of obligatory variables 
{%m, fm ..., £4,] is found to be empty, the rule of point (3) with subse- 
quent passage to point (5) is carried out. If in passage to point (6) the 


poeos 


3 The value as of the variable zs (s = 1, 2, *-*, n) on the vector & € Mr, is called 
obligatory if and only if in Mr, is found a vector B € Mr, such that the vectors & and 8 
are adjacent, i.e., differ only in the value of a single variable zs. Otherwise the value of 
as in the vector @ is nonobligatory. x 

4 By crossing off of the values of a variable z, in vectors y and 9 we shall mean the 
temporary reduction (until termination of the computation of one particular mdnf) of 
these vectors to a form in which for any y € Mr, and all c M r, the identity ys = 
Bs (1 € s < n) holds after the values of the variable have been crossed off. 
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vector [£,, ms ..., &m,} is not empty, then it is used to form the subsets 
(Mr, )és,...2;, and (Mrs... 2;,0f the vectors à and 8, where 


dus Coste = 1s, Tni Veo np): 


If (£4, ... ..., £4] = (£s, Emi, ..., &m,}, passage is effected to point (1), 
with replacement of Mr, and Mr, by the sets 


(Mrj)a, dus £i, and (Mro) zi TERE fi 


If (24, ..., £4] C {Em ..., Zm}, the vector (£,, Emi, ..., &m,} 1s corrected 
to the vector {£:,, +++, Z4} at the expense of those variables that were 
found to be nonobligatory in the vectors of a subset of the type M7, 
where M7,,; is the subset of vectors obtained from M,,; by removal of 
the covered vectors. 

After this, passage is effected to point (1) with the above-mentioned 
substitution of Mr, and Mr,. 


The basic component parts of this method are the rules of points (1), 
(3), and (5), since they determine the possibility of forming the particular 
mdnf. Therefore, before passing to a description of the working program 
of the method in LYaPAS [2], we present the basic theoretical premises 
to show that in using this method the minimal terms entering into some 
particular mdnf will be found, representing the Boolean function prescribed 
by the vectors à on which Fi(à) = 1. 

Let us consider the method for determining the kernel [3, 4 ]. 

Let there be given a Boolean function on the vectors à € Mr, and 
B € Mr, taking on the value Fi(&à) = 1 and Fo(8) = 0, where 


Mr, N Mr, = Q. 


Furthermore, let the values of the n variables in the vectors & and ĝ be 
strictly ordered; i.e., the values of o4, 6: correspond to the value of the 
variable 2, the values of o», 8» to 22, etc. Let the cardinalities of the sets 
My, and Mr, be equal to qi and Qz, respectively. 

We take the first vector in order, ài in M,y,, and add its components (1.e., 
the values of the variables z., s = 1, 2, +-+, n) mod 2 to the components 
of the first vector ĝı. In exactly the same way à; is added to &», etc. We 
denote the vectors obtained as a result of this operation (that contain only 
a single component) by o; = 1 (i = 1,2, ---, n), and all the others o; = 0, 
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lÆ 23,0 = 1,2, ...,n by aj. We form from all such vectors the vector a’ 
à = V áj, (1) 


where q3 < n. 

We put the a,’-th component of the vector a’ into a unique correspond- 
ence with the component a; of the vector a’. Then the vector a’ will encode 
those components of the vector à; that are the values of the obligatory 
variables and that correspond to the values equal to 1 in the vector a’. 

Putting into correspondence with each obligatory component of the 
vector à; the variable whose value it takes on and connecting all such vari- 
ables by the sign of logical multiplication, we obtain the elementary con- 
junction u;, whose factors enter into all minimal terms covering the vector 
a1. This follows from the definition of obligatory literal x; (a variable or its 
inversion), put into correspondence with the obligatory value of the vector 
~ I 
Qı. 

Those values of these variables in the vector 


& = ài ^ ay’, (2) 


where A is the sign of logical multiplication, whose components are ex- 
tracted by the unit values of the vector o;' will correspond to an obligatory 
variable of the elementary conjunction w,. 

By definition of obligatory values of the variables, if for any vector 
B; (j = 1, 2, ..., q2) the relation 


& ^; GO at’ = 0 (3) 


holds, then the elementary conjunction 1, composed of the variables cor- 
responding to their obligatory values in the vector a’ and taking on the 
values 1 in the vector a’, is a minimal term of the kernel. 


Theorem 1. In order that the elementary conjunction u; € F;, com- 
posed of obligatory literals (variables and their inversions), be a minimal 
term of the kernel, it is necessary and sufficient that the relation U.F) = 0 
hold, where Fo is the logical sum of the constituents on which the function 
takes on the value 0. 


Necessity. Let U,F, = 0. Let the factors of U; be the obligatory vari- 
ables, and let the conjunction U; be computed for the vector &; on which 
Fi(à;) = 1. We denote by the symbol U; the conjunction obtained by re- 
moval from U; of at least one arbitrary literal x, contained in it. We as- 
sume that U;F, = 0. This last contradicts the assumption that x, is obliga- 
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tory, since removal of any factor from U; signifies complete coincidence of 
the values of the variables in U;' in the vectors à; and 8; (7 = 1, 2, ..., q2) 
on which F (&:) = 1 and F(B;) = 0, respectively. By definition it follows 
that the conjunction U; is a minimal term. This proves necessity. 


SUFFICIENCY. Let the minimal term U; contain only obligatory vari- 
ables, corresponding to their obligatory values in the vector à; on which 
F,(a@;) = 1, and let there exist, aside from U;, a minimal term U;’ also 
covering this vector &;. By virtue of the definition of obligatory literals the 
minimal term U;' must then contain (at least) those literals that are factors 
of U;. This means that the minimal terms U,’ and U; coincide completely. 
In fact, let us assume the contrary; then U,’ absorbs U;, and this contra- 
diets the assumption that the conjunction U,’ is a minimal term. Conse- 
quently, the conjunction U; is the unique minimal term covering the 
vector &;. Hence U; enters into every particular mdnf covering the vectors 
of the set My,. Consequently, U; is a minimal term of the kernel. 

Let the minimal term of the kernel U, be computed from & € Mr, and 
Bc Mp, We tag in Mr, those vectors à; (m = 1,2, ..., qı) for which the 
relation ài ^ &, ® & = 0 holds. From the remaining untagged vectors 
a € My, we form the set Mp, and repeat the above procedure. 

If a minimal term is not found from a and Mr, we take the vector a» 
from M 5, (M*,) and repeat the above process. It is obvious that the entire 
kernel is found by repetition of the process as long as there remains in 
Mr,CME,CME, (, ..., (ME) +++) at least one vector à, (t< m) for which 
a minimal term of the kernel has not yet been computed, and in Mr, there 
will be tagged all the vectors à covered by it. If all the vectors & € Mr, are 
tagged, then the process of formation of the particular mdnf has terminated. 

If untagged vectors & exist in Mr, they are segregated in the set M s 

To compute the partieular mdnf from the vectors y € M r, and B € Mg, 
we find the sets of all obligatory values of the variables encountered in the 
vectors y. 

The sets Mı and Mı of all variables taking on the values 1 and 0 in the 
vectors 7 are defined as follows: 


qi’ M 21' 
Mı = U ĝ,, M=U% 1, 


i=1 i=1 


respectively, where ‘1 is the sign of inversion and mj’ € qı. The sets M; and 
M» are computed from the obligatory values of the variables of the vectors 
y, defined by Eq. (1), i.e., 


q1'' qi’’ 
M: = U FiA Ý, M= Ufi AFi, 


t=1 i=1 
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where gi’ < qi’ and y; = Via yj. The set of nonobligatory variables 
taking on the values 1 and 0 are defined from the relations 


Ms = M,\M,, M; = M \M., 


respectively, where Mi, M», M; are sets of variables taking on the value 0. 

The following cases can arise naturally: (1) M; or M; is nonempty, (2) 
M; = 0 and M; = 0. 

Let us consider the first case. It is obvious that the nonobligatory values 
of the variables can be successively removed (where the order determines 
the variant of the solution) from all vectors y € M^, if such values for 
any of the variables are encountered simultaneously for all vectors 7 € M5, 
since the condition Mr, n Mr, = 0 continues to hold. 

Let the values of the variables x,,, ..., 24, ..., Xs,, for example, be simul- 
taneously nonobligatory over all vectors y € Mr}. Then, crossing off the 
values, for example, of the variable z., in the vectors and 8 € Mp, it is 
easy to compute the values of the variables entering into the minimal 
terms. If after the values of the variable z,, have been crossed off no mini- 
mal terms are found, zs, is crossed off, etc. Assume that minimal terms are 
found after the values of z,, have been crossed off. We shall show that the 
minimal terms thus caleulated belong in fact to a particular mdnf, and 
only to it. 

In effect, at the first step after crossing off the values of the variable 
£s; in the vectors ý and 8, it is possible, from the vectors of the sets M Pis 
and Mr, obtained by this, and using Eqs. (1)-(3), to calculate only 
such minimal terms as appear in the kernel of a function independent of 
the s,th variable. 

Since 


Mr, = Mr Mfr, 

where M p, 18 the set of vectors & covered by the minimal terms of the 
kernel, then in M F 1,40, it is possible to find at least one vector 7 that is 
characteristic. We assume that such a vector exists and let the minimal 
term «i be calculated from it and the set Mr, By virtue of Theorem 1, «i 
cannot cover the singular vectors in M Fie Similar considerations can be given 
for the second, third, etc., steps in the calculation of the particular mdnf. 

Let us consider the kth step (k < 2n). Each step corresponds to the 
crossing off of the values of a nonobligatory variable, different from the 
previous crossed-off variables. 

Let the nonobligatory variable x, be selected at the kth step, and let the 


5 We call the vector y characteristic if a minimal term was calculated by Eqs. (1)-(3) 
from this vector and the vectors B c M Fo: 
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remaining nontagged vectors 7 and ĝ be united in the sets M ES and M ro. 
If from the vectors of the sets M 3. and Mrz, minimal terms are cal- 
culated that cover all the vectors y € M an the process of calculating the 
mdnf terminates. Otherwise we pass to the k + 1st step. 

We shall show that the singular vectors, covered by the minimal terms 
calculated at the rth step, |r « k|, cannot cover the minimal terms calculated 
at the kth step. Let the minimal term x, calculated at the kth step, cover 
the set y, (the converse cannot hold by construction of M P1) , covered by 
the minimal term ¢,, calculated at the rth step. This means that ¢; either 
contains variables whose values were crossed off in the vector y,, which 
contradicts the assumption about the simultaneous crossing off of the 
values of the same variables in the vectors 7, and y, (the vector from which 
the minimal term e, was determined), or y, contains exactly the same vari- 
ables as y,, which is impossible by construction of the set M en and 
Theorem 1. This signifies that all the calculated minimal terms enter into 
the particular mdnf, Q.E.D. 


Let us assume that in the vectors 7 € Mr, the values of a nonobligatory 
variable, equal only to one or only to zero, are crossed off, and let us show 
that in this case the minimal terms calculated from these vectors also enter 
into the particular mdnf. 

Let the values of the variable x, (2,), equal only to one or to zero, be 
crossed off in the vectors y € M P. We denote the set of vectors 7 in which 
the variable Z, (z,) takes on the value zero (unity) by Mr,.5,G». None of 
the minimal terms containing f, (£s) can cover vectors in Mr,,;(;,;, since 
in the latter x, (2,) takes on a value equal to unity (zero). The case in which 
43, (£) does not enter into minimal terms calculated from the vectors 
M rp,,z,(4,; reduces to the assumption that all values of x, (2,) equal to both 
unity and to zero are crossed off simultaneously from the vectors 7 € Ms, 
i.e., to the case that has been considered above. 

This case is easily generalized for several variables £i, r4, ..., Zi, since 
the values of these variables remain crossed off in the vectors 7 € Mr, 
during the time for calculating one particular mdnf. 

Obviously, to obtain the various particular mdnf it is necessary to 
enumerate all possible variants of crossing off of the variables. Of the par- 
ticular mdnf obtained, those are chosen that yield minimal cost of realiza- 
tion. 

Practically, in the presence of complex Boolean functions (i.e., for which 
it is necessary to enumerate a large number of variants to find the smallest 
cost of realization) the enumeration can be limited, on the basis of the real 
expenditure of manual or machine time for examining several variants. 

Let us consider the case in which, as mentioned, M; = 0 and M; = 0. 
'This ease reduces to the case considered above. For this it is necessary to 
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write out from Mp, those vectors 7 that contain obligatory values of, let 
us say, the variable z,. Let the set of such vectors be M ,,. If in this the non- 
obligatory values of any of the variables £a, ..., Lisiy 24,5 ..., Lin» EN- 
countered simultaneously in all vectors y € M,, are absent, then we find 
in M,, vectors containing obligatory values of the variable x, and form the 
subset of vectors M,,,2,, ete. In Mz, .2,,...,2, the nonobligatory values of the 
variables (zi, ..., n}\{%e, Lr, ..., X,} certainly appear, since otherwise 
all the values of the variables 1, ..., x, will be obligatory in all vectors 
y € M... This contradicts the hypothesis that in Mr, and, there- 
fore, in M,, \«,,...,2, there appear residues obtained from Mp, after tagging in 
it the vectors covered by the kernel. Determining the particular mdnf 
from the distinguished subset of vectors M., and the vectors Mr, we tag 
in Mr, all the vectors covered by it. 

All the vectors remaining untagged after this, marked by the symbol 
Me., will contain simultaneously nonobligatory values of the variable zs. 

Crossing off the nonobligatory values of this variable from all vectors 
y € Mr, and € M Fo, We continue the calculation of the particular mdnf 
up to complete coverage of the vectors of the initial set Mr,, using the 
method described. The vectors in M,, cannot be covered by the minimal 
terms obtained from the vectors of the sets M, since in the latter, first 
the nonobligatory values of the variable have been erossed off and, second, 
all the vectors of the subset M., contain obligatory values of z,. For proof 
it is sufficient to assume the contrary. Then the minimal terms calculated 
from the vectors M, must also contain the variable x,, since its values are 
obligatory in the vectors M,,, which contradicts the hypothesis about cross- 
ing off the values of this variable from the vectors Mr.. 

Turning now to machine execution, we shall describe the method in 
LYaPAS. Here we first present a series of subroutines of the general 
L-program, realizing the method of calculating the particular mdnf. The 
L-program is represented in the form of an external program, but it is 
easily presented in the form of a subroutine. 

Let the vectors of the sets Mr, and Mr, be represented by the elements 
of the sets A = {ao, ai, ..., @q-1} and B = (bs, by, ..., 6,1], respectively, 
where there exist sets D = (do, di, ..., das} and {x} = (zy 2s, ..., In}, 
where x; is a Boolean variable. 

To denote the sense of the operands we introduce a matrix of binary 
relations among the elements of the two sets A and B. We define a set C 
in the following manner: r; = (a; U 5j)N(a;n bj) for j = 0,1, ++., q — 1. 

We define only those r; for which c; = r;N D = rj. The elements of the 
single-row matrix are defined from the relation 


a::|| {C} > X |l. 
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The elements in the complexes A and B are defined by the relations 


A::||A 35 X |l, 
B::|| B 5» X ||. 


In the LYaPAS subroutines and the external program for finding the 
particular mdnf, described below, the variable 7 corresponds to the obliga- 
tory values of the variables of the set {x} in the vector à; € Mr, ora € A, 
and is defined by the relations 


Eis a,na, 


j::|] (€*j > X |]. 


Denoting the set of all zero and zero obligatory values of the variables 
{x} by A* and B*, and the sets of all unit and all obligatory unit values of 
the variables {x} by A** and B**, respectively, we define the variables 
n, g, and k, p in the following way: 


n~g::|| (C***] 5 x ||, 
po kl (Cj 2 zl, 
where 
C** = A*\B*; 
QE = A**\ pe 


The remaining operators will be introduced into the program by virtue 
of the need for storage or processing of information, but either their purpose 
or sense will easily be seen directly from the programs or they will be 
analogous to operands defined by matrices of binary operations. 

In the subroutine represented by the operator deker, determination of the 
kernel, or the minimal terms entering into a particular mdnf, the sets A 
and B are represented by the complexes a and 8. The set {A*} of all zero 
values of the variables {x} is defined by the variable y, the set {A**} of all 
unit values of the variable {x} by the variable ô. The set {B**} of obligatory 
unit values of the variables {x} is given by the variable £, and {B*} by ¢. 
The set of nonobligatory unit values of the variables {x} is given by the 
variable 7 and zero by 9. The number of literals in the minimal term ¢ is 
defined by the variable x. The set of obligatory values of the variables for 
which the subsets A and B are found is given by the variable \. The number 
of cases of distinction of variables corresponds to the variable u, and the 
number of cases of distinction of subsets A and B corresponds to the index 
v. The presence of the variable z;, b {x}, ete., corresponds to the unit value 
in the index zt. The remaining variables in the operator deker denote exits 
from the subroutine to the external program. 
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The result of the operation of the subroutine is printed. 


$0 
$81 


$2 


83 
$4 


$5 


$6 
$7 
$10 


S11 


$12 
$13 


deker ak, BK, y1, ÔN, ert, ÇH, qn, dn, «rt, Art, un, vit, £u, TY, pr, on (S, J1) 


160 347 13 (ya) 


Ocovyoóoecoto»ot£ 

A c OQ b, 0 13 o abg 0 necs A a 
l2106 

AbGbgo-3p^a,—co l V æ 
^ B V c7» € O a |— @ & | 2c 
OQo,Va-5a-2 

po o5oa^uGQullob 

Ab ® bg o— 51 A ae> ct 1 V a, 


A bB V Cc—C€ O a, |— © e — 4c 
Qaoa,Va-a-—4 


Afi O> ba. > SVó-—60SQnVvwy 
= ys AaVvVeseS lAave 
=>¢—> 1 


ao—lob 
A b 6 bg 0108,00, ^ a|l5 71 
a/^o.—jaV -komc—xoa 


Aa G0 b,012a0, A a @ j| llc; 
V Qa — Qa — ll 


j*'a* A^v1 


Detection of the obliga- 
tory values of the vari- 
ables from complexes o 


and 68 


Detection of the obliga- 
tory values of the vari- 
ables from «a and 8, 
taking into account 7 
and 3 


Detection of the values 
of all the variables (in- 
cluding obligatory 
values) to determine 
the nonobligatory 
values of the variables 


Test whether a among 
the obligatory values 
of the variables {x} is 
contained in 8 or not 


Tagging covered vectors 


Printing and counting 
the number of such 
cases 


retab. Reduce the table after removal from the complex a of its 
elements covered by the minimal terms of the kernel. 


retab ak, Bu, yu, 6 (—, b) 
161 542 


oaob 


$1 Aa GO b, 02e ^ aa | lo, — oy AA b 1 


$22 B*y*bo62kb. 
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comtab. Compress the table after removal from the complex a of the 
elements covered by the minimal terms in the partial mdnf. 


comtab ak (—, b) 
162 42 2 


oaob 
$81 Aa®@® be 0 267 ^ a, laa a /A b 1 
$2 


eratag. Erase tags y of the elements in œ covered by the minimal 
terms appearing in the particular mdnf. 


eratag ak ( —, a) 

163 332 

Oa 
$81 A^AaGQb,o—2c; 1 A aaa 1 
§2 


denonvar. Detect the nonobligatory values of the variables {x} for 
the condition that the cardinality of the sets of all values of the variables 
is greater than the cardinality of the set of obligatory values of the vari- 
ables x. 
denonvar om, YH, ôn, er, (0, nu, du, «4 (b, b) 
164 102 4 (yab) 


OaOde 
Sl alAy@63a X2aVC>a0v—-K 
$2 e | Av@nNa=b X3be V C, «ek 
$38 e lI Ay On—b X 4be V CÓ. — ex 
$4 


denonel. Determine the subset Mr, of nontagged elements of the 
complex a when the subset of nonobligatory variables is empty. 


denonel om, 8n, yu, ôn, er, (H, nB, 4, £n/a, a/ 
165 522 


OfOL Oy .~ 
Sl. aVBANAESEK2ZACS nA V y—Yy-—5-—e—Ó0 


§2 


Below we give the external program of the method for calculating the 
particular mdnf from prescribed sets of elements of the complexes A and B. 
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External Program. 


$0 
$81 


82 


§3 
§4 
§5 
86 
§7 
$10 
$11 
$12 
$13 
$14 
$15 
$16 
$17 
$20 


$21 
$22 
823 
$24 


The complete LYaPAS program contains about 36 sentences. The method 
makes it possible to calculate one particular mdnf for 20-30 variables in 
several minutes for weakly defined functions with number of vectors for 


odoa 


Ad@®ho-2omoqosohojoqokouolok 


o na | 7. 


deker ABbdefgkmqsegnp 25//g o— 4q > 13 © a o cd | 5e 03 


retab ÀAmd24/ / 
b=coe->l 
A ks — i o> 15 >s > usq +i > zp > m= g— 2 
e|\> 64 > q > 2 
comtab Ab//b o— 10 > bos > 74 q — 2 
g—hk-5jp—kn-gosceq-2 
o em *d*m — a o lic — b, — 12 
m => ad > ic => bo 
eratag A// —1 
denonvar gdekbfq 14// 
s| 15g => nk =p 
oq—>2 
s > 22u > q > sk o— 22 
kEAqVgAq-— 2h> gj>k—2 


g£^qOGqAd-—pkAqGqAbVp-qo-2lq |z-j 


=> sp > kn > g —2 
0oz0s>q>up>hkn>gok-2 
denonel efqsuk (i+) 24// — 2 
a*i* 


which F (&) = 1 and F(a) = 0 up to 1000. 
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PENES 


AN ALGORITHM FOR OBTAINING FACTORED FORMS OF 
BOOLEAN FUNCTIONS 


V. P. Didenko and V. Sh. Okudzhava 


The method of detecting obligatory literals (variables or their negations) 
was widely used in [1 ] to find particular minimal disjunctive (conjunctive) 
normal forms (md(c)nf). We shall introduce the following definitions. A 
conjunction (disjunction) is elementary if it does not contain repeated 
literals and also literals corresponding simultaneously to a variable and its 
inversion. 

The literal z;(2;), (i = 1,2, ..., n) of the elementary conjunction (dis- 
junction) Uj, corresponding to the values of the variables in the vector a, 
is called obligatory if the values of only this variable distinguish the vec- 
tors à; (J = 1, ..., a) and B; (1 € j € qs?) on which F(a) = 1 and 
F(B;) = 0, respectively. 

An elementary conjunction U, (l = 1, ..., qı), composed of obligatory 
literals, is called insufficient! if and only if Ui- Fo Æ 0, where Fo is the logical 
sum of the constituents (the elementary conjunction (disjunctions) con- 
taining n literals each) on which the initial function takes on the value zero. 

The logical sum of insufficient conjunctions U; such that Va UF, = Fy 
and for which the relation 


p 
V UF: # Fi 
l=1 
p 3 
1 For conciseness we shall call it insufficient conjunction. 
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holds in the elimination of an arbitrary U; (j,1 = 1, ..., p) is called a 
contradictory particular mdnf, where the notation 


p 

V U, 

lal, 
IA) 

signifies that the logical sum is taken over all | except l = J, and F is the 

logical sum of the constituents on which the initial function takes on the 

value unity. 

The logical sum of insufficient conjunctions U,, such that 


21 
V U,FizF, 


m=1 


is called an insufficiently contradictory particular mdnf. For V 1 Um the 
relations 


Pl P1 
V UAL =F’, PAF! and V U,Fy/ zx Fi 
m=1 m=1 


myéj 


hold. We denote by the symbols M; and M, the set of constituents on which 
f(at1, ..., £n) takes on the values one and zero, respectively. 

If the elementary conjunction U, implies a logical sum of constituents of 
which not one does not belong to the set M. o, and if after crossing off from 
U, of any single literal the U;' obtained implies at least one constituent 
entering into the set Mo, then U; is a minimal term. If U; consists of obliga- 
tory literals and U;F, = 0, then, as shown in [1], the elementary con- 
junction U; is a minimal term of the kernel, i.e., enters into every particular 
mdnf of the initial function f(a, ..., £n). 

The method described in [1] for determining the minimal terms of the 
kernel and the obligatory literals makes it possible to formulate an algo- 
rithm for obtaining an irredundant factored form of a Boolean function. 

This problem has also been considered by Gavrilov in [2]. However, to 
form the factored forms in [2] a method of partial inversion of constituents 
on which the function F takes on the value zero was used. 

The literals factored outside the parentheses were not taken as obliga-. 
tory, but were the literals having the largest number of occurrences in the 
constituents corresponding to the working states of the output of a switching 
circuit. This sometimes leads to the possible appearance in factored forms 
of redundant literals or conjunctions 

Factored forms obtained by means of the method described below are 
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free of this defect. They may be represented in the form of the first two 
types of contact trees considered in [3]. However, in contradistinction to 
these, the condition is not required that each network between the input 
nodes of the zth level of the tree and the corresponding output nodes of the 
i + 1st level must include only a single contact. These types of tree [3] 
have the most extensive practical application. 

Let us assume that the function F is given by the vectors à; (l = 1, 
2,..., 91) and 8; (j = 1, ..., q2) on which they take the values F(a) = 1 
and F(8;) = 0. We denote the set of vectors à; and 8; by Mi and Mo, 
respectively. 

The algorithm for finding factored forms of a Boolean function contains 
the following basic parts: 


(1) finding from Mı and Mo the kernel and all the inessential con- 
junctions, 

(2) absorption of the minimal terms of the kernel by the insufficient 
conjunctions, 

(3) finding the contradictory or insufficiently contradictory partieular 
mdnf, and 

(4) formation of a factored form of the Boolean function. 


Let us consider the first part of the algorithm. From the set M; we take 
the first vector in order. Let this be the vector a. 

We first add modulo 2 the components of the vector & with the com- 
ponents of the vector 6: € Mo, then the components of & with the com- 
ponents of the vector B» € Mo, etc.; i.e., 


& OB = 4' (j=1,...,). 


We denote the vectors of the form 4&;’, containing one and only one com- 
ponent of unity, by a,’. 

We determine the vector ài' from the relation à = Vi &,’, where 
q< n. We write down à; and a’. We tag the unit values of the components 
of vector àj' with those corresponding components of the vector & that are 
obligatory; in other words, o; is the code of the obligatory values of the 
variables of the vector à;. Putting an obligatory literal into correspondence 
with each obligatory value of the variable (0 — #;and 1 — z;) in the vector 
à;, and forming from them the product, we determine the elementary con- 
junction Ui. If U,F, = 0, then Ui is a minimal term of the kernel. If 
UF. Æ 0, then U; is an insufficient conjunction. We write down dy’ as an 
element of the set M: and associate it with the element à; of the set Mi. 
If the vector a’ is such that a minimal term U, is determined from its 
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components and from the vector a, then in M; we tag a’ in some manner. © 
Otherwise (when an insufficient conjunction U; is determined from a@ and 
ã') we leave a&' untagged. 

In the set M; we take the second vector. Let it be the vector &. We 
repeat the above procedure for the vector à». Then we take a third vector 
in the set M;, ete., until all vectors in M, have been taken. 

Now let us pass to a description of the second part of the algorithm. We 
small call a vector & on which there is at least one value of a variable that 
is obligatory for the given vector a characteristic vector of the insufficient 
conjunction U; or a minimal term of the kernel g;. 

We write down the minimal terms of the kernel and the insufficient con- 
junctions in the form fı = V5. e; and fe = Via U;, where e; is a minimal 
term of the kernel and U; is an insufficient conjunction. Obviously, k + t < 
qm. We form from fı and f; the logical sum: 


k t 
fi V fe xz V ei V V U;. 

i=] j=l 
Let us introduce a definition. We say that the vector à; is covered by the 
minimal term of the kernel e; or by insufficient conjunction U; if the values 
of the variables in the vector à; coincide with the values of the variables 
occurring in e; or U;. 

After all U; have been found, a test is performed to see whether all except 

the characteristic vectors in M; are covered by insufficient conjunctions. 
At this stage two cases are possible. 


(1) Vi U; covers all vectors M 1 € Mi, where M' is the set of vectors 
Mı except for the characteristic vectors of the kernel. 
(2) Vi U; does not cover all vectors in M i. 


In the first case the minimal terms of the kernel absorbed by the insuffi- 
cient conjunctions in Vii U; are removed from Vie; The remaining 
nonabsorbed minimal terms of the kernel V, e; cover in the general case 
a portion of the vectors in Mi. The noncovered vectors in M; are denoted 
by the symbol M''. Passage to the third part of the algorithm then takes 
place. 

In the second case the set M? is formed from the noncovered vectors in 
Mı’. The values of an arbitrary variable? x; (i = 1, 2, ..., n) are crossed 


2 By crossing off of the values of a nonobligatory variable z; in the vectors & and ĝ 
we shall understand the reduction of these vectors to a form in which the ith components 
a; and 8; in the vectors à; qnd ĝ; are identically equal, i.e., as = fi. 
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off from the vectors à € M and B € Mo. Further we apply to the vectors 
of the sets M: and Mo the first and second parts of the algorithm until 
passage is realized to the above first case of coverage of the vectors in Mi. 
Since crossing off is carried out fairly arbitrarily, the result of crossing off 
the values of the nonobligatory variables in all vectors à € My, B € My 
and applying the first part of the algorithm to these vectors will not be 
the obtaining of the minimal terms of the kernel, but the minimal terms of 
a pseudokernel, i.e., a kernel depending on a smaller number of variables 
than n. The obligatory literals obtained in this will be called pseudo- 
obligatory. Since the minimal terms of the kernel and the pseudokernel, as 
well as the insufficient conjunctions and the pseudoinsufficient conjunctions 
are united into a single set, they become indistinguishable with respect to 
the qualification “pseudo.” This means that all the insufficient conjunctions 
and minimal terms obtained in the second case enter into Vi-1 e; and 
V i-i U;. Therefore the second case reduces completely to the first. In the 
third part of the algorithm a contradictory mdnf is determined from 
V ii U;. For this the following method? is applied. In V i-i U; we take Ui, 
and in M!' those & that are found to be covered by U; are tagged. If 
Vizi U; covers Ui, then U; is excluded from V ji U;. If it does not cover, 
then U, is written down in the contradictory particular mdnf fı. 
This procedure is continued until fı is obtained. Let 


fi = V U,, th X t. 


We now pass to a description of the fourth and last part of the algorithm. 

Consider the minimal terms of the kernel. If there exists a kernel V 24 ei, 
then it is printed out. We take in fı the first insufficient conjunction U1. 
We take in M} and M, those vectors that are covered by the insufficient 
conjunction U;. We denote these vectors by the symbols Mi" and Mo", 
i.e., we tag these vectors in some way in the sets Mı and Mo. 

At this time the insufficient conjunction Uj is listed, and then an opening 
parenthesis. Further, the four parts of the algorithm are again applied to 
the vectors of the sets M}! and M3", as a result of which the sets Mi^ and 
M}? are obtained, and so on until from the sets Mi", Mi" (r < n) only 
minimal terms of the kernel or pseudokernel will be obtained. Then the 
latter are printed out, and directly behind them a closing parenthesis. 
Since in Mi", Mi" all vectors & are covered by the minimal terms that 


3 This method corresponds to a large number of operations, but the working storage 
is substantially reduced in computer automation of the method. 
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have been found, passage is effected to the vectors of the sets M17, Mi", 
for which the above procedure is carried out, and so on until all vectors in 
the set M1" are covered. Further, from Vito U; the insufficient conjunction 
U2 is taken. From this conjunction in MIMMI" are extracted the sets M?! 
and Mo" of vectors & and B, respectively. To the vectors M?" and M?" is 
applied exactly the same process that was used to determine the irredundant 
factored form for the vectors M}! and Mi". This proeess for obtaining 
factored forms is continued until the subsets M}! and Mí! are obtained 
from the insufficient conjunction U, and the untagged vectors in M; and M». 
With the factored form of the function taking on the value 1 on the vectors 
of the set Mj", the process of formation of the factored representation of 
the initial function F, taking on the value 1 on the vectors à € My, ter- 
minates. As a result the factored expression of the initial function F, will 
have the form 


F = Fy, V ULV ov UVV o V UT[V of Vee 
V Uy" (Vv e1)*::]) b AR d Un lv e V Uaf V eu 
V UalV es Vere V UR (V eq): 


where F, is the sum of minimal terms of the kernel; V g; (i = 1,2, ...,&), 
j = 0,1, ...,m: (l= 1,...,v),m, < nis the logical sum of minimal terms 
of the kernel or pseudokernel; and U ; (i = 1,2, .. -»4),(j7 = 0,1,..., mı), 
l = 1,2, ...,v are insufficient conjunctions. 


The proof of irredundancy of the obtained factored form of representa- 
tion of the initial function follows from the rules of construction of the fac- 
tored form themselves, namely, the utilization of the pseudokernel in each 
stage of the progress of determination of the kernel, and the search for 
insufficient conjunctions with formation from them of insufficient contra- 
dictory particular mdnf. Thus, as can be seen from the procedure for 
construction of the factored form, on the one hand, it is Impossible to 
eliminate a single term from F,, and on the other, it is impossible to elim- 
inate a single literal from e; or U;? without the expression F, becoming 
contradictory. This proves the irredundancy of the expression F, obtained. 

We shall present the algorithm in LYaPAS [4]. One operator corre- 
sponds to each part of the algorithm: deob (determination of obligatory 
literals), abker (removal of absorbed minimal terms of the kernel), zrcov 
(obtaining an irredundant coverage), synthesis. 

The result of application of the operator deob to a Boolean function is the 
vector of all conjunctions consisting of obligatory literals (insufficient con- 
junctions and minimal terms of the kernel). The initial function is given 
by the list of vectors à € M; and & € Mo, represented by the 15 leftmost 
components (from 0-14, inclusive) of complexes a and 8. The operator is 
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applied successively to the subsets Mi” and Mí" (1 <7< t), which are 
defined by columns of tags (for which 15 components of complexes a and £, 
from 15-29, inclusive, are reserved) and the variable ô. Mi" and Mj’ 
consist of those elements of the complexes « and 6 for which a!*** = 1, 
85t = 1, 64+" = 1, and the remaining components are equal to zero. 

The variable e determines the set of variables on which the function 
depends (the function depends on the variable x;,0 < ; < n — life! = 1). 

The variable ¢ (1’s in the components from 0-14, inclusive) serves to 
extract the sets of values of the variables and the conjunctions of obligatory 
literals. The conjunctions of obligatory literals are defined by the pair of 
elements a;, y; with the same value of the index, where o; is a characteristic 
vector and vy; the code of a conjunction of obligatory literals. For example, 
the conjunction iix; corresponds to the pair of elements a; = 00 11 01 10 
and y; — 10 10 00 00. 


deob a +, 6K +, y& +, ôn +, en +, £n + (b, 5) 
75 242 7 


O b 
$1 Ab GO b, o Tan ^ O—> lege V C37 Finding obligatory literals 
>aa \a\>-1loa 


§2 Aa ® bg 0 38, ^ 6 O— 2% O Ba A e 
=> a |— 6 & |> 2a V «v2 


83 wACo-loanAt>b Determining minimal 
terms of the kernel 
$4 Aa OQ bg 0— 68, ^ 6 04a, O Ba ^A b 
l40a 


$5 Aa@®bse om laa A 6 05a, Qo; ^b Cover M; by insufficient 
I 5ya V C37 => Ya > 5 conjunctions 


$6 Yo V Css = — 1 


§7 


The operator abker removes from the set represented by the complexes 
a and 6 those minimal terms of the kernel and the pseudokernel that are 
absorbed by insufficient conjunctions. The initial data and the result are 
written similarly to the operator deob. The complex « represents the set of 
vectors of the values of the variables M;, and the complex 6, the set of codes 
of conjunctions of obligatory literals. On removal of the absorbed minimal 
terms of the kernel, the corresponding codes of the conjunctions are erased. 
The variable y corresponds to the variable £ in the operator deob. 
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abker ak, BK, yu + (b, b) 


76 1313 
O b 
$821 Ab® be O— 3a A Cs O18; Ay l=a5a Test minimal terms 
$2 Aa € b, 0 lo, ^ € O— 2o, A Css |— 28. of the kernel for 
A Y= daa ® aw VaA^b|52y |! ^ fi absorption 


= fs | A ab => œa — 1 


§3 


The result of applying the operator ?rcov to the set of insufficient con- 
junctions is a contradictory particular md(c)nf. The initial function and 
the set of insufficient conjunctions are given in the same way as in the 
operator deob. The complex a represents the set Mi, the complex 6, the set 
of codes of conjunctions of obligatory literals. The codes of the conjunc- 
tions that do not enter into the contradictory particular md (c) nf are erased 
in the complex £. The variable y (1’s in the 15 leftmost components) serves 
to extract vectors of values of the variables a and the codes of conjunctions 
from the complexes a and 8. The variable y extracts the subset M!” from 
Mi""~* (1 <j € t?), to which is applied in the given stage the operator 
ircov. The result is a conjunction of obligatory literals entering into the 
contradictory particular md (c) nf, represented as before by the complexes 
a and B. 


ircov ak, BK, ya +, ôn + (c, c) 
77 345 13 
Oc 
$31 Ac@® b, 0— 138, A y O16. A ex — l. Determination of the 
^Y-ay | Afg,—c.oa elements of the com- 
plex a covered by an 
insufficient conjunc- 
tion 
$22 ^AaQb,o- 13a, A 8 O— 2o, ^ C36 | 2o. 
O o, A a |> 2e; | ^ a, aa — 2 
$3 ob 
$44 Ab GO b, o— 120) ^ y O—> 4B A Cs 
I> 46, ^ y5^boaQc 


§5 Aa® be O—> Taq NÔ 05a, ^ €x | 5a Coverage of Mi by 
® aa A b |> 66; V a, a,—4 all insufficient con- 
junctions 
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$6 aa A 637 | 567 => > 5 

§7 cl—4 

$10 oa 

$11 Aa@® be OP lag ^ 6 OM llo, ^ Cae 
I llo, V 637 = a, — 11 

$12 8, Va 0, 10 

$813 . 


The operator synthesis lists the insufficient conjunctions, the minimal 
terms of the kernel, and the parentheses (opening and closing), and forms 
the new sets Mi"*! and Mj’"*'. The complexes a and 8 and the variables 
e and ¢ (corresponding to the variables ¢ and à of the operator deob) repre- 
sent the sets Mi" and Mj". The variable 7 takes on the value of the con- 
stant cs; if the factored form has been completely obtained. The value of the 
element ôs of complex ô represents the number of insufficient conjunctions 
that have already been printed from the given contradictory particular 
md(e)nf. The value of the index 9 represents the number r+ 1 (the 
r+ 1st level of the Boolean tree, corresponding to the factored form 
obtained). 

In printing conjunctions the code y; is first printed and then the corre- 
sponding characteristic vector a;. The constant c5; is printed for the opening 
parenthesis, the constant css for the closing. 


synthesis ak, BK, YK, 6K, en +, (rr, qm, du (c, c) 
100 433 16 
one > lsc 

8 540a 


$22 AaQbao-—G3y.^ C O—2vy, ^ €* Gq Print kernel 
^ec*—2 


§8 05-1091 Pass to new level 
4 Oaoa 


§5 AaQb,0-12y, A^ e OO by, A Coe Print insufficient con- 
I> 5a + 1 >a @ 45 | 5y, A e junction and opening 
= a * Qa ^e-bs*oceg*ó5 + 1 parenthesis 


— ðs Avoa 


$66 Aa@® be O—Taa ^C: O— 6a A C Obtain Mi^! 
I> 6b ® aa A a |> 6o, V c — aaa 
V => Ya 6 

87 Oa 
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$10 


$11 
$12 
$13 
$14 


§15 
$16 
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Aa; 0118, ^t 0108, € b Aa Obtain Mi" 
I> 108, V c = 8, — 10 


c—(— 16 Print closing parenthesis 


oóg0oaoboctf—cc«l 

=> (6s;* 015 AP 
AaQGb,o-14tf |l Ao, a, 13 
A b OG bg o—16£ | ^ Bs 8s — 14 


C37 — N 'Test end 


According to the algorithm the operators are connected by an external 
program. The 15 left components of the complexes A and B represent the 
sets Mı and Mo, respectively. The 16th component of complexes A and B 
has the value 1 for all elements. The values of all components of the com- 
plexes C and D are equal to zero. The cardinality of the complex D — 15 
(functions of not more than 15 variables are minimized). The results of the 
external program are listed. 


$0 
$1 
$2 
$9 
$4 


$5 
$6 


$7 
$10 


$11 
$12 


$13 
$14 


$15 


O fc> e 
d—gof-5 
f | 80 => f > 4 
{>l1=f 

g- 41> 8 


deob ABCegd// © des; V e; = i Find insufficient conjunc- 
A d ® bo O— Tc Ni V a. ada | N Ca tions 
=> C4 -> 6 


od Test function for coverage 


A d Q bo olla; ^e o 10a, ^ i 
I> 10 > 2 


abker ACd// o d Absorption of kernel 
A d G by O— 13a4 A CG O— 12ca V C36 
=> Ca — 12 


Oe Coverage of the set Mi* 
Ae @ bo o—> 16ee A €x O 14. A d 

—hod 
A d @® bo o 14a, ^ e o— 15a, © a 

^h|- 15¢37 1 A aa V C36 = aa > 15 
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$16 rcov ACde//synthesis ABC Ddeif/ /i 
® C37 O— 22 O e637 V C36 4 — gd “| 


ANg=>h 
$817 Ae @® b o> 20a A g = ae —> 17 Initialization of the com- 
$20 oe plex C and the com- 
$21 AeQGb,—1c^h-c,21 ponents of complex A 
$22 . reserved for tags 
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APPROXIMATE METHOD FOR OBTAINING MIN'MAL 
FACTORED FORMS OF A CERTAIN CLASS 


V. I. Ostrovski 


In problems connected with the synthesis of logical circuits it is generally 
useful to obtain a factored form of representation of the Boolean function 
to be realized, optimized according to given criteria. The circuit corre- 
sponding to the factored form of representation of the Boolean function 
can be substantially simpler than one corresponding to the function initially 
given (for example, in minimal disjunctive form). In particular, in the 
realization of a Boolean function by Zakrevskii’s method [1 ] it is necessary 
to find a factored form of the function in the form of the superposition of 
operators 


e = (a; V *** V ax) Bie? * Bs 


in the variable o; (variables of type 8 can be only the arguments of func- 
tions).! To each such operator there corresponds a diode quasielement in 
the circuit. The method of connecting quasielements is uniquely given by 
the concrete form of the superposition of operators, i.e., the factored form. 
Multistage diode circuits contain substantially fewer diodes than diode 
networks that perform the same function. To illustrate this, we present 
the example of two diode circuits that realize the same Boolean function. 


f = 2120375 V LiL; V CX34546 V X334 V X424 V T3122253. (1) 


1 In referring to factored forms we shall mean factored forms of this class only. 
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Fig. 1. 


Figure 1 shows a diode circuit corresponding to the disjunctive form (1) 
of the function. It contains 24 diodes.? The diode circuit corresponding to 
the factored form of representation of the same function 


f; = 2s (£12(x£3 V x4) V wste) V da(xa V £1) V avos, (2) 


is given in Fig. 2. It contains 18 diodes, i.e., six fewer than the circuit in 
Fig. 1.3 The number of diodes in the circuit depends on the corresponding 
scheme of the factored form representing the function. For example, if 
function (1) is represented in the form 


fr m 3 (Ls (Like V Te) V £4) V Tı (L28; V 14) V XYX»XaTs, 


the corresponding diode circuit will contain 20 diodes. In more complicated 
examples the difference can be more substantial. 

Thus, obtaining an optimal factored form is an essential stage in the 
synthesis of diode logical circuits. A natural criterion according to which 
one factored form is preferable to another can be the number of diodes in 


2 'Translator’s note: Of course, the critical reader will have observed that (1) is not 
in minimal form, and that the first conjunction is redundant. The diode network corre- 
sponding to the true mdnf contains only 19 diodes. 

3 Translator’s note: Correspondingly, the factored form corresponding to the true 
mdnf will have only 17 diodes, a difference of only two. Leaving aside. questions of the 
possible technological interest of the circuit of Fig. 2, the factored form may be in- 
teresting in its own right. 
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the corresponding network. This criterion can be substituted by a simpler 
one, corresponding approximately to it. We shall say that one factored 
form is more nearly optimal than another if it contains fewer symbols 
(variables and their inversions). A factored form of representation of a 
given Boolean function, then, will be called minimal if it contains a minimal 
number of symbols. 

In this chapter we describe an approximate method permitting a close- 
to-minimal factored form to be found for a Boolean function represented in 
disjunctive form. The possibility of minimization of the number of symbols 
is considered only through the application of the law Ax V Bx = (A V B)z. 

The problem is formulated in the following manner. Let there be given a 
certain Boolean function F (zı, ..., £n) in disjunctive form F = Va; 
It is required to find a minimal (or close-to-minimal) factored form of 
representation of the function F. 


x, 
ma 
Xy r 
xX, Xo 
» — 
! max r Xs 
X, X; Xe f 
| — 
X, r 
Xa Je 
: 
end r 
Ay, Ng. A Uo min 


Fig. 2. 


We denote the set of all conjunctions entering into the disjunctive form 
by A: 


A = {u,a ..., Am}. 


Two constraints are imposed on the set A without violation of the 
generality of the problem: 


(1) No pair of conjunctions belonging to A is connected by the relation 
of inclusion. Otherwise the conjunction containing the larger number of 
symbols can be excluded from the initial disjunctive form. This trans- 
formation simply leads to a reduction in the number of symbols in the 
corresponding factored form. 
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(2) It is assumed that the conjunctions of the set A do not contain a 
common multiplier. If one exists, it must be factored out and the problem 
of obtaining the minimal form is considered for the expression inside the 
parentheses. 


Each factored form of representation of the given function is put into 
correspondence with an ordered set W of subsets A; of the set A and the 
ordered set W” of variables x; (j = 1, ..., n) and their inversions, accord- 
ing to the following rule. A given subset A; belongs to W if and only if the 
factored form represented by the set W contains the union of conjunetions 
listed in the subset, enclosed in parentheses, with factoring out of one or 
several symbols (variables of their inversions). If k symbols are factored 
out, the corresponding subset enters k times into the set W. The ordered 
list of variables x; and their inversions, factored outside the parentheses, 
corresponding to the subsets A; belonging to the set W, forms a set W’. 
For example, the factored form (2) corresponding to the disjunction (1) 
can be represented by the sets 


W = { fa, az}, (a, Az}, (a, d», as}, (d, as] j, 
wW = (X1, Lo, Xs, Ta}, 


where 
01 = X1XoX3Ls, d = LiXL2XL4Xs, (Ag = X3X546, As = 334, Q5 = X144. 


Thus the sets W and W’ uniquely define a certain factored form of 
Boolean function given in disjunctive form, and the problem of finding an 
optimal factored form can be reduced to the problem of finding the sets 
representing this form. 

If subsets A; and A; enter into the set W, they must be related by one 
of the three following relations: 


Ø, 
A:N Ák = Ai, (3) 
Ax. 


This property follows directly from the fact that each conjunction appears 
in the set A only once. Below we shall say that two subsets A; and A; are in 
contradiction if condition (3) is not satisfied. 

Let us consider the set of subsets Y; of the set A. Each Y; contains two 
conjunctions of the set A, containing the symbol y;: 


ar € Vic (a, € A) ^ (yi € ax), Ust.d2359 c5 ay Diy eo eae 
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We denote by Wo the set of all Y; whose cardinalities are not less than 2. 
The ordered set of symbols y; (variables and their inversions) corresponding 
to the set Wy is denoted by Wo’. For example, for the function (1) sets Wo 
and Wọ’ have the following form: 


Wo = { (1, az}, (21, a3, as}, (ai, a2, az}, {asde}, {aaz}, {a4as} ? (4) 
Wo = (m, £3, 25, £1, 25, Z4]. 


If no two sets belonging to Wo are in a state of contradiction, the initial 
function F can be represented in factored form containing 2n — k symbols 
(where k is the number of variables that enter into the initial disjunctive 
form either only with the sign of inversion or only without it), where Wo 
and Wo are the sets corresponding to this factored form. Since in the given 
statement of the problem it is impossible to obtain a factored form not 
containing some one symbol occurring in the disjunctive form, the factored 
form corresponding to the sets Wo, Wo’ will be minimal. 

If certain of the Y ; belonging to the set Wo are in contradiction, there does 
not exist a factored form of the given class corresponding to the sets Wo 
and Wo. 

Let us define the operation C;* of section of the sets Wo and Wo’ as the 
operation consisting of the partitioning of the set Y; belonging to Wo, into 
two nonempty, nonoverlapping subsets Y * and Y NY s. *. At the same time 
the set Y; in Wo is replaced by those of the two newly obtained subsets Y # 
and Y M, * whose cardinalities are not less than 2. 

In the ordered set of symbols Wo’, that symbol which previously corre- 
sponded to the set Y'; is associated with each of the newly introduced sub- 
sets in the set Wo. Let us take the example of the sets Wi, Wi’; Wo, W’; 
and W;, W;', which can be obtained from the sets Wo, Wo’ (4) as a result of 
the section operations, which we denote by C2}, C2, C4): 

Wı = { (a1, az}, {a, as}, {a, a2, as}, { Qs, as}, { 4, az}, { 4, as} F 
Wy = (m, £3, 25, di, do, 24], 
Ws = { { 1, az}, (Q1, as}, {a 01, 02, as}, (a5, As}, { a1, As}, { Qa, as} F 
ic = [m, T3, Ts, T3, To, 14], 

= [la a2}, {a, Q3, aa}, fa, Qe, as}, (a, az}, (24, as} m 

= [m 25, Xs, Lo, d4]. 


The superposition of several section operations will be described by the 
set of sections. For example, the set of sections {C2!, C2, C41] transforms 
the sets Wo, Wo’ into the sets W4, W,': 


W, = { { a1, 05], far, a», as}, { a1, Az}, (04, as} * 
Wy = (x, Ts, T2, t4}. 


APPROXIMATE METHOD FOR MINIMAL FACTORED FORMS 287 


It can be shown that any factored form of a given function F can be 
represented by the corresponding sets W and W’, obtained from the sets 
Wo and W,' by means of a finite set of sections, where the number of 
symbols S in the factored form is equal to 


S=2n—k+c, 


and c is the cardinality of the set of sections 3 transforming Wo and Wo to 
W and W’. 

Thus the problem of obtaining the minimal factored form can be reduced 
to the following set-theoretical problem: Find the set of sections of minimal 
cardinality that transforms the set Wo to a certain set W free of contra- 
dictions. 

Let us consider this problem in greater detail. We shall be interested only 
in the transformation of the set Wo, since the transformation of the set Wo’ 
is trivial. Let two sets Y; and Y; (fic Wo; Y;c Wo) be in a state of 
contradiction, i.e., 


f:n Ê, = y, (y = Îi y = Ê, y =Ø). 


This contradiction can be liquidated by means of a single section of either 
the set Y; or the set Y; with respect to the boundary of the set y. Aside 
from this, the sets Y; and Y; can be removed from the state of contradiction 
by sectioning, and the set Y'; and the set Y ;, if these sections occur inside 
the set y, where each of them partitions the set y into two nonoverlapping 
subsets yı and y» (Yı U ys = y; vi ys = Ø). In this ease one contradiction 
is eliminated by two sections. Naturally, when only two sets in the set Wo 
are in contradiction, the more nearly optimal (from the viewpoint of the 
chosen criterion) way to liquidate the contradiction is to section one of the 
sets with respect to the boundary of their common part. However, in the 
general case it may be found that to liquidate an arbitrary contradiction it 
will be more nearly optimal to section both the mutually contradictory sets. 

The consideration of various methods of liquidating all contradictions 
among sets belonging to Wo leads in certain conventional section coordinates 
to a system of logical equations whose solution is the set of irredundant 
sets of sections bringing the sets belonging to We out of a state of contradic- 
tion. In the set of irredundant sets of sections it is possible by enumeration 
to obtain a set of section sets having minimal cardinality, and thereby to 
solve the problem defined. However, this method is connected with repeated 
computations, since the number of equations in the system and the mean 
number of symbols in each of the equations rapidly increases with the 
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number of variables on which the initial equation depends and the number 
of conjunctions in the given disjunctive form. 

The following method, intended for computer execution, is proposed for 
the approximate solution of the problem. 


(1) For the set Wo the set of distinct sections of the subsets Y; in Wo 
that take these subsets out of the state of contradiction is found. Only those 
sections are considered that pass over the boundary of the common part 
of two subsets in contradiction. 

(2) To each section is assigned a definite weight, equal to the number of 
contradictions the given section can eliminate. 

(3) A section having the maximum weight is obtained. In the result the 
set Wo is transformed to the set Wi. 

(4) The first three steps of the algorithm are repeated. The initial set 
is now Wi. 

(5) This process is repeated until a certain contradiction-free set W, is 
obtained. It is assumed that the set W, corresponds to a minimal (or close- 
to-minimal) factored form. 


A LYaPAS subroutine has been written for this algorithm, whieh per- 
forms the standard L-operator minpar. The initial Boolean function is 
given by the set A = (a, ..., a4] of conjunctions in its disjunctive form. 
Each conjunction a; is represented by an element of the complex a: 
a::|| A > X ||, where X = (m, ..., £n, £1, ..., Zn} is the set of variables 
and their inversions appearing in the initial disjunctive form of the function. 
The operator minpar is designed for a maximal cardinality of the sets A 
and X equal to 32. By priming certain operands of minpar this number ean 
be increased. 

If the minimal factored form contains the union of certain conjunctions 
within parentheses, all symbols appearing in each of the component con- 
junctions are factored outside the parentheses. Otherwise the factored form 
will not be minimal. From this it follows that to represent the minimal 
factored form it is possible to use one set U, obtained from W by the 
reduction of similar terms, in place of the two sets W and W’. The set U 
corresponding to the factored form synthesized by the operator minpar is 
represented by the complex 8: 8: :|| U > A ||. 

The complex y, equal in cardinality to the complex £, serves to represent 
intermediate results of the computation. The cardinalities of the complexes 
B and y are not fixed, since they depend on the concrete problem, and can 
substantially exceed the cardinality of the set U in the intermediate stages 
of the computation. 

The operator minpar uses the following L-operators as subroutines: 
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reduc. ‘The operator for reduction of a complex. 


The operator reduc forms a complex y from those elements of the com- 
plex a in which the number of bits having the value 1 is not less than 6 (8 is 
a natural constant). 


reduc ak +, 83, yK/—, b/ay/(ay) 
71452 


oaob 
$81 aa V —8 02a, yv AD 
$22 Aa—be o> 1b=>b,. 


carprel. The operator for finding the Cartesian product of a complex 
with its element, with elimination. 


The operator carprel forms a complex ô whose element ô; is equal to 


3. = oe if 8; © B; = B; and 8; © By B; 
i 0, if 8; © 8; = Bi or 8; © b; = 6; 


where 8; and 8; are elements of the complex 8, i € (0,1, ..., bs — 1}, 
7=%7, O =a. 


carprel ao, BK +, yu +, 6«??/(—, a) / (88) 
72 63 3 


O abg = b,?? 
$81 Aa® bs 0 36.08, — ôa € Ba 0 25, € B, | 1 
2 o&-1 
$3 


parmaxwe. The operator for finding a partition with maximal weight. 


The variable y is a binary vector defining a subset A of a certain set M 
whose cardinality is not greater than 32: y::|| (A] 2 M ||. Each nonzero 
element o; (i € (0, 1, ..., ba — 1}, 0(a:, M) C A) of the complex a defines 
a partitioning of the subset A: se A = (0(o;, M), AN (ai, M)].* A given 
partition of the subset A can be defined by several different elements of the 
complex o. We shall call the number of such elements the weight s of this 
partition. The operator parmaxwe finds the partition whose weight is 
maximal and greater than a certain quantity prescribed by the value of the 


* 6(a, M) is a subset of the set M where a :: ||(6(a, M)] > M ||. 
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variable à. If such a partition sep! A = (A1, As] with weight s > ô is found, 


the variables ô, e, t, and the index 7 take on the following values as a result 
of the functioning of the operator: 


s=6, eij] {Ai} 2 Ml, c£: {42} 3 Ml 1 8, 


where £ is the index, whose value is given together with the vector of values 
of the elements of the complex a and corresponds to the number of this 
vector. If the maximum weight of the partition defined by the complex « 
does not exceed the value of the variable ô, the values of the variables ô, e, ¢, 
and the index 7 remain unchanged after the operation. 


parmazwe ak +, 8u +, yn +, ôn +, en, £m, nu/(a, b) / (ayet) 
73 126 5 
Oa 

$1 o,051-25aab 

$22 Ab -— b,|— 4o; 0 2a, ® aa O 3% ® aa © y | 2 

$3 oaAa—>2 

$44 a—600-5a-—ó0a,—eQ0 y —5 (8m 

$55 Aa-—b,0- 1. 


The operator minpar in second-level LYaPAS is represented as follows: 


minpar (332, 71, 72, 73, 40) /ak +, BK?, yx??/ (d, d) / (BY) 
74 1213 (Bcd) 


transmat o / / 
$1 reduc 028// o c o b 
$2 carprel ^ Bcy//parmaxwe yc(8.)bcddd// A^ c — bg o— 2b o 3c 
$3  redsim BB//a * B *. 


Factored forms have been obtained for several Boolean functions by 
means of the operator minpar. Two examples follow. 


Example 1. The given Boolean function has the following form: 


f = XXX 3X40506 V X12191323516 V T1121314T6 V T1T213314276 V LiLoLz Late 
V UX 3LsL5Le V L1XoX3X¢. 


As a result of the operation a set U is obtained: 


U = (ias, as, as}, (21, As}, {120305} , { G4, Qe, ar}, { ae, ar} 5 
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corresponding to the factored form 


f; = se(XidoraXa V EiE3(Lo V Tsds)) V 2o(MiFs rete 
V X4(4it3t— V Li (L3ksH— V 23276) )). 


The synthesized factored form contains 25 symbols. The minimal factored 
form of the given function contains 24 symbols. 


Example 2. For the Boolean function 


f = UoE3X5X—e VL yUoEsTsE—y V daXoX6xe V XiX3X4X35326 V L1L2LsX5Xe 


the factored form 


fr = Le (Los (25 Va) V 4123 (£4; V Tats V £2) ) 
V da(fivore V Labs (HiX2 V alzi V 33))), 


is found, containing 23 symbols. The form found is minimal. 

The time for solution of the problems given in the examples is estimated 
at approximately 10* machine operations. In all the examples considered 
the synthesized factored form differed from the minimal by not more than 
three symbols. 
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REALIZATION OF BOOLEAN FUNCTIONS BY 
THRESHOLD ELEMENTS 


E. A. Butakov, S. V. Bykova, and V. A. Vorob'ev 


1. THE PROPERTIES OF THRESHOLD FUNCTIONS 


A threshold element is a device combining a linear summation network 
with n inputs and a discriminator. The role of the discriminator is to com- 
pare the weighted sum of input signals with a certain fixed level called the 
threshold. We shall assume that binary signals arrive at the inputs, de- 
scribed by the variables zo, zi, ** *, z4.1, taking on the values 0 and 1. The 
values of the binary output signal ean be associated with the values of a 


certain Boolean function f(X) = f(xo, tı, ..., Un-1) by the following rule 
[1, 2]: 
n—1 
f (Xo, Ti, sey TEn) = ] 2. Aiti — T > 0. (1) 
i=0 
The number a; (i = 0,1, ..., — 1) is the weight of the variable z;; T is 


the threshold, the basic characteristic of the discriminator. 


Definition. A Boolean function for which a representation in the 
form (1) exists with real weights and threshold is called a threshold func- 
tion. We shall term the system of coefficients ao, dı, ..., 04.1; T the realiza- 
tion of the threshold function or, simply, the realization. 

The fact that a Boolean function f(xo, zı, -*-, Zn) has a realization 
ao, Q1, ..., Ans; T will be denoted in the following way: 


Ff (Xo, 21, ***, 243) ~ [0s G1, ..., Gna; T] 
202 
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The class of all threshold functions depending essentially on n argu- 
ments will be denoted by R». 

As is well known, a Boolean function depending on » arguments can be 
considered as a function whose value is defined on a set of M vertices of 
the n-dimensional unit cube. We shall denote by 6 an arbitrary vertex of 
the n-dimensional cube independently of the value of f(X) at this vertex; 
we shall denote by o and 8 elements of the sets M; and Mo, respectively. 

We shall also term the vertices of the n-dimensional cube points. It is 
sometimes convenient to consider a point as the tip of a vector emerging 
from the origin of coordinates. It is obvious that the ith component of the 
vector is equal to 1 (0) if the coordinate x; of the point is equal to 1 (0). 
The point, the vertex, and the vector will be denoted by one of the three 
symbols o, 8, à, since it is always clear from the context what sense is given 
to the symbol. 

The expression (1), prescribing the operator of the threshold element, 
now takes on a clear geometrical interpretation. Namely, the equation 


n—l 


»» Qu — T = 0 (2) 
i—0 
is nothing else but the equation of a hyperplane in n-dimensional space, 
separating the set of unit vertices of the n-dimensional cube M, from the 
set of zero vertices Mo. Since (2) is linear with respect to Qi, the Boolean 
functions represented in form (1) are also called linearly separable func- 
tions [3, 4, 5]. 

In the presence of certain natural constraints a fairly broad class of 
physical devices may be considered as threshold elements [6, 7 ]. We shall 
list only the most widespread of them: multiwinding relays, magnetic 
cores with rectangular hysteresis loops, parametrons, tunnel diodes or 
transistors, combined with a resistive summation circuit. These last two 
types of element are very promising, since they permit very high switching 
speeds to be attained and, equally important, substantially increase the 
number of inputs compared to other types of element. In [8], for example, 
it is reported that in the laboratories of the General Electric Company a 
"hybrid" threshold device, a tunnel-diode-transistor combination, has 
been obtained with 51 inputs. 

Finally, as shown by the results of neurophysiological investigations [9], 
the functional properties of the neuron can be described by a threshold 
model. 


Definition. A Boolean function is called homogeneous if it can be 
represented in normal form in such a way that each variable enters into 
this form either only with inversion or only without. 
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Definition. A Boolean function, depending essentially on all of its 
arguments, is positive (negative) in the variable z; if it can be represented 
in normal form in such a way that the variable x; does not enter this form 
with (without) inversion. A function is called homogeneous with respect 
to some argument z; if it is either positive or negative with respect to this 
argument. 


Definition. A Boolean function is called positive (negative) if it is 
positive (negative) with respect to all its arguments. 


Theorem 1.1.! Every threshold function is homogeneous. 


The proof of this important theorem, giving one of the necessary con- 
ditions for realizability of a Boolean function by one threshold element, is 
given in [2, 3, 10]. 

Below the terms homogeneous, positive, and negative will be applied both 
to Boolean functions and to their normal forms. 


Lemma. The reduced disjunctive normal form of a homogeneous 
function is homogeneous. 


Proor: By definition, the homogeneous function F can be represented 
in a certain disjunctive normal form F; so that no variable enters into this 
form both with and without inversion. Consequently, in Fı the operation 
of merging is not possible, but the operation of absorption is, which yields 
the reduced form of the function F. This form is obviously homogeneous. 


Theorem 1.2. The reduced disjunctive normal form of a homogeneous 
function is minimal. 


In à somewhat different form, this theorem was given in [13 ]. 


Corollary. A homogeneous Boolean function has a unique minimal 
form. 


These results permit the formulation of a criterion for testing a Boolean 
function for homogeneity: To establish the homogeneity of a Boolean func- 
tion it is sufficient to find its reduced form. A function is positive in the 
variable x; if x; enters into the reduced form only without inversion, and 
negative if only with inversion. 

This method of testing for homogeneity has the advantage that it uses 
the well-known algorithms for minimization of Boolean functions (more 
precisely, for obtaining the reduced disjunctive normal form), which have 


1 See references [2, 3, 10—12]. 
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been programmed for computer. However, when it is necessary to conduct 
the calculations by hand, it is somewhat clumsy, even for a small number 
of variables. 
Below we describe a simple criterion for testing a Boolean function for 
homogeneity, using the matrix representation of Boolean functions [14-16 ]. 
The following theorem uses operators on the matrix representation de- 
scribed in [15 and 16]. 


Theorem 1.3. A function F(X) does not depend essentially on the 
variable x, if 


SF (X) = 0; (3) 
for S,°F(X) =Æ 0 the function is positive in z; if 


x; ^ [SPF(X)] A F(X) = 0, (4) 
fi ^ [ S?F(X)] ^ F(X) = 0; 


negative if 


t; ^ LSSF(X)] ^ F(X) z 0, (5) 
ti A[SSF(X)] A F(X) = 0; 


and not homogeneous if 


Li N [S9F(X)] A^ F(X) 7 0, (6) 
t; ^ [SSF(X)] ^ F(X) #0. 


To establish homogeneity of the function by this criterion it is sufficient 
in practice to construct its matrix representation. Conditions (3-6) are 
easily tested visually, since the matrix is symmetrical with respect to the 
z,-axis [14] if z; is an inessential variable, while positiveness or negative- 
ness of the function in z; leads to asymmetry of the matrix on one or the 
other side. The criterion is particularly effective in the manual solution 
of problems, and is easily generalized to the case of incompletely defined 
Boolean functions. In using the matrix representation of a Boolean func- 
tion for its representation in a computer, it is also possible to use Theorem 
1.3. The memory volume of modern computers permits functions to be 
represented in matrix form of up to 14-16 variables. Below is given a de- 
scription of an algorithm for determining the inessential variables and 
testing for homogeneity of functions in LYaPAS. 

The variable 8 represents the matrix form of representation of a Boolean 


? See reference [16]. 
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function; the number of variables is represented by the value of the index 
y; the result of the operator is represented by the variables à and e, so that 
the ith position of the code for 6 is equal to 1 if the function is independent 
of z; and the ith position of the code for e is equal to 1 if the function is 
negative in z; where ? = 0,1, ..., n — 1; o, an auxiliary exit terminal, 
corresponds to inhomogeneity of the function. 


homogeneity oa, 811 +, yu +, ôn, e/a, a/ (de) 
230 107 4 (Ba) 


oaoóoe 

Sl AaQGwvyo—48VaQ8—5a0—2A^8B Nea 038 ^ B ^d, 
In a > 1 

$22 ce, Vó6—1 

$8 ca Ve el 

§4 


A different method for testing a Boolean function for homogeneity is 
described in [17 ]. 

In the synthesis of a threshold element it is more convenient to operate 
with positive functions. Therefore below, if not otherwise stated, we shall 
consider positive functions. Any homogeneous function can be reduced to 
positive fairly easily. If the homogeneous function is given in dnf, to bring 
it to positive it is sufficient simply to drop the inversion signs. If the func- 
tion is given in matrix form, to bring it to a positive function it is necessary 
to subject its representation to the operator Sx*. The numbers of the unit 
components of the vector K coincide with the indexes of the variables in 
which the function is negative. In the operator posifun given below, 


a:i|| {M} »M|, [8] — K. 
posifun an, 811/ —, a 
232 232 
§1 6 X 2aa V a=>a— l 
§2 


After the realization of a positive function has been found, it is possible 
to determine from it the realization of the initial function, using the follow- 
ing feature, which is verified by direct substitution: if 


f(zo, 31, 5. Li, <- c} Dna) ~ [ao Gy 2+.) Qi, s+, Ona; T], 
then 


f (Xo, Tl; -3 Diy aani Z1) id [ do, Q1, ..., Qi, -- +, An; T — a; |. (7) 
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Let f(X) be a certain Boolean function, and let X = (zo, t1, ..., tn} 
be the set of its arguments; let A and B be two subsets of X, (ANB = @, 
AUBC X). 


We let 1 — A(0 — A) be the operation of assigning to all variables in - 
the set A the value 1 (0). The function f(1 — A; 0 — B) is called the re- 
duced function [4, 16]. If f(X) is a threshold function, then by S4 and Sz 
we denote the sums of weights of the variables occurring in the subsets A 
and 5, respectively. 

Let 


f(X) m [ ao, Q1, -- +, Qn; T]; 


then, obviously, 
f(0 — z;) ~ [ao ai, +++, Gia, 643, ..., 0435; T], (8) 
fl zi) ~ [ao a, ..., Git, Giga, ..., 4435 T — ai]. (9) 
Let us consider two positive threshold functions: 
F(X) ~ [Lao ai, ..., Gna; T], (10) 
e(X) ~ [do, a, ***, Gna; t]. (11) 


Let T > t; then, obviously, e(X) > f(X), i.e, there does not exist a 
set of values of the variables 2, 21, ..., 2n-1 for which the function e( X) 
would take on the value 0 while f(X) is equal to 1 on this set. A more gen- 
eral proposition also holds: threshold functions whose realizations differ 
only in threshold are comparable; i.e., if we know nothing about the rela- 
tions of the thresholds in (10) and (11), it can still be stated that either 
F(X) > e(X) or f(X) < (X), or f(X) = e(X). 

Thus, for the threshold function f(X) one of the following relations 
always holds: 


f(1 iz) > f(0 > {2,}), (12) 
JU.» Ix) x40 EA (13) 
f(1 zj) = f(0 — {2,}), (14) 


where in the last case f(X) does not depend essentially on x;, while cases 
(12) and (13) hold for functions positive and negative in z;, respectively. 
As follows from the definition of homogeneous function, relations (12-14) 
are valid for any homogeneous function. 

In a more general case the constraints may be applied, not to one vari- 
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able, as has been done above, but to k variables, where 1 < k < n. It is 
clear that relations of the form (12-14) must hold for any threshold func- 
tion in this more general case as well, since two reduced functions obtained 
from f(X) differ only in threshold and are therefore always comparable. 


Theorem 1.4.? If f(X) is a threshold function, any two reduced func- 
tions f(1 — A; 0 — B) and f(1 — A’; 0 — B") are comparable on condition 
that A UB = A'U P' = C. Furthermore, from the relation 


f(15 A;0— B) > f(1—5 A';0— B^) 


it follows that S4 > Sa and from f(1 —> A;0— B) < f(1 A'5 0 — B") 
it follows that S4 < Sa. If A and B each contain only one element x; and 
x;, and 


fA — (z4;0— (zi) = f(1 9 {2,;}; 0 Ix), 


then among the sets of hyperplanes separating the vertices of the n-dimen- 
sional cube is found one such that its equation a; — a;. 

This result was first published by Paull and McCluskey [10], and there- 
fore we shall refer to Theorem 1.4 as the Paull-MeCluskey theorem, remark- 
ing that in [10] these results were formulated as two theorems (2 and 3) 
and a corollary (2). 


Corollary.* Iff(X)isa threshold function, the set of weights do, ai, --- 
Qn—1 can be ordered linearly. 


) 


Remark: It must be kept in mind that the “weights” can be “ordered” 
even when the function is not threshold. Below we shall often order weights 
without knowing whether the function investigated is threshold, recalling 
that this ordering may be purely formal. The expression a; > a; must be 
considered as a convenient way to express the fact that if the analyzed 
function is threshold, then in every realization of it a; > a;, while the rela- 
tion a; = a; indicates that if f(X) € R,, a realization is found in which 
a; = a; When not stated explicitly, we shall everywhere below have in 
mind a realization satisfying the condition 


f(0— ízi;1 ízj]) = fü (x50 {a;}) > ai =a; (15) 
When the set C = A U B contains more than two elements and 
f(1—5 4; 0 > B) = f(0— A;1— B), 


the relation between S4 and Sz is undefined, i.e., it may be found that 
Sa = Sgor S4 > Sg (S4 « Sp). 


3 See references [4, 10, 16]. 
4 See references [1, 16]. 
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If the condition of Theorem 1.4 is satisfied when the set C contains 
exactly k elements, we shall call the function k-comparable. With satis- 
faction of the condition of the theorem when the set C contains successively 
I, 2, +++, k elements, the function is called k-monotonic [11,16]; an 
n-monotonie function is called completely monotonic. The concepts of 
I-comparability, 1-monotonicity, and homogeneity are equivalent. The 
property of k-monotonicity includes 1-, 2-, ..., k-comparability. These 
concepts permit the necessary condition for realizability of a threshold 
function by a single threshold element, following from the Paull-MeCluskey 
theorem, to be expressed more concisely: 


Every threshold function is totally monotonic [11]. 


The property of total monotonicity is a very important property of 
threshold functions, giving the necessary condition for realizability which, 
as has been shown by the investigation of standard threshold functions 
[1, 18], is sufficient, at least for functions of six or less variables. In the 
general case this condition is not sufficient. E. F. Moore has found an ex- 
ample, a function of 12 variables, which is totally monotonic but not thresh- 
old [11 ]. 

From the definition it follows that, in order to recognize whether a 
k-monotonic function is k + 1-monotonie, it is sufficient to test it simply 
for k + l-comparability. The comparison of the reduced functions is 
carried out by the operator comparability which, in the subsets of variables 
ACX,BCX,AUBC X,and ANB = Ø, given by the indexes £ and y, 
finds the reduced functions f(1 — A; 0 — B) and f(0 > A; 1 — B) and 
compares them. e::|| Int > W ||, the index ô, is given the value 00- --01 
if f(1—5 A;0 B) < f(0— A; 1 — B), and the value 11---10if f(1— A; 
0 — B) > f(0— A;1-— B). In the presence of incomparability of the re- 
duced functions, exit from the operator takes place over the auxiliary ter- 
minal o; ¢ and 7 are auxiliary complexes. 


comparability (40, 41, 60, 61) /oa, Bu, yu +, ôn, ex +, (K?, qk/a, f 


233 222 10 
O 6 
$1 oeof 
322 AeQb.o3e,^Yy|l22 ^ 80520 e, — £7? Af redsim 
¢t// lowlim tt// — 2 


§3 18 €» y transfer ¢n//cleanup ¢// > 1 

4 OfAeGQb, o 10 

§5 Af @® bh o> 4n. ®t; 099 A fsa ® ne O- 6a ®t; OF T > 5 
$66 ô © 04$ O> gace 13635 

S €; 16068020185 

$10 
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Let a positive function in minimal disjunctive form be given. Let r be the 
minimal rank of the conjunctions in this form, and F be the maximal. 


Theorem 1.5.5 Let F(X) be a certain positive Boolean function, and 
let x; and x; be two of its variables. If 


F(1 (z;0 (zi) > F(0 (zd; 1 {z;}), 


then there exists an integer t (R > t > r) such that in conjunctions of rank 
t, x; occurs more often than z;. Furthermore, if t > r, then in conjunctions of 
rank less than t, x; and x; occur the same number of times. 

The algorithm based on this theorem consists of the successive division 
of the set of weights ae, a;, ***, a4, 1 into classes such that the variables 
whose weights occur in one class in the kth rank are contained the same 


number of times in the conjunctions of the rth, r + Ist, ..., r + k — Ist 
ranks. 
Example: 
F (£o, 23, ..., £5) = Loli. V Loits V XoXiXa 


V GXgXor344 V  Xo9X2X325 
V aXoXoXíX5 V XgXaTí4Xs V Xi4X2T321425. 


In this case r = 3, and R = 5. In the conjunctions of third rank z and zi 
occur three times, z», 15, and x4 once each, so 


Qo, Q1 > Q2, da, Q4 > As. 


In the conjunctions of fourth rank zo occurs four times, x; zero times, 
2», 3, and x, three times each. It is not necessary to count the occurrences 
of x; since as is the sole element in its class. 

Consequently, 


Qo > Qı > Q2, 0a, Q4, > Qs. 


There remains a single class containing more than one element: a», a5, a4. 
In the conjunction of fifth rank z;, x; and x, enter once each, and since 
t = R, the ordering process terminates, and we put the weights in a given 
class equal to each other; i.e., 


ao > 01» Ae = 03 = 04 > Gs. 


Below we shall denote the classes of weights by Ao, Ai, ***, Ai—1 and put 
in class Ay the maximal weight, in A; the minimal. 


$ See reference [4]. 
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This algorithm is performed by the operator for linear ordering of weights 
lowal. 


a::|| Int SW],  8::|A2a|l, os 
y, 6—working complexes, oly) =n, a(6) = 
lowal (61, 60, 61)/ak +, BK, YK, ôk, eu/e, c 
234 256 12 


cleanup 8//0 — ce = ô Oo a =c 
§1 transfer 68//cleanup y//a ® e o—512^ao4a 
$2 A^Aa@® b O> 4a V OG alo 2a ^ c— b 
$83 bX2bA4—3 
$44 oaob 
$9. AbB,Vo16G1]|—568,—8,Vc—5cA^Aa-5 
$6 By — b o ed 
§7 bkXllceO y,|5 10, V d—5d—7 
$810 e— y |-> 7c, dy, => e 7 
$811 d=i Aad | A b= blb 
$12 


It 1s clear that this algorithm can be applied to any positive function, 
while it is possible to speak of ordered weights only in the ease of a threshold 
funetion (see the remark on the corollary to Theorem 1.4). Therefore 
after ordering of the coefficients it is necessary to test F(X ) for 2-mono- 
tonicity. It is obvious that in this case it is sufficient to compare n — 1 
pairs of reduced functions. | 

To organize the discussion and shorten the subroutines, we shall assume 
that the variables have been numbered in decreasing order of weights; Le., 
the weight of variable ry is maximal, and the weight of z, ; is sunm 
The corresponding transformation is performed by the operator for re- 
numbering of variables of a function given in disjunctive normal form: 


renumbering 
a::ll Ty € W ||, 8::]] A 2 a ||, yill To’ & W |, 8::]| A’ a |]. 
The elements of corresponding sets in the new numbering are primed. 


renumbering (60, 60) /ax +, 8k +, yk, ók/d, f/ (ay) (86) 
235 162 5 


O f o b transfer ay//transfer 88//bg — 1 = e 
$81 AfAbGe0-5à —d 
$2 AfdX1ic@fo-2+1i>d 
$3 Adó4,^c;0—3 |l A6, V ce—ó6.04a 
4 AaGb,02cg V ca A Ya V 69 1| 4e; V ca © Ya => Ya 4 
$5 . 
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The return to the original numbering is accomplished by the permuta- 
tion of the weights in the realization found; this transformation is per- 
formed by the operator rereal. 


[o;] s Oe, 8::]| A 2 a ||, [ve = Gy. 


rereal ak +, BK +, yK/a, c 
236 46 3 


Ooaoc 
S1 Aa Q bs Oo 38,-—5a 
$22 aX 10a, y, A c2 
$3 


Taking into aecount the transitivity of the relation comparability for 
c(C) = o(A UB) = 2 and e(A) = 1, it is fairly simple to construct an 
algorithm to test for 2-monotonicity. In the set X all n — 1 pairs of succes- 
sive variables of the form z;, z;41 (¢ = 0, 1, «++, — 2) are tested; for each 
pair the reduced functions 


f(0— {23,1 (tent),  f(112z4;0o (xj) 


are found and compared. o is an auxiliary exit terminal, corresponding to 
incomparability of the reduced functions 8::|| Int € W ||; y and ô are 
working complexes; [e] = n. 


twomontest aa, BK +, yK?, ôK, eu/d, h 
237 442 


O h 
Sl c—cAhGOeo2c-b 
comparability a cbBdyé// — 1 
§2 


Theorem 1.6. To establish that the 2-monotonic function f (X) is also 
3-monotonic, it is sufficient to compare not more than C;* pairs of reduced 
functions, specifically, for each ordered triplet of variables x;, £j, x; such 
that a; > a; > a, it is necessary to test the pair 


F(1l — {%};0— {2;,2:}),  F(0o jz.J, 1— iz,zil). 
Theorem 1.7. To establish that a 3-monotonic function is also 4-mono- 


tonic, it is sufficient to compare not more than 2-C,,' pairs of reduced func- 
tions. 
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Chow's Lemma.5 If for some k > 0 points a, œz, ..., ax € Mı and 
B1, 85, ..., Bk € Mo are found such that 


k 
Das = 2,8; (16) 
1—1 i=l 


the prescribed partitioning (Mo, Mi) of the Boolean function F(X) is 
unrealizable. Here >» is the ordinary (not Boolean) componentwise sum 
of vectors. 


Example: Let F (xo, xi, 1», #3) be given by two sets of vectors 


Mi = { (0, 0, m 1); (0, 1, l, 1); (1, l, l, 1); (1, 0, 1, 1); (1, E; 0, 0); 
(l, 1, 0, 1); (1, 1, 1, 0)}, 
My = {(0, 0, 0, 0); (0, 0, 0, 1); (0, 0, 1, 0); (0, 1, 0, 0); (0, 1, 0, 1); 


(0, l, 1, 0); (1, 0, 0, 0); (1, 0, 0, Rs (1, 0, 1, 0) 2 
Is this function realizable? We put 
o1 = (0,0,1,1); ui 1, 0, 0); 


ßı = (0,1,0, 1); = (1, 0, 1, 0); 
PIE AM 1, I; 1). 


Consequently, the function F (zo, zi, 22, 23) is unrealizable. 


Definition.’ A Boolean function F (X) is k-summable if in each of the 
sets Mı and M, are found j vectors (not necessarily distinct) 2 < j < k 
for which relation (16) is satisfied. Otherwise F (X) is called k-asummable. 
F(X) is called summable if it is k-summable for some k, otherwise F (X) 
is asummable. 


Elgot [19] and Chow [20] have shown that 2-asummability and total 
monotonicity are equivalent. 


Theorem 1.8.5 In order that the Boolean function f(X) be realizable, 
it is necessary and sufficient that it be asummable. 


The necessary condition given by Chow’s lemma is obtained from the 
necessary and sufficient condition supplied by 'Theorem 1.8 by imposition 
of a constraint: The vectors a; and 8; cannot enter into the sum more than 
once. 


6 See reference [19]. 
7 See reference [12]. 
8 See reference [19]. 
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2. REALIZATION OF A BOOLEAN FUNCTION BY A 
SINGLE THRESHOLD ELEMENT 


Here we shall consider questions connected with the analysis and syn- 
thesis of threshold elements. 

By analysis of threshold elements we shall understand the process of 
determining the minimal disjunctive form of the Boolean function f(X) 
from its realization. 

We shall refer to the process of finding the realization of the Boolean 
function f(X) as the synthesis of a threshold element. Since a realization 
does not exist for every Boolean function, but only for threshold functions, 
the synthesis of the threshold element also includes the analysis of the 
initial function for realizability, i.e., the test of certain necessary conditions 


that are satisfied by all f(X) € Ra. 


Definition. That integer realization of a threshold function in which 
the linear ordered weights satisfy condition (15) and the sum 52 | a; | 
is minimal is called the minimized integer realization. 

In the general case the minimized integer realization—i.e., a realization 
satisfying the conditions that (a) the weights a; are integers and (b) the 
sum J; a; is minimal—is not minimal [12], although for the majority 
of functions both realizations coincide. Below, if not otherwise stated, we 
shall mean the minimized realization. 

As follows from the definition of threshold function, the problem of 
analysis of a Boolean function for realizability and the process of finding the 
realization are equivalent to determining the compatibility and finding the 
solution to à system of the form 


axa,—T 
ax6,—-—T 


a; € Mi, 


= 9, 
< 0, 8; € Mo. 


(17) 

Since the vectors o; and 8; have binary components, the system (17), 
which we shall term basic, is a system of linear inequalities with respect 
to the weights and threshold. If the basie system is compatible, the func- 
tion f(X) € Rn and the solution of the system will give the realization 
f (X); if the system is incompatible, the function is unrealizable. 

At first glance this method appears fairly simple and reliable. However, 
it is necessary to consider the following: The number of inequalities in a 
system of form (17) increases as 2”. For sufficiently large n (in practice 
for n > 5) the systems of inequalities obtained are so large that there can 
be no question of their solution by a direct method. The use of the proper- 
ties of threshold functions permits the number of inequalities in (17) to 
be reduced by the elimination of dependent inequalities. Using the property 
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of homogeneity of functions [1-5] permits the number of inequalities to 
be reduced to o(Fo U To), where Fo is the set of “maximally false" ver- 
tices [3] and To is the set of “minimally true" vertices which, following 
Varshavskii [2], we shall call the reference sets. The system of inequalities 
written for the reference sets will be called the N-system, and its sub- 
systems, associated with Tọ and Fo, respectively, the Nr- and Npr-sub- 
systems. In turn, the N-system can be reduced by taking into account the 
linear orderability of the coefficients (2-monotonicity) [21] and total 
monotonicity [11 ]. The system of inequalities obtained by the reduction 
of the N-system by taking into account 2-monotonicity of the function 
will be called the K-system, and the system obtained by taking into ac- 
count 3-, 4-, ..., [7/2 ]-monotonicity, the W-system. 


A. ANALYSIS OF A THRESHOLD ELEMENT 


The problem of threshold-element analysis can be solved fairly simply 
in principle. For each element à in the Boolean space the scalar product of 
the vectors a X 6 can be calculated and compared to the threshold. If 
a X ô> T,then ó € Mı; otherwise, 6 € Mo. Since the set M, in the case 
of a positive function is convex, we have 


Thus, it is sufficient to find only the boundary elements of the set Mi, 
i.e., the set To. We note that the codes of the vertices belonging to the set 
To coincide with the codes of the conjunctions in the mdnf of the function. 
Using the convexity of the set M, and the possibility of arranging the 
weights in decreasing order, it is possible to obtain directly the mdf of the 
threshold function, thereby reducing the volume of computation required. 

The algorithm for reduced search uses the operator of elementary in- 
crementation in matched search Â.’ [22]. The operator Â.: acts on the 
vector b of binary components, representing the subsets of (xo, x1, ..., 
Z4 1], Where b; = 1 (2 = 0,1, ..., n — 1) if x; enters into the subset repre- 
sented by the vector b. The parameters o and s take on values in the set 
(0, 1}, changing the action of the operator A,°. 

The effect of the operator A,° on the vector b can be described in the 


following way. 


(1) From the code of b is removed the group of 1’s occupying the extreme 
right position; if b,., = 1, the parameter ø is assigned the value 0, the 
parameter s the value 1. In other cases the values of the components of 
vector b and parameter e are conserved, while the parameter s is given the 
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TABLE I 
ai 
Index 10 5 4 2 1 f(b) 
1 1 0 0 0 0 0 0 
2 1 1 0 0 0 0 1 
3 1 0 1 0 0 0 1 
4 1 0 0 1 0 0 1 
5 1 0 0 0 1 0 1 
6 1 0 0 0 0 1 1 
7 0 1 1 0 0 0 1 
8 0 1 0 1 0 0 1 
9 0 1 0 0 1 0 0 
10 0 1 0 0 1 1 1 
11 0 0 1 1 0 0 0 
12 0 0 1 1 1 0 1 
13 0 0 1 1 0 1 0 
14 0 0 1 0 1 1 0 
15 0 0 0 1 1 0 0 
16 0 0 0 1 1 1 0 





value 0. Let us assume that after this operation b; = 1 and bj, = bj,» = 
e—b,1—0. 

(2) The component 6,4; is assigned the value 1. 

(3) If e = 0, component b; is given the value 0; if s = 1, then the com- 
ponent 5;,» is given the value 1. 


Examples: 
A; 010101 = 010011 
Ao 010101 = 010011 
Â? 110100 = 110010 
Ay 110100 = 110110 


To find the set To we utilize the following algorithm: 


(a) the vector b is assigned the value 100-- -0; 

(b) if b X a < T, the parameter oc is given the value 1, and if b X a > T, 
the vector b represents one of the boundary points of the set M1; in the latter 
case it is written into the solution, and the parameter c is given the value 0; 

(c) the operation Â.: b is performed; if after this b = 00- - -0, then the 
analysis of the element has been completed; otherwise, we pass to step (b). 
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Example: Let there be given the realization of a certain Boolean func- 
tion (10, 8, 5, 4, 2, 1; 11). Let us find an mdf of this function. The result 
of applying the algorithm is given in Table I, which gives the values of the 
vector b for which the quantity b X a is calculated. The set To in the table 
corresponds to the rows for which f(b) = 1, so 


f (Xo, Tl, e3} Xs) = X941 V LoT V X913 V Lota V Lots 
V GXiqXo V X1%3 V XaXaXs V o XoXaXs. 


Below we give a subroutine for the operator for analysis of a threshold 
element threlan. The auxiliary exit a corresponds to termination of the 
analysis. The basic exit terminal corresponds to the finding of the next 
element of To. To obtain each successive element of To return is effected to 
the second sentence. | 


[8.] = a; [v] = T, [ô] = n, e::ll b > X Il, 
[tr]20eobxa» T. 


threlan at +, BK +, yu +, du +, eu, fu, /b, d 
240 167 5 


oaoboaodec1-2b 

81 aX2c3,--d—5d—1 

S Ot/AAaQGó6o—A4B,--d—^d—yo—3otd—.,-deNvb 
—.—5 

$8 ce, V b 5 b 2 

$44 b--bAb—bo—al-c-Fb^AbrF-acGb-b-a^/acVvb 
=boc-l 


§5 


The symmetry of the function with respect to certain subsets of variables 
can be taken into account to carry out the analysis of the threshold element 
with simultaneous “reduction of similar terms” in the set To. 


Definition. Two elements of the set To will be called similar if one of 
them is obtained from the other by renumbering the variables within the 
class. 


The reference set obtained from the set To after reduction of similar 
terms will be called the reduced reference set and denoted by Te. 

When it is necessary to obtain the reduced reference set the effect of 
A, is somewhat changed, in that steps 2 and 3 of the algorithm are modi- 
fied as follows: 
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TABLE II 


i  7——————————— Á' AA ODD EMELLOLLLSGILLILLLEILILAALLLIf&LLLAAALQáAIBLO OIAGCODeHGIAAÓÉReoH Lid ""'"'"'|!"'""""]""""'——'———— — 


Q4 





oo 
Or 
Ot 
Or 
w 


Index 


3 f(b) 





COON DOP WD = 


m 
© 


E 
E 
CO et et OOO Ot pd OO 


COrrF RB eF OCOrF CO 
a at SS OS OS c 
mM e e e OOH ee OOO 
Hee COOOrocooceo So 
COorcrF COCcOrFF CO 


Co ccc O i p pi pub pmd Ee 


run 
bo 





(2a) If e = 1, the component b,,: is assigned the value 1; if c = 0, the 
value 1 is assigned to the component b+, where k is the closest index of a 
variable to j such that a, > a;. 

(3a) If c = 0, the component b; is given the value 0; if at the same time 
s = 1, the component 6,4; is assigned the value 1. 


Example: Find the reduced reference set To’ of the function having the 
realization [8, 5, 5, 5, 3, 3; 15]. 

In Table II are given the values of the vector b for which it is necessary 
to calculate the product b X a and compare it with the threshold. The 
reduced reference set consists of the following four elements: 


/ 
To = ixoxixs, XoX1X4, XiX»X3, TiXoTaX5]. 


The operator is given the code name threlans; it is performed by a (2, 2)- 
terminal subroutine; the auxiliary output a corresponds to termination of 
the analysis, the auxiliary input to the second sentence, to which return 
is effected to obtain the 2nd, 3rd, ..., elements of To’, 


[8;] = Qi, y::|[ A 2 a ||, [6] 5 T, [e] = Nn, eS 2 X |l, 
? € 10,1, ...,n — 1}. 
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threlans o +, BK +, y& +, bu +, +, ¢u/c, e 
241 257 10 


oaoboaodcecl-b 

$81 aX2c8,.t+d>d—>1 

$322 AaQeo-58,4q-d—^d—80—4d—8,—doe 

§8 Ae @®b, 06a ^y. 053, V b—5cAeQb,o—6y, -—1 
>a — 10 

S$ aVb>b-—2 

$ b+t+bAb}bo0-a 

$66 IT+bAbt-S>anO@b>b>a de 

V. Ae @®b, o> 6a Ave O77 Ae © by o> by F-—5e—1 
=>aoc-l 

§10 


B. THRESHOLD-ELEMENT SYNTHESIS BY A LINEAR 
PROGRAMMING METHOD 


We consider here the threshold-element synthesis method based on the 
solution of a system of linear inequalities by a linear programming method 
[23 ]. The method utilizes an existing, traditional approach [1-3, 10, 117, 
consisting of the following. 


(1) The initial Boolean function f(X) is analyzed for homogeneity and 
minimized; when necessary, transition to a positive function is effected. 

(2) The weights a; are linearly ordered and 2-monotonicity is tested. 

(3) The inversion of the function f(X) is found, and from it is obtained 
the set Fo; the N-system is constructed. 

(4) Dependent inequalities (not necessarily all) are removed from the 
N-system, where the Paull-McCluskey theorem is utilized in one form or 
another. 

(5) The system obtained (in the best case this is the W-system) is 
solved. Usually a minimized solution is sought. 


The solution of a fairly large system of inequalities, particularly in 
integers, is laborious and complicated. The best-known method for the 
solution of systems of linear inequalities is the simplex method of linear 
programming. However, in our view, it has essential disadvantages, ex- 
pressing themselves in the given concrete application. First, the simplex 
method is purely a machine method, unadapted to manual calculations. 
Second, it does not guarantee integer solutions; to obtain these, and to 
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eliminate looping (the problem is often degenerate) additional measures 
are necessary, rendering the program more complicated. 

The characteristic feature of the proposed method is the application of 
a new algorithm for the solution of linear programming problems, pro- 
posed by Chernikov [23 ]. This algorithm is conveniently (from the view- 
point of the synthesis of threshold elements) distinguished from the sim- 
plex method. It may be expected that in the majority of cases (1) it can 
be applied to the manual solution of systems of 10-15 inequalities; (2) 
being related to the method of elimination of unknowns used by Elgot 
[19] and Winder [11], it permits an integer solution to be obtained fairly 
quickly; (3) in contradistinction to the method of elimination of variables, 
it is more algorithmic, and is therefore more easily programmed. 

Let us consider the realizations of the individual steps. 


(1) As pointed out in Section 1, in the representation of a function in 
dnf the problem of testing f( X) for homogeneity reduces mainly to finding 
the reduced normal form, which falls into the domain of minimization of 
Boolean functions. Therefore we shall not here consider the corresponding 
operators. It is assumed that the initial function is given in mdf and is 
positive. 

(2) The operator for linear ordering of weights, lowal, and the operator 
for testing the function for 2-monotonicity have been considered in Sec- 
tion 1. 

(3) Since the process of finding the set Fo reduces to expanding paren- 
theses in the minimal conjunctive form, the R-operator [22, 24] can be 
applied to solve this problem with high efficiency. 


A different approach, using the property of 2-monotonicity, has been 
proposed by Winder [11 ]; the subroutine that executes Winder's algorithm 
is faster than that of the R-operator. 


a:||]To23a],  B8:||Fo2al,  [v]nm, 
Lei] > [æm], | 20,1, +++, o(To) — 1. 


erpacon ak +, Bk ?, yk + /b,c 
242 134 3 


0—c,0c,—boaoc 
$1 AaGOb,0- 8a>aa+150 0 b, o 2a, OQ oy ^ aa | = 1G 
—-lAa>a 
§2 a X iba —1Vo,G«o^b-68?Ac—2 
$3 c => Dg. 
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Example: 
To = (xoti, Lote, Lotz, YXi3o, Tiv324]. 


Yo X1 X2 X3 T4 


0 1 1 

1 1 1 

3 1 1 

4 1 1 1 


F is obtained directly from the second and fourth rows: 
Fo = {Xo%4, V2X3%4, 2324, 2323]. 


(4) Let v be the set of variables common to the elements t;, t; € To; 
v = (151,5; = 0,1, ...,¢(To) — 1. We form the set A = tw, B = ti 
and find the reduced functions F(0 — A; 1 — B) and F(1 — 4; 0 —> B). 
On the basis of the Paull-MeCluskey theorem it can be concluded that 
the inequality corresponding to the element t; € T, is dependent [1 ] if 


F(1— A4;0— B) > F(05A;1 B), (19) 
and for o(A) = o(B) = 1 this inequality is also dependent for 
F(15 A4;0 B) > F(05 A;1- B). (20) 


Considering similarly the pair of elements fi, f; € Fo(k, l = 0, 1, ..., 
o(Fo) — 1) and putting v = fr N fi, A = fi Ww, and B = fi\v, we conclude 
that in satisfaction of condition (19) or (20) the inequality corresponding 
to fe is dependent. 

The operator redu presented below reduces sets 7’) and Fo on the basis 
of relations (19) and (20). The subroutine for the operator redu is (1, 2)- 
terminal. The auxiliary exit terminal a corresponds to the case of incom- 
parability of the reduced functions 


8::1| To 3 a |, 
y = o, à::||[To 2al|| if To is reduced, 
y= |>, e&:|Fe2al|l if Fo is reduced. 


9 See reference [11]. 
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redu (233) /au, BK +, Yo, ÔK, ek ?, tg, d 
252 154 5 


od 
$1 Ad—cGobo50—1 
$22 Ac ® b; o—> lô. o—> 284 ® ô => e A ô => fe A ba>e 
comparability afeBe? tg//g o0 3 A y4 o ôa —> 2 
$83 fV ®1lj|—2e V OG 1|—52f — ey4 0 0, > 2 
$44 066,2 
$5 


(5) Let us consider a system of m linear inequalities over an n-dimen- 
sional space E^. 


fila) — x; = Loto + zadı +... + Linan — z; < 0 
(7 = 1,2, ...,m’), 
fila) — xj = Zoto + Lati +... + Zinan — 2; <0 
(7 =m'+1,...,m). (21) 


Let Zp: be an arbitrary positive, and za; an arbitrary negative coefficient 
of a; in system (21). The new system, obtained from (21) in the following 
way, is called the a;-convolution [23] of (21): 


(a) In the a;-convolution we write the inequality 
Lpifg(@) — Lai fp(a) — (xpit, — Taip) LO 
if p,q € (1,2, ..., m'], and the inequality 
Lpifg(@) — Lqifp(@) — (Xt. — Taip) < 0 
ifp € {m + 1,...,m} org € {m + 1, ...,m]. 


(b) We include in the a,-convolution all inequalities from (21) with 
zero coefficient for a;. 


Let the system (21) be compatible and let f? (a) (r = 1, 2, ..., s) be 
a system of linear functions defined in E". The upper bound of values of 
the parameter ¢ for which the system 


Jia) — x; € 0, (J 1425 ote; m’), 
f;(a) — Tj < 0, (j m' + m ,m), (22) 
=n (a) +t < 0, (r = 1, Byrs E s) 
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is compatible is called the upper minimal value of the function on the set 
of solutions of system (21). The necessary and sufficient condition for the 
existence of an upper minimal value is formulated in [23]. The algorithm 
for solution of the system (22) consists in the successive convolution of 
(22), first for some variable a,, then the a;-convolution for a second vari- 
able az, etc., until a certain total convolution S will be obtained, containing 
only the parameter t. According to Theorem 2 in [23], in this case the 
system of functions f(a) (r = 1,2, ..., s) has an upper minimal value 
on the set of solutions of (21), which coincides with the upper bound on 
the value of the parameter ¢ satisfying S. 

When the minimal value of t has been found, the values of the variables 
a; are determined from the convolutions in the order inverse to that of 
convolution. The choice of variable for which convolution is realized is 
of importance, since it determines the number of inequalities in the con- 
volution. It is obvious that the best case occurs when the variable a; for 
which the convolution is effected enters one inequality with the plus 
(minus) sign and the others containing a; with the minus (plus) sign. 
Such a situation can be set up artificially by transformation of the system 
(21). 

Reduction of (21) to the form [23 ] 


Zj0do + te + (x + zxjjar dO... Hear t+... F Linan — rz; < 0 
(J 01:25 i25) 

Tjoo H *** + (xj + zx;j)aük + eee + tjui + eee F Einara — z; <0 
(J = m' + 1, 4, TR), 


where z is an arbitrary real number and uw, = a, — zaz, is called elementary 
transformation. In [23] it was shown that convolution of the system for 
an unknown can alternate with elementary transformations of the con- 
volutions obtained; with suitable choice of transformations it is possible to 
reduce substantially the number of inequalities in the convolutions. 
Applying this method to the synthesis of a threshold function, the 
system of functions f? (a) is replaced by a single linear form of the type 


L(a) =a + a + ... + ana + T. (23) 


Since the problem of minimization is being solved, an additional con- 
straint is written in the form 


L(a) +t <0. 
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Example: We shall examine the actions of the basic stages of the algo- 
rithm by the example of finding a realization of the function 


f(Xo, 31, ..., X8) = XoXi V Toles V Lolla V oles V XoXata. 


(1) The function is given in mdf and is positive. 
(2) The weights are ordered as follows: 


do > a > @ > 04 = Qz > Os. 


It is easily confirmed that the function is 2-monotonic. 


Fic. 1. 





(3) To find the set Fo we use the R-operator. For this we construct a 
matrix (C), whose rows are associated with the variables and columns with 
the elements of the set To (conjunctions of the mdf); the element c;; is 
given the value 1 if the variable x; (¢ = 0, 1, ..., » — 1) enters into the 
conjunction with index j. Figure 1 gives the matrix (C) of the above func- 
tion. Finding the minimal sets of rows covering all columns, we obtain 
the function f* (zo, ..., x5) dual to the initial one: 


Xo V X1%2X3 V XXX, V X1X334J24X5, 


whenee 


Fo = [xaxoxaxaxs, XoXaXs, XoXats, Lore}. 


(4) It can be verified that the inequalities corresponding to the elements 
XoX2T5, Xoror4, aNd ror4x5 are dependent. We write the W-system 


Qo + 01 P aM d 

ao + a» +a, > T 

ao + a3 + a4 = T 
AGtat+atata<T-—1 

ao + ds +a,<T-1 

Ao + a «T —1 
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(5) System (22) takes the form 


—üg — 01 + T 
— Ao — Q» as + T 
— (o L2 + T 
01 + a» + 2a; + as — T + 
ao V MET 
T 


Q0 + d» 


stances deos, dtp 


CM RA E LR 
IAIAIAIAIAIA TA 
E meu emo 


Convoluting this system for aj, we obtain the system 


— Qe + a» + 2a3 + as + 
— Qo — d? —a + T 
— Ao — 2a; + T 
ao + dg ta—- T+ 
Qo + a» — T+ 
+ a» + 2a3 + às + 2T + 


E 


IAIATATATATA 


1 
1 


mh 


Convoluting for a»: 


— 2a + 2a; + T+ 
— Ay — 205 + T 

a+ aata— T+ 

— a E 

+ 


— ao + 2a; + 3T 


IA TATAIA IA 
So oS eo 


1 
1 
t 


Convoluting for as: 


—2a, + 2a; + T +1 
— Qe — 2a3 + T 

do + Q3 — T 4-2 
— a + 23 - 3T +1 


IATA TATA 
eec 


Convoluting this system for as, we obtain the system 


4a3 — T --5 < 0 


— 3 + 2 S0 0 
Further, 
—T + 13 <0 
2T + 8+tŁt<0. 
Finally, 


t + 34 < 0. 


SO e rn em 
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We put t = — 34, T = 13. Substituting these values in the convolution for 
ao we find a4 = a3 = 2, then ao = 9, a5 = 1, œ = 3, a = 4. 


In this example, as in many others, no difficulties arise in the choice of 
values for the variable a;. However, in the general case, with fairly large 
n, the range of possible values for the variable a; determined from the con- 
volution may be quite large, and the values of the variables obtained by 
setting the inequalities of the convolution to equality may not be solutions. 
In this case it is obviously necessary to sift the possibilities that arise. Since 
the value of the objective function and the compatibility of the system 
have been established, the number of possible variants is not large. One 
method of sifting is considered in Section 2D. 

Another possible difficulty is connected with the requirement of an 
integer solution. The method of convolution does not guarantee an in- 
teger solution when the optimal solution is not integer. In this case it is 
obviously necessary to inerease the value of the objective function (i.e., 
to decrease the value of the parameter ¢ obtained from the last convolution) 
in order to find a value for which the solution is integer. In this case we can 
also use the method described in Section 2D. Naturally, the method for in- 
troducing additional constraints, proposed by Gomory [25], can also be 
applied in this case. 

These diffieulties must be taken into account in programming the 
method. At the present time we do not have sufficient experience with 
the solution of problems of this type by the method of convolutions, since 
the corresponding information can be obtained by computer experiments. 
The program presented below must be considered as a research instru- 
ment rather than a finished working program. 

The algorithm for solving the system of inequalities includes the follow- 
ing operators. 


(1) An operator for choice of optimal elementary transformation— 
optimel. This operator selects an elementary transformation such that the 
number of inequalities in the convolution be less than the number of in- 
equalities in the system to be convoluted; if this cannot be done, the chosen 
transformation must give a convolution with the minimal number of 
inequalities. Since the elementary transformation consists of replacing 
the variable a; by another variable u, = a; — za;, it is fully defined by the 
indexes of the variables l, k, and the value of z. 

The operator code is optimel. o is an auxiliary terminal corresponding to 
the case of empty convolution; 8, y, and ¢ are working complexes, o (8) = 
o (y) = olt) =m, [6] =n + 3, [e] = m; [n] is the number of inequalities 
in the convolution; [9] = i, where 7 is the index of the variable for which 
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the convolution is constructed; [k] = z; [A] = l, [ugyi] = tà; 
o(u) = Ce] X [8], i € {1,2,..., m]. 

Since LYaPAS utilizes only natural numbers, to make possible opera- 
tions on negative numbers it is necessary to give them in complementary 
code, assuming that the zero-order position is assigned to the sign of the 
number. 


$1 
83 


§4 
§5 
§6 
§7 
$10 


$11 
$12 
$13 
$14 
$15 
$16 


$17 
§20 
§21 
822 
823 


824 
825 
826 
£27 
830 
831 
832 
$33 
$34 


optimel a, BK, YK, 0u, eu, CK, qu, Ou, xu, Au, uK/qQ, p 
263 1047 34 


okó—2-hoqm 

Akeoho220g 

Ag@®@homlg@ko-l1 ao 2364-12: 

A^AaGQGeco-13a4Xó--k—b—k--g-có, o liu, — a ^ Co 
0—54a—1 I>a 

u= b ^c 0o55b—1 1b 

a:b — cu ® m ^ cl 613 1+15 8c 1 o- 1c 

c | Tf + 8 => y, + 2 — B, 10 

A= Ya + lo Bac A €) 0 38 — Ba + fio => Ya 

Ba — at — b 145 30b > iya — aj — b + 30a > jy, => ay, > bu => g 
4» 24 — 12 

Co | = Ba => Yab > C 

da = fae A & O> 36. 1S ha 73 

o d+ 15h time d Ae 

A d O e o— 22d o 14 14» 15 — 14 

Oacd>e>f 

Aa®eo>-2axXés+k>b-—ktg> ch, >a 308, © a 
Oo 17 y, — a 19 30y, ® a 0 17 Ad — 16 

A efa A € o> 16A e A f — 16 

eX f dd o-21 — «| 12k > k= pd = fd =n — eo 22 

! 

ntlo-aol 

Al@®@eo>34lx64+805m-—-80477> nyu > af > Din >g 
15. 24c = um — 21 

a^ c; 0525a—]1 lVo—a 

b ^ Co 020b — 1 171 V & => b 

axb-—cagb^co-27. | -1-c 

cT gc! 

a =g ^ & O—> lg — 1 | =g — 32 

g |l+l>g 

g +b A^ o@ o— 33a & b 

! 
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(2) The operator for elimination of a variable is elimvar, [aj 044] = 
Tj L6] = 2, 2 is the index of the variable for which the convolution is con- 
structed. The latter is represented by the complex y, [e] = m. 


elimvar ak +, Bu +, yk ?, du +, en +/d, i 
264 323 11 


Oeog 

$31 Ae®eomlleX6+ 854 0 in | ^o, O> 6 A a1 df 

$22 AfGecoolfX6ó-4-8-bo,—d4»57d >a => ca > d 45 7d — b 
— c |-> 3d ec 

§8 d:c o>œ°4»>»d&c—>3 

$4 bic ba:c—a 07 

§  AiQ8o5iO502a—g8--i—cb-—g8-J-i-do.Xa 
=]CagaXb+cec> Yy? Ag-d 

$66 At@Bo-bi @b6o0>-la-—B+t+isfas>y? Ag—6 

§7 dAco-10d—-115d 

$10 ! 

$11 g= b, 


(3) The operator for finding the upper and lower bounds on the values 
of the variable z; from the convolution, 7 € (0, 1, ..., n — 1]-bounds. a 
is an auxiliary terminal, providing an exit from the subroutine in the case of 
incompatibility of the system; [8] is the lower bound of values of the vari- 
able; Cy] d [6] =n + 3; Le] =m, Loup maa ] m Tik, J e (1, 2, Sy m}; 
the complex 7 contains the already calculated values of the variables; [8] 
is the upper bound on the values of the variable. 


bounds au, Bu, yu +, õn +, en +, (K+, nk, u/c, d 
265 242 10 


ovl>Bod 
$1 AdGeo10d4xXó--y-at,o—1dxXxà8—12coboa 
$2 Ab@b07°83 Ack Xmtara—-2 
$9. fa bir 6b > ca>b+ 6b A e| 4o ® c—c|— ac:b — 81» 1 
"o1 
$44 c ® b= bo Acl>1lc:b>b — ð o>aa o—>5 Ab 
$0 b—801b5—581 
$66 b^cco—5^7b—1 lV ob 
! 


$10 
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The algorithm for solving the system of linear inequalities by the method 
of eliminating variables is assigned the code sosinel. 

a(8) is an auxiliary terminal, providing exit from the subroutine if the 
convolution is empty (if the system is incompatible). 


[Y;-omei] = x; [B] = m-F3;[e] =m; [k] = ai; 
i € {0,1,...,n — 1}; 7 € {0,1,...,m — 1}; 
n, 9, k, A — working complexes; 


e(8) = a(x) 2c) =m; [un] S [e] X [o]. 


sosinel (263, 264, 60, 265) /au, Bu, yK?, ÔH, eu, (K, nK?, OK, KK, AK, 
uu + /h,y 
262 332 7 


ó—qgk,—»5»hu—1-w-—l1-zrz-—l1-y 
$1 optimel adkgedstxyy// 
elimvar ytnqe || t > Yue — Yo 
6—qX wer 7 hw transfer ny// 
s>eAqd@2|-10 y, 
$2 bounds B(ti)qgeyt9/ /y, => vy, a 
y: ba^ c 0o53a— 1 1l Vea 
§3 b^co4b—1' lvo-b 
$4 axb-nadc-b^co-ób5nl-c-l-tf 
$5 qGO660—7(Aqó6—q94Xu—r,/ hyry, = ty, e; => u 
$66 u— vAuww,.niweot»566ot,2 
$7 . 


C. ITERATIVE METHOD FOR THE SYNTHESIS OF 
THRESHOLD ELEMENTS 


Here we consider an iterative method, permitting a realization to be 
found (or unrealizability to be established) manually for a Boolean func- 
tion of 8-10 variables [16]. The method provides integer values for the 
weights and threshold, and has been programmed for computer, but 
convergence has not been proved in the general case; for n > 6 branching 
of variants may arise, so that a minimal solution can be obtained only after 
sifting of the possibilities arising, although their number is not great. 

As shown by computer experiment, for the overwhelming majority of 
threshold functions the method gives a minimal realization. 

The proposed algorithm for analysis of a Boolean function for realiza- 
bility and the synthesis of the threshold element consists of the following 
stages. 
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(1) The inessential variables are eliminated, and it is verified that the 
given function is homogeneous; the function is transformed to positive. 

(2) The weights of the variables are linearly ordered and renumbered, 
and the function is analyzed for 2-monotonicity 


Qo > a > +++ 20,4 >O. (24) 


(3) The difference 
d; = Qi — dia 


is partially ordered. 
(4) The information obtained in steps (2) and (3) is used to find the 
first approximation: 


La, a’, TT NS al; TUE 


(5) If the first approximation satisfies condition (1), the problem is 
solved; otherwise, from a comparison of the initial funetion and the func- 
tion obtained by the first approximation, inequalities are found which 
must be satisfied by the weights of the next approximation. 


The process terminates when one of the following conditions is satisfied: 


(a) the system of coefficients obtained at the kth step satisfies condi- 
tion (1); 

(b) at a certain step the conditions that must be satisfied by the co- 
efficients are found to be contradictory—the function is not realized by a 
single threshold element; or 

(c) the sum of weights > 7% a;| exceeds the maximum permissible 
value N for the given type of physical element. 


The first two steps are common to the majority of known methods of 
threshold-element synthesis [2-5, 11] and have been considered in Sec- 
tion 1. We therefore begin the exposition of the algorithm with the third 
step, assuming that the function f(.X) is 2-monotonic and the weights are 
ordered according to (24). 

Let us consider the third step. Since the weights of the variables are 
linearly ordered, to find their numerical values it is sufficient to find the dif- 
ferences between the adjacent branches of the network (24) d; = a; — aiy. 
We note first of all that in the general case the set d; (¢ = 0,1, ..., n — 1) 
cannot be linearly ordered (this follows from the Paull-MeCluskey theo- 
rem), but is a partially ordered set. 
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For partial ordering of the differences d; it is necessary to consider all 
possible combinations of two ordered pairs of variables of the form 


LS E PET and T; > Tja, i - 1s ;]j. 


For each such eombination we find the reduced functions 


füiz4z;j, 0 {ti gh) = fi; (25) 
JA > {ti zi}, 0> ft; ti}) = fr 

Then 
d: > di XY fi > fr; 
di < d;, if fi < Íz; (26) 
di * dj, f fii =f}, * € {>, =, <}. 


In the remaining cases the function is unrealizable. We adopt the conven- 
tion that d; > d; always when a; > Qiy, a; = ajy 
The results of testing (26) are registered in the matrix of partial order- 
ing (B), whose element 
bij == 
0 otherwise. 


The matrix (B) is constructed by the operator of partial ordering of 
differences pordi. œ denotes an auxiliary terminal which permits exit from 
the subroutine in the case of incomparability of the reduced functions; 


8::| Te 3 a]; v::lld 2 dll; d = (do dy ..., dni}; 
[e] = n; $, n— working complexes; 6::|| A 2 a |. 


pordi (61, 233) / au, Bk +, yk, ôk +, eu, (K?, nK/cg 
243 232 5 


cleanup y//o d oc0—c ® c—be—2-c 
$1 ó,—1^óàqVc—5cAdGbl—5iodoa 
$22 AaQGQB8,0—3e« ^c|—52y. V c Ya — 2 
$3 Ad @co->icaA cl->3d+1>s>e>f 
$44 AeQeo-3c ^c|l54e-- 1 ge. Ve, ^b de V c>e 
comparability adeBgtn//ce ^ g V ya — ya 4 
§5 


Let us pass to the fourth step. The matrix (B) is nothing else than the 
dominance matrix [26]; as in every dominance matrix, it can be repre- 
sented in the form of a graph. To find the weights a; (7 = 0,1, ...,n — 1) 
in the first approximation, it is necessary to find such values for do, di, ..., 
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dn that the sum do + di + +++ + dnm be minimal, and the relations 
among them, considered as the dominance relation, be described by the 
matrix (B). In other words, it is necessary to order the differences linearly, 
using the information presented by the matrix (B), and taking into account 
the linear ordering of the coefficients (24). Figure 2 gives an example of 
matrix (B) for six variables. Figure 3 represents the graph G whose nodes 
correspond to the differences; the presence of a branch (d;, d;) corresponds 
to the relation d; > d;. It is obvious that in the case of a threshold function 
the graph must have the following properties: 


(a) 1t must be free of loops; 
(b) at least one node is found to which no other node leads—the input; 
(c) at least one node is found from which no branch leads—the exit. 





Fic. 2. Fic. 3. 


It can be shown that satisfaction of condition (a) implies the satisfaction 
of (b) and (e). 

Let there exist à matrix (B) and a graph G, mapping the dominance 
relation. It is obvious that if conditions (b) and (e) are satisfied for the 
graph G, the matrix (B) contains a zero column and a zero row, correspond- 
ing, respectively, to the input and exit. Let the kth row consist completely 
of zeros. Removing the kth node from the graph G and the kth row and 
column from the matrix (B), we obtain a subgraph G, and a submatrix 
(B4) ; dx is the smallest of the differences. In the matrix (B), in turn, a zero 
row is sought, corresponding in the subgraph G; to the exit dı, where d; > dx. 
The process of crossing out will continue either until all rows have been 
crossed off in (B) or until at a certain step a submatrix not having a zero 
row will be obtained. This last fact indicates the presence of loops in the 
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graph G. Thus, if the initial Boolean function is realizable, the differences 
d; will have been ordered in not more than n steps. 

The application of this process to the matrix (B) shown in Fig. 2 gives 
the sequence 


ds > dı > do * d; > dz > ds, * E [>, =, <}. (27) 


It is obvious that by replacing all symbols * by the sign “equals” and 
giving to the differences the minimal values satisfying the string (27), we 
find the minimal values of the differences satisfying (B). After replace- 
ment of all * by the sign “equals” the differences are linearly ordered; in 
this case it is possible to speak of a partitioning of the differences into 
classes, defined by the string (27). We denote by D, the class of maximal 
differences, by Dm—1 the class of minimal differences, D = (D, Di, ..., 
Dm}. For the sequence (27), for example, Do = {ds}, D» = {do, da}, ete. 

We now present the operator mast, realizing this transformation of the 
matrix (B) to a string; a denotes an auxiliary exit terminal, corresponding 
to the presence of a loop in the graph, 


8::|| d > d ||, y| D 3 d |. 
mast (43, 56, 43) /au + Bx +, yk/b, c 
244 135 4 


bg—12c0—c&—b 
$1 oab-a 
§2 Aa © bg O> 8h. |> 24. 1 ^ aa2 
$88 a®b o-aa `l => y A c compress Ba8//B8g o4 
carcomva 8a8// — 1 
$44 0 — c A b= a compress yay//. 


Giving d; the minimal values satisfying (27), we determine in the first 
approximation the weights do! ail, ..., al i: 


üncà = d, a, aj = Qi + di, 1 zn I. (28) 


As the threshold we take min a! X o. The threshold is found by the opera- 
tor comp, in which 


a::|| To > a ||, [8;] = a, t € {0,1,...,n — 1}, [y] = T. 
comp (50)/ax +, 8x +, yu/a, b 
245 452 
Oboy 
$1 Ab@® b, O> 2 concom + Ba,a//a — y |—> la> y—>1 
§2 
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The weights are calculated by the operator weights: a::|| D > d ||, [6;] = 
aj,? = 0,1, ..., n — 1; the jth position of the variable 8 is equal to 1 if 
Qj; = Qj in (24). 


weights (47) /ax +, Bu +, yu, ók/b, b 
251 1103 


y>boa 
$81 565—103 bb,—ao0b8|^52Ab 
$22 a—10—1-aA^boa,^c€ o—52b-g-a-—a-8—1 
$3  convol + 6b// A bib = by. 


Theorem 2.1 follows from the method of finding the first approximation: 


Theorem 2.1. The values of the coefficients a;!, obtained from (28), 
are the smallest of all values satisfying (24) and matrix (B). 


From the weights a! (¢ = 0, 1, ..., — 1) and the threshold T!, found 
in the first approximation, using the operator of threshold-element analysis 
we find the function f! (X), which is the first approximation to the initial 
function f (X). 

We now pass to the fifth step in the algorithm. In the general ease the 
function f!(X), obtained by the first approximation, does not coincide 
completely with the initial function f (X). As follows from the rule for de- 
termining the threshold, the difference between f! and f can consist only 
in that Mi! D My, i.e., fi! > f. This signifies that the mdf of f! (X) contains 
conjunctions that do not exist in the mdf of f(X). 

Elements occurring in the set T, but not in the set To, will be called 
type-s elements, and will be denoted by avs, o, ..., o. 

In order that the functions f( X) and f!(X) coincide, it is necessary to 
so change the weights ap!, a4, ..., al 4, that the following inequality holds: 


aX æ; <T, $—0,1,...,r. (29) 


The quantity a X 6 = I, calculated for a certain element of Boolean 
space, will be called the input effect of this element. 

Since à X a,; and T are expressed in the form of a sum of weights of 
variables, (29) is a system of inequalities with respect to the weights of the 
second approximation ail. System (29) must be completed by n inequali- 
ties of the form af! > aj (by virtue of Theorem 2-1) and by inequalities 
among the d;, following from matrix (B). 

Finally, we have 


gio ar qu 7=0,1,...,r—-—1 (30a) 
all > až, i=0,1,....»—-—1 (30b) 
dy > di, if bi = | (30c) 
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Solving the system (30) by the method of trial and error or the method 

of successive elimination of nou we uterine al (i = 0, 1, 
n — 1) and T". From the realization al! at, ..., all ,, TH we find f (X j^ 
If f'! z& f, a new system of inequalities of type (30) is found, from which 
are obtained al! and T! If the system of type (30) is incompatible, 
f (X) is not threshold. The number of inequalities in (30) depends on the 
degree of closeness of the current approximation to the exact solution, 
and has a tendency to decrease as the number of the approximation in- 
creases. Experience with computer solutions has shown that for n « 10 
the number of elements of type s rarely exceeds n, and if the function is 
threshold, the solution is found in from one to three steps. The existence 
of linear ordering of the coefficients permits the number of inequalities in 
system (30) to be substantially reduced. 

Before passing to the description of the operator for solving the system 
of inequalities by the method of trial and error, let us consider certain 
operators on parts of complexes. 

Let there exist two complexes, a and 8. The first of these operators, called 
choice, realizes the transfer of r elements of a, Sepp with a;, to complex 
8, where they are ascribed the indexes s, s + 1, , S + r. It is clear that 
it is necessary to respect the condition s + r < * r «X bg. 


TA 


lyj=r, [6] =7% [a] = 
choice ak +, BK, yu +, ôu +, a + /—,c 
246351 


ó—a--y-ce—b 
Sl oa,— 8, ^bA^AaQc|l. 


The code of the next operator is tracom. This operator shifts the elements 
of complex o, beginning with o;, to the positions itr, rod, y Oa) prcl 
and transfers to the free positions r elements of the complex 6, beginning 
with 6,. 


[vy]7r B]si [e] = 


tracom (246) /ak, BK, yu +, du + a+ / —, b 
247 47 1 


ba => a + Y => ba => b 
$8 Aa Aba — œa ® à | 1 choice Beyad//. 


The next operator compares r elements of complex B, beginning with £;, 
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with the elements &, €.41, ..., €; 1 Of the complex e. The program per- 
forming it is (1, 2)-terminal; the auxiliary terminal a corresponds to the 
situation in which each element of the complex 6, Bi, Bipi, ..., Bipra IS 
greater than or equal to the corresponding element of complex e. The 
operator code is exceed: [6] = r, [y] = 2, [€] = s. 


exceed a4, BK +, ya +, ôn +, e +, (M+ / —, 0. 
250 44 1 


ô => cy + c> at +cece=>b 
$2 Ac @®foo`aANa Abba — & |> I. 


Now we present the operator for solving a system of inequalities by the 
method of trial and error—solsin. Each inequality is represented by an 
element of the complex y, divided into halves, so that the expressions for 
the input signals of elements defining the threshold are written in the 16 
lowest-order positions, and the expressions for the input signals of the 
type-s elements, in the 16 highest-order. The algorithm for the operator 
can be briefly described in the following way. 

Of all the weight vectors a; (for concreteness, system (30) is considered, 
written for the weights of the second approximation) satisfying the jth 
inequality of subsystem (30a) and subsystems (30b) and (30c), a set A; 
of vectors a is chosen such that no two vectors in the set A; are comparable. 
From the set of vectors A = Ao N Ai-++ N Á, is taken a vector aH satis- 
fying the condition 


n—l n—1 
I A 
at = min > Q4. 
1—0 acA i=0 


Since the sets A; may not have common elements, i.e., it can happen that 
Ao f! Ain ee. n Ara = e, 


the possibility of “deformation” is provided, i.e., of changing the values 
of the components of elements of the sets Ao, A1, ..., Ar—1 in order to ob- 
tain in the result a vector satisfying system (30). Of all deformations a 
vector a! is chosen such that X o ai = mina. 

A function is considered unrealizable if in the calculation of the current 
approximation a contradictory system is obtained or if 2o al >N, 
where N is the maximum permissible value of the sum for the chosen type 


of physieal element or the value of the upper bound of the sum [1]. In 
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this case exit from the subroutine takes place over the auxiliary terminal a. 


n—l 


[8;] = aë, DE (0, lj s3sg hore ds [Bn] = 222; [9] =N, 


$81 


$2 

§3 

84 

$5 

$6 

§7 

§10 
S11 
$12 
$13 
$14 
$15 
§16 
§17 
§20 
$21 
$22 
$23 
824 
825 
$26 
827 


1—0 


n—l 


[e] 2 e? [e] 22a5 x: » dll 


1=0 


¢, n, 9 — working complexes. 


solsin (61, 246, 250, 250, 247, 246, 246, 247, 50, 50) /a, Bx, yx +, 
du +, eK, CH, nK?, Ok?, cK + /d, q 
255 1020 27 


bs => be => e — 1 => d A bgó — ead, — by cleanup t// O f 

Af-iGb,o-24y;,^e«20— by; A da Sat 26 01 
=> beoh 

Ak ®@d o> l4i =c0 — bg—l 

Ll+bs>l®c Oo — 3 choice vlbgj//Be — d O Ba O Be 

KK Im 6 Ak>a—>5 

A Ba A à O fio l-> 6d > ak + 1 => 16, — h= a 

Aa GO fi 0 10kk A c | 7a +15 bba — b 6 a|-5 7a k 6 

convol aos//ea — Ba O— 4g ® h o5 12g — d— m 

m + d — m exceed 48jeqm/ /m ® h | 11 

+ 26 0 13 > 8, —d — 4 45 257 + bg 44 

g—l1—^mop-q 

m + e= m => n — h |> Inm — ba |> 14m —d—mn —e-m 

m ® h o— 17 exceed 16nmeßj//m + e = m — 15 

Om ^A^mA^pGOe|2516Aqonp-15 

tracom qne8j//t£; —q--1- (hh —q-d-l1h/An-a 

A à A n GO b, o 219, |^ 20 A a > 20 

a=>b,—4 

(; 0 ab, 0 27 — e = d choice nießj//i = b,b; = a 

AG. 0229 Ate Ofl 

choice 8jeej// © f > 1 

tracom 94e / / ! 

concom + 8aa/ /concom + 8bb//a — b! 


The algorithm for synthesis of a threshold element by the method de- 
scribed in this section can be realized by the operator synthrel: a is an 
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auxiliary terminal and corresponds to the case of unrealizability of the 
function. 


6::] Tod al, — via 4l, lA 5 all, 
[t:i] = ai € (0,1,...,n — 1], u, n, 9, k, t, p, 0 — Working complexes, 
o(b) = o(To), sly) =n, o) In, off) Sn+2, 
o(a) €nt1 [el =n, D]5 N, DJs a, [E] = 7. 


synthrel (234, 235, 237, 243, 244, 250, 245, 240, 252, 252, 255, 236) / 
au, BK, YK, ÔK, eu +, CE, nK?, Ok?, KK? AK +, uk, VK, £u, TK?, pK, 
cK/j, Ü 

256 455 13 


lowal Betye // renumbering Bob // o a>j 
81 &-1A&VjisejAa Q b | 1 twomontest aBrp // pordi aByée / / 
mast oryó / / weights àjet // 


$2 compBré// oi o g= hthrelanAf£eef // f 03e n? A h — threlan 
2 


§3 Ai GO bg o Abg @ e | 3e | 94? Ag 01 — threlan 2 

$44 g 0 138 bh — b,redu o8 o — Uap || reduaß |— nrp // O ab oc 
§  AbOb|560bAaQb,o- 12 

$6 qw OQy,—a^w,-—boda^9,»20Vb-—b^Ad,Va 

$7 Ad@comllkAdV —a|—57e—f--12c 

$10 Ae ®do—>ll A fx; => x, — 10 

$821 be yaAc—5d 

$12 c= b, solsin atkrpndy // — 1 

$13 rereal pov //. 


Example: 


f (Xo, Xu, ..., Xs) = Lo£i V Loletzt4 V XoXsXaX5 V XoXaXaXs V LoLsXaXs 
V GXaX»1334 V X1X2%3X5. (31) 


In the solution of this example, we shall follow the above algorithm. 


(1) All variables are essential, and the function is homogeneous. 
(2) The weights a; (i = 0,1, ..., 5) are ordered in the following way: 


Qo > 017 de = a3 > 04 = A; > O. (32) 


The comparison of the corresponding reduced functions shows that the 
function (31) is 2-monotonic. 
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(3) We calculate the values of the elements of matrix (B): 


do di ds d dy ds 


do 1 1 

di 1] 1 1 1 
(B) = d» 

ds 1 1 

da 

d; 1 1 1 1 


(4) We expand the matrix (B): 
di > ds > d; * do > do * dy = 0. (33) 
Giving to the differences d; the minimal values satisfying (33), we obtain 
di = di = 0; d) = d; = 1; dj = 2; di! = 3. 


By formula (28) we caleulate the values of the weights in the first ap- 
proximation: 


a! = a! = d; = 2; až = ad = a + di = 2 + 1 = 3; 
a! = a! + d! = 3 +3 = 6; ad = a! + d£ = 6 +1=7. 


We put the threshold equal to minaew, a! X a, i.e., it is necessary to cal- 
culate the sum of weights of the variables occurring in each of the con- 
junctions of the function f and take the minimal sum for the threshold. In 
this example the minimal sum is formed by the weights of the variables ap- 
pearing in the conjunction xor: ay! + a! = 13; T! = 13. 

Applying the operator for threshold-element analysis, we find f!: 


f! (2o, LED, T5) ia. [ 7, 6, 3, 3, 2, 25 13 ] 
~N Xoti V LoXeXs V XoUeXsXs V XoXX4X5 V XaXaXaXa V XiX22325. 


(5) From the comparison of f! and f we find that the element of the set 
To corresponding to the conjunction zorsr; is a type-s element. This sig- 
nifies that 


I Il II II II 
a ta +a; <a + a, 
whence 


II II II 
Q9 + a3 « ay. 
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Considering (32) and the condition al! > aj for alli € (0, 1, ..., 5], we 
find 


a = 7; a =al +d =7+1=8; all = ad = 3; 
adl = a = 3; a}! = al = 2; TH = 15. 
Thus 
f (25, Tl; -3 25) ~ [8, T, 3, 3, 2, 2: 15]. 


We may omit the step of partial ordering of the differences d;, at least 
when n < 6; i.e., we put d = 1 if a; > a in the string (24), and d; = 0 
if a; = diz. In this case the number of approximations will increase neg- 
ligibly. 

For a large number of variables the ordering of the differences plays an 
essential role, since it makes it possible to test a large number of reduced 
functions and to detect earlier nonthreshold functions, and even in the 
first approximation to arrive fairly close to the solution. Furthermore, 
together with the ordering of the differences d; it is useful to order the 
differences among the differences, which we call second-order differences. 
This process can be continued; i.e., the third-order differences can be 
brought into consideration, etc. 


Example”: 


f(Xo 31, ..., £7) = Loli V XoxX2 V ots V Lots V Lotste V XoTsT: 
V Tott V LyX. V Litty V XoX3X4 V XiX3Xs V X1X3%_ V GaXa3X V T1141; 
V GXaXaXe V XaXaXq V XaZXuXeX] V XoXa3X5 V XxU3Xg V LoX3X7 V XoXaTs 
V XoXaXe V XoX4X4 V X3XuXeX0 V X3XaX5 V XaXaXeXT. 


The variables zo, 21, ..., 2; are associated with the variables A, B, C, D, 
E, G, H, I in [12]. This example is presented in [12] to illustrate that 
it is not possible to guarantee minimality of the sum ) 72 | a; |, by giving 
equal values to the weights connected in the string by the equal sign; i.e., 
the minimized realization is not minimal. 

The author of [12] remarks that this example can serve as the “‘touch- 
stone" for new methods of threshold-element synthesis. 

'The above method yields à minimal solution for the given example. 


(1) The function is homogeneous; all variables are essential. 
(2) The weights are ordered as follows: 


do > di = A > a3 = A > As > Ag = a4 > Q. 


10 See reference [12]. 
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(3) The matrix of partial ordering is 


do dy do ds d, ds de dy 


do 1 1 1 1 

dy 

d» 1 1 l 
(B) = ds 

d 1 1 1 

ds 1 1 1 

ds 

d; 1 1 1 1 


(4) The values di! = d4! = dj = 0; do! = d = dj! = 1; do! = di = 
satisfy (B) and are minimal. Putting d! = dj! = d$! = 0, we automatically 
make two assumptions. 


ASSUMPTION 1: If the optimal values of the weights connected by the 
equals sign do not coincide, they differ slightly. 


ASSUMPTION 2: The optimal values of the weights joined by the equals 
sign are not obtained in the first approximation, but in one of the later 
ones. 


The process of finding the optimal solution is constructed in the follow- 
ing way: The first approximation is found in the usual way; to find the 
values of the weights in the subsequent approximations the equal sign is 
not taken into account. 

Thus a = 7, a? = a! = 5, al = a1 = 4, as! = 3, ad! = ar = 2, 
T! = 10. 

(5) Omitting the intermediate calculations, we present the sequence of 
realizations converging to the realization of the initial function. 


I II II II I II 

aj = 8; a = 5; az = 6; az = ai = 4; a = 3; 
ag! = ay = 2; TH = 11 

III III III III III III 

a = 8; a = az = 6; ü3 = 4; Q4 = 5; a = 3; 
ail = gill - 2; mul . 19 

d —9; ail'—6; ol '—7; ai =4; ah = 5; ah = 8; 
as’ = a” = 2; TIV = 12. 

Ga —9; a"—0; a —7; a = 5; a "—5; am" = 3; 


Ge = a,’ = 2; TY = 13. 


332 E. A. BUTAKOV, S. V. BYKOVA, AND V. A. VOROB’EV 


The fifth approximation is the minimal realization of the function 
f (20, Wy vey 27). 

This method is easily transferred to the case of the matrix representa- 
tion of Boolean functions [16]. The set of operators remains essentially 


the same; the description of the algorithm, whose code is synthrem, is given 
in [27 ]. 


D. THE METHOD OF DENSE ENUMERATION 


These synthesis algorithms are universal in the sense that they are 
equally suitable for manual and for computer execution. From the view- 
point of the computer these algorithms have both advantages and draw- 
backs. The method considered in Section 2B requires much space in memory 
to store the intermediate results, while the iterative method, more adapted 
to manual calculation for the number of variables n « 10, does not give the 
assurance that the solution obtained is minimal in more complicated cases. 

These two disadvantages are absent from the algorithm we shall now 
describe. We begin the discussion with the statement of the basic steps. 


(1) Inessential variables are eliminated, the initial function f(X) is 
brought to positive [we shall also designate the reduced function by f (X) ]. 

(2) The weights are linearly ordered without testing for 2-monotonicity. 
Let this be the string (24). 

(3) The matrix (B) is calculated; only nonzero differences are con- 
sidered. 

(4) The first approximation is found: 


F(X) oe Lao, aj, RE PE DEL (34) 


If f! (X) = f(X), the solution has been found. 

Let f!'(X) = f(X), and N! = V3 al; then: 

(5) Find, successively, all partitions Sj, S», ..., S, of the number 
P = N! + g (g is a natural number) into n components satisfying string 
(24) and matrix (B). mE | 

(6) For each partition S; = (ay, ay, ..., a}—ı) we determine the thresh- 
old 7T? and analyze the result obtained. 

(7) If one of the partitions realizes the initial function, the realization 
is minimal, and the process has terminated; otherwise, we increase g by 1 
and pass to step (5). 
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(8) The function is unrealizable if none of the partitions of 
P = NI! + c NI +o4+1,..., 4n[ (n + 1)/4]07»? 


gives a realization! (the sense of co will be clarified below. 

As can be seen from the description just given, all steps of the algorithm 
except step (5) are realized by previously considered operators. Let us 
consider the operator for finding the partition. 

Let the weights a; be ordered according to (24). We shall consider that 
it is necessary to increase the weight of variable x; by one, conserving at 
the same time the given ordering. One method obviously consists of in- 
creasing by one all weights in the same class as a; together with the weights 
that are greater then a;. This method has the obvious property that 


n—l 


K = oa; 


1-0 


is increased by a minimal amount. 

We denote by l the number of different classes of weights (cf. Section 1) 
and eliminate from consideration the differences equal to zero, denoting 
the remaining differences (these, obviously, are the differences between 
the classes of weights) by do, di, ..., di-t. 


Definition. The minimal quantity c; by which it is necessary to in- 
crease the sum N! when increasing the weights of the jth class by 1, con- 
serving the given ordering of the weights is called the cost of the jth class. 


Example: Let the weights of the variables of a certain threshold func- 
tion be ordered as follows: 


Qo = 047» @ > a3 = & = As > O. (35) 


In this ease | = 3 and c, = 2, a = 3, and c; = 6. 

A partition of P into n components, satisfying (24), can be replaced by 
the expansion of the number in the costs of the classes; 1.e., we represent 
g in the form 


i— 


g = 25 Aic; + e; e «Cj, (j20,1,*::,1— 1), (36) 


j=0 


11 We give the upper bound on the sum of weights obtained for noninteger values of 
the weights [1], since the analogous bound for integer weights is not known to us. 
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where A; are the increments to the weights of the jth class. 

We shall give the expansion s of the number g by the set of increments 
s = (Ao, Ay, ..., Ara). The expansion of g is called regular if c = g — 
Mc A; = 0, and irregular if o ¥ 0. 

Let there be given a certain value g = go. The algorithm for finding all 
expansions sı, S2, ..., Sp of the number go in the costs co, C1, *--, Ca COn- 
sists of the following: 


(a) As the first expansion sı = (A, Ail, ..., AL) we take as the values 
of the increments: 
1 1-1 
Ar = e| ; A13 = = — Sara gs E = A ee m = | 
CIA Ci—2 Co 


(b) Let the kth expansion s, = (Ae, Ai’, ..., At-1) be found ; in it the 
minimal index r is found such that A^ ~ 0,1 Er € L— I1. 

(e) The k + 1st expansion is obtained from the kth in the following 
way: We put Az! = A, — 1, Atti = A a. dA = Ara; the values of 
the remaining increments are calculated by the formula 


1-1 
— i-j4l AC 
gr fm Ease o 


=P = [ot 2) 0). 
Cj 


(d) The eriterion for termination of the process is the satisfaction of 
the condition 


Af = Ao’ = «++ = Ai, = 0 
for the expansion with number g. 


Example: We obtain all expansions of the number 16 in costs 1, o, 7, 
and 8: 


(1) 0,0,0,2; (4) 8,0,0,1; (7) 9,0,1,0; (10) 11, 1, 0,0; 
(2) 1,0,1,1; (5) 2,0,2,0; (8) 1,3,0,0; (11) 16, 0, 0,0; 
(3) 3,1,0,1; (6) 4,1,1,0; (9) 6,2,0,0. 


The algorithm is carried out by the operator expansion whose program 
is (2, 2)-terminal. The basic terminals correspond to the start of genera- 
tion of the expansion and the obtaining of the current expansion. The 
auxiliary exit terminal a corresponds to the end of the process of obtaining 
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expansions. To obtain 2, 3, +-+- expansions it is necessary to return to 
sentence 10; 


8:11d»d|; [v]^9g; [$9] = A; 
[e] = c5 4,7 € 10, 1, ...,L— 1}. 


expansion (61)/aa +, Bk +, yu +, ôk, ek +/c, e 
240 261 12 


y => c cleanup 6//0 a = bbg — 12d 
$81 ao—12Ab0d|^520a 
$2 c@frl>-4 oc e 
§8 exkXdétescAe@bl>3y—c>e 
§4 cia =cas à C 0 5 — ô, | 5a | 11 — 10 
§ bc 
$6 A € ® fio o>? 185 ^ c; = bhb. A & V b o— 66 O— 76. — à |— 66. 
—ójocao- 10-55 
87 65 — à,| 6 
$10 Ab ® fio O—> adi O—> 10 
$11 Aó oac5 
$12 


The process of finding the partitions [step (5)] of the number P = 
N! + g can be described fairly simply: 


1. Each of the expansions obtained, not contradicting the matrix (B), 
of the number g in costs is tested for regularity. The irregular expansions 
are dropped and the next expansion is generated. In this case contradiction 
is understood to mean a situation in which A; > A;, while in the matrix 
(B) the element b;; = 1. 

2. A regular expansion, not containing contradictions, is used to obtain 
the partition of P. In each class of weights, one representative al, ail, ..., 
alı is selected, and the values of the elements of the classes are found from 
the formula 


[1—1 
a;—al--»,A; (7 =90,1,...,1—1). (37) 


i=j 
Since the value P increases monotonically, and for each fixed value of P 
all feasible combinations of weights are sifted, the first partition of P satis- 
fying condition (1) will be a minimal realization. 
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Example: Find the minimal realization of the function 
f(Xo, 31, ..., X5) = Los. V GXgriXsT4 V XoXotsTa 
V Tott V XoXsXaXs V XoXiXaUXs 
V QXoX»r4X5 V XoX3XaXs V X4X22324 


V X31222345 V XuXerams V X12323 425. 


(1) The function is positive; all variables are essential. 


(2) do = 1 0» > a3 = a4 = as > O. 
do dh d» 
do 
(3) (B) = di 
d; 1 1 


(4) The values of the weights in the first approximation are 


dS = a4 = aj = 2, aot = 3, ad = aj = 4, 


n—1l 


NI = $a = 17. 
i=0 


It can be verified that f(X) = f!(X). 

(5) The cost of the classes have the following values: cy = 2, & = 3, 
and c = 6. We put g = co = 2 and find the expansion of g in costs 2, 3, 
and 6: 


g=2 
(i) 100. The expansion contradicts the matrix (B): Ap > As, 
whereas bx = 1. For g = 2 no other expansions exist. 


(6) We put g = 3, and again find the expansion. 


g=3 
(ii) 010 contradicts (B); 
(iii) 100 contradicts (B); 


g 4 
(iv) 010 contradicts (B); 
(v) 200 contradicts (B); 
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g=5 
(vi) 010 contradicts (5); 
(vii) 200 contradicts (B); 


g=6 
(viii) 001 does not contradict (B), i.e., is regular. 


The last expansion permits the partition P = N! + g = 17 + 6 = 23 
to be written according to (36): ao =a = 4 + 1 = 5j =3+1 = 4; 
a; = a, = as; = 3; T = 14. This system of coefficients is the realization of 
the initial function. 

Now we present the subroutine that finds the realization (if it exists) 
of the Boolean function by dense enumeration. The code of the operator 
is denum. The program is (1, 2)-terminal; the auxiliary exit a corresponds 
to the case in which a realization does not exist; 


[8] 2 » vill To 3 all, 

5, €, 0, n, 9, x, ^ — working complexes, 
c(8) = o(e) = a(x) = o(8) < n; 
c (4) = c (m) = Nn, Cup] = Ap, 


p] = te (H 





(n+1)/2 
) : 0zxpc«nmn- fl. 


denum (234, 235, 243, 244, 250, 43, 60, 332, 254, 245, 240, 236) /au +, 
Bu +, YK +, ÔK, ek +, FK +, nk +, Ok +, KK, AB, uK, vun +/i, e/àp 
253 337 7 


lowal y6\uB//renumbering *yóvye/ / 
pordi 10yte8£/ / mast 10fe/ / 
weights ef89//v — ng O` a 0 av 
b, — 1 = h8 > r> g 
$1 e V=h Akh @ fo o> 2g -—h>g> >l 
§2 f 1 = i compress eie/ /transmat ed// 
compress NiA/ /transmat de// OJ 
$3 Aj+tv o a expansion 39ejx/ / 
B—1-hs-gok 
So A kkk + g — g — A4 Ah © fio |— 4 comp Y // 
threlan 7yiBg// o I 
$6 g O y, o threlan 2 Al © bg |— 6 — expansion 10 
$7 rereal My//. 
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E. REALIZATION TABLES 


Let f(X) be a certain threshold function X = zo, Tı, ..., Una. On the 
basis of the properties of threshold functions (cf. Section 1) 1t can be stated 
that the absolute values of the weights in the realizations of monotypical 
threshold functions will coincide. We denote by f*(X) the function dual 
to f( X). In [1] it was shown that if 


f (Xo, Xi..., Xai) (icd [ as, 0, ..., Anm; T], (38) 
then 
n—l 
J” (Xo, 1, ..., ta) ^v [to y ..., Gray 9,0: +1 — T |. 
i=0 


Thus the set E, can be divided into equivalence classes, closed with 
respect to the following operations: 


(a) substitution of variables or their negation; 
(b) permutation of variables; 
(c) substitution of a function by its negation. 


In turn, in each class one function can be distinguished, which we call 
the representative function of the given class [28]. It is convenient to 
take as the representative of the class a positive function whose weights are 
ordered in decreasing order as in relation (24). These two constraints define 
a representative of the function to within duality, and we therefore agree to 
take as the representative in a dual pair the function with the larger thresh- 
old value. 

A method for finding all typical and representative threshold functions 
is presented in [18 and 28]. Here we shall consider the question of finding 
a realization of a given function of a class from the realization of the repre- 
sentative function. 

Let f(X) be given by a partition (Mi, Mo) and c(Mi) = h. We define 
an n + l-dimensional vector g( f) = [go( f), af), ..., g& Cf) ] in the fol- 


lowing manner: 


h—1 
g = >> (2an — 1) GS do sues oD) 

1—0 (39) 
Gn = h. 


We term the vector g(f) the characteristic vector of f(X). 
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TABLE III 


df <H H AO +H OO 19 © CÓ 19 H 
& | ANAM co c O1 9 O 0 Y 
S| C4 OW 10 09 00 CO rà P oH OY 05 
S| A His 19 c6 c0 00 OH HAD 
cs | 90 wo t-oor.o 00 HO SO I 
Te e 


ONOONO OMN OAM NNA c 


mM r4 CO m rA B OCq CX N 10 CO n wa on n o x OO3 CY 
1 C CO w - cHBOCN BOCq 1 CÓ n C0 CO n dO cB Od QW 
1€) AC 19 CÓ OO H HII be iO C xn dO «odo CY 
1$ p. iQ a6 C (O OO (Oo «B b b be iO C n dO 00 (Oo Q 
aoe See Sa dci E 


gs5 
10 
10 
11 
11 
11 
11 
11 
12 
12 
12 
12 
13 


13 
13 
13 
13 
13 
14 
14 
14 
14 
15 
15 
15 
15 
15 
15 
16 
16 
16 
16 


S TA m m m m m onm or e rn on | 
S| AeA NA NR BNA AAS 
3 HNN NN ANN ANAN 
G MANNA «B c 00 09 rc 00 C3 AN 
3 C «M cO OID cO iO HAN HAHN 
H | «o r- r- «€ Ov 15 00 00 «t r- e 18 
e - CQ CÓ -M aO (Qo r-. 00 CO» CO rc AN 
7 OD C OD 0D cO C» OD CO CÓ «M OH OH 





T om m oon CQ mom TNA on onm nm om m onm et n 
NN mom om Cd TN m CQ N rn. Cd Cd m orm orm orm rn 
CQ CO cm C0 QV CO CQ CY CQ QI C9 09 020 C1 m rm om CO 
CQ «B CQ CO CQ C00 CO 00 QA CO. «B 09 00 C m om OO e 
C AC CÓ iC wo B CO «Box MIO cB a0 a0 HAN CQ CÓ 
eO C» 1 O0 b- OO cO p «4O b. OC» b. O0 b- i1 CÓ «M ac c 
CO -H aO tO b. O0 C» CO r4 CY CO «P 10 (OO r- ADO rZ 
HoH SH B OH OH OH OD 40 10) XO) ADD XO aO) AD aO a0 CO CO 


CO -— C CV CQ MON CO CO HOO cH CÓ HOD ID IO 


* 

E | AHAAA AN N A H e 
Sloocococoococoooococo°o 
S DOoOOn TR NNN AHAN mmm 
& | OQ — m NTF n OG c0 8 0 co n 
a corn om C4 n4 CO CY CÓ CÓ HOD rn 
Š m ON rnm C0 cB CO i cB LO b 
& | on oco rio i9 c reor 
Gloococooooooocoo 
S occ Q m m m rnm on onm n on 
S | Onn n nm onm onm n ATA 
3 m om onm om or C ne onm CY CY CY mn 
S m om Cu mb ANN m CO CY MD Co 
E. | e eo eo e oim Hoo 19 io o 
o - CV CO «HP i cO D. 00 CO» Q rm N 
7, m m m 


ODA AN MA EN MN MAAHAN N HE MAAN 
NAAN MAHA WM AHN WO % CO nm c 
CY — cO QW CÓ CÓ HH CO e cH CN 19 CÓ CO x oH 
Cd xn CO xh OCO AC x cB aO aO be OO GO aO b. i b. OO 
CO m CO «AQ i «B oOCO à b. b. 0D O0 b. b. a 00 
DAMEN i a ie —— Msc 
00 c4 cO «10 15 (o (o pF. P- DF- 0000 0 0 OS (D 
O m m m m m m m m m m e r e E 
m om mH m oT m cA or AN m Cd m Cd AN m CY 
SHIN TW RN AUN NN BSN RN TN TN 
HENNA m C90 n NNN 009 C9 Cd CY CY  % CO 
CY om CQ CQ C CO m C0 CO «B C09 009 CO CO CY 10 B st 
CO iC p. CO ai OO TE b 0O C» p- O0 Qo rp. i OC» b. © 
MOAI DOR O00 CO» C m Cd CO -H i cO p. OD C 
worm om om om or oT NNN N NN N N N NM 





Theorem 2.2.2 Let f(X) and e(X) be certain Boolean functions and 
g( f) and g(y) their characteristic vectors. If g(f) = g(e), then either f 


and o are realizable by the same threshold element and f(X) = (X), or 


neither function is threshold. 


By the definition of a characteristic vector it follows that g( f) and g( f^) 
coincide in all components except the nth; it is also clear that ga( f) < 


12 See reference [29]. 
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gn( f*), where the equality is satisfied for self-dual functions and gf) > 
g;( f) if a; > aj. 

The introduction of the characteristic vectors permits the representative 
funetions to be ordered, for example, in order of increasing characteristic 
vectors. In Table III of representative functions up to five variables, in- 
clusive,? all functions are ordered by increasing gn; if ga( f) = gn(¢), then 
the place of f(X) and (X) is given by the value of go; M go( f) = gole), 
the the order is given by gı, ete. Along with the characteristic vectors are 
given the realizations of the representative functions, where for convenient 
use the threshold realizing the dual function T* is given together with the 
threshold T of the realization of the function. 

The table permits the realization of a function to be found rapidly or 
its unrealizability to be established. For this it is sufficient to calculate the 
characteristic vector, constructing the matrix representation of the func- 
tion, and to order its components in decreasing absolute values. If h > 25-1 
then 2" — his taken for g,. In this case the value of the threshold is defined 
by column T*. According to the vector found the realization of the repre- 
sentative function is found in the table. There remains only to return to the 
initial designations of the variables and to add the “minus” sign to the 
weights of the variables in which the function is negative, subtracting their 
sum from the threshold. 


Example: 
f(xXo 21, ..., 44) = xeXiXo V  Xonixaxa; 


the vector g( f) = (5, 5, —5, 3, 1, 1), the corresponding characteristic 
veetor in the table has the number 18. Thus 


Loli V XoXivsz4 ~ [3, 3, —2, 1, 1; 8]. 


3. REALIZATION OF AN ARBITRARY BOOLEAN FUNCTION 
BY A SINGLE-ROW THRESHOLD NETWORK 


Since by far not every Boolean funetion is threshold, the problem arises 
of synthesizing networks of threshold elements for the realization of an 
arbitrary Boolean function. Threshold functions represent a functionally 


13 An analogous table for six variables is given in [18]. 
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complete system; ie., any Boolean function may be represented in the 
form of a superposition of threshold functions. In particular, any Boolean 
function may be represented as the disjunction or conjunction of threshold 
functions: 

k—1 


P(X) = V f(X); (40) 


i1 


F(X) = A fi(X). (41) 


j=0 


We call a threshold network corresponding to (40) or (41) a single-row 
network. By virtue of De Morgan’s theorem, only the case of disjunction 
of threshold functions need be considered. The general form of a single-row 
network is shown in Fig. 4. 





Fig. 4. Fig. 5. 


Let there be given an arbitrary Boolean function of n variables F(X). 
It is required to represent it in the form of a disjunction of a minimal 
number of threshold functions. We shall term the corresponding threshold 
network the shortest network. 

It is clear that only functions that do not absorb each other can enter 
into (40). We shall term such functions maximal. 

As is well known [12], for a small number of variables (at least for 
n < 6) all totally monotonic functions are threshold. There is every basis 
for expecting that, for 6 < n < 10, nonthreshold totally monotonic func- 
tions will be encountered extremely rarely. 

With these considerations, it is possible to construct the following algo- 
rithm for the synthesis of the shortest single-row threshold network. 
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(1) In the initial Boolean function all maximal totally monotonic func- 
tions are distinguished. 

(2) The realizations of these functions are found, using the operator 
synthrem or tables of characteristic vectors and realizations. 

(3) The shortest coverages of the initial function by threshold func- 
tions are found, using the operators oshco or fishco, described by Zakrevskii 


[24]. 


Let us consider the first part of the algorithm. 
We consider a Boolean function of n variables. 


F(X) = sep?M = (My, Mo}. 


We construct for it the graph G = (Mı, T). Each element o; € Miis 
associated with the corresponding ith node of the graph and 


J € Ti e d (Br, 81 € Mo) [o; + ej = Bx + Bi], 


where the “plus” sign represents ordinary vector addition. Further, we 
shall call this the 2-summability graph. 


Example: 
F(X) = Toli V Lele V TWX. V Lore. 


This function corresponds to the following partition of the Boolean space: 


M, = {000, 001, 010, 101, 110, 111}, 


The matrix representation of the function and the corresponding 2-sum- 
mability graph are given in Fig. 5. 

From the properties of 2-asummability it follows that if in the 2-summa- 
bility graph there are no pairs of adjacent nodes, i.e., the set of nodes is 
internally stable [26], the corresponding Boolean function is totally mono- 
tonic. If a pair of nodes (7, 7} is adjacent, the corresponding elements of 
Boolean space a; and o; cannot belong to the set Mj? of a single threshold 
function f;(X ), and must be separated. 

This problem is solved by the operator for separating the nodes of the 
graph and its mapping. The code of the operator is senoma. 

Let N = (no m, ..., ni, ..., tn 31] be the set of nodes of the loop-free 
graph G = (N,T). A set A C Ñ is given with a distinguished subset S C A. 
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The operator senoma carries out the following transformation of the 
set A. For a certain node n; € N and for all subsets of nodes of the graph 
s; € S, such that n; € s; and s; N Tn; ¥ (Z, there are constructed 


sj Imi], 


$;NS; n In;. 


Sj 


uw 
Sj 


The transformed subsets of nodes s; are dropped from the set S, while 
sj and s;’ are joined to it if they do not contain any of the elements of A. 
The set A is given by the complex ô: 


6::|| A >N |, 
[e] = o(A) — 1. 


The set S is always given by the last elements of the complex 6 and is de- 
fined by the value of the index ¢ of its first element. 

The node of the graph n; and its mapping I'n; are represented by the 
variables 8 and y, respectively: 


8::]| {ns} 2 N ||, 
v: {Pn 2 NI. 


The operator is (1, 2)-terminal. 

The basic output corresponds to the case where all subsets of nodes s; € S 
take part in the transformation and are dropped, but there is no sj or s% 
connected to A, i.e., [e] < [t£]. The auxiliary exit a corresponds to all 
other cases. 


senoma at +, 8n +, yu +, ôk, eu, ca +/b, c/ (86) 
257 220 6 (Bab) 


(a 
$1 & A 8 0—55ó6,^yYy—5ao-554,08b 
ó6,0a-—aobocoó, 
$2 Ôp | ^a o—44AbQb|52a- 6, 
$83 & 1 Abo—55AcQGb|53AecAbb22$&5 
$44 ô 1 ^Abo—56AcQb|5 4b => à, 
$5 A^AaGQGbl1-a 
$6 6.3 ða A € A bib, |> le — £ | a. 


In the particular case where S = A = (no, m, ..., Nn} the application 
of senoma successively to all n; € N leads to obtaining in the set A all 
maximal internally stable sets of the graph [26]. 
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In the case of the 2-summability graph the set of nodes corresponds to 
the set Mı prescribed by the Boolean function F(X). If by means of the 
operator senoma all maximal internally stable sets M;? are found, they will 
correspond to certain Boolean functions 


fi(X) = sep? M = (Mi, M\Mi}. 


In general not all f;(X) will be totally monotonic, since the graph G = 
(Mi, T) does not correspond to f;(X), but to F(X). For example, the 
following maximal internally stable sets are contained in the graph in 
Fig. 5: 


J 


(0, 1,2 
1,2, 7 


(0, 2, 6 
1,5,7 


(0, 1, 
í 2 


5}, {0,5,6 
(2,6, 71, {5,6,7 


P 
í 


£ 
, » 6, 7} 


£ 
j 


, 
? ) j ? 


| 


Even homogeneous functions do not correspond to the sets (1, 2, 7] and 
(0, 5, 6]. 

Taking this circumstance into account, after all functions f;(X) have 
been obtained it is necessary to repeat analogous transformations for each 
of them. Then f;( X) is totally montonic if its 2-summability graph contains 
no branches; otherwise, M; is divided into maximal internally stable sets, 
etc. 

In this case the set A of the operator senoma represents a set of Boolean 
functions given in matrix form. At the same time 


A= PUQUS, 


where P is the set of maximal totally monotonic functions obtained in the 
preceding steps, Q is the set of Boolean functions remaining to be tested 
for total monotonicity, and S is the set directly transformed by the opera- 
tor senoma. 

In the execution of this algorithm it is not necessary to construct the 
adjacency matrix; i.e., after the mapping Ta; C Mı corresponding to each 


a; € Mı has been found, it is immediately possible to apply the operator 
senoma. 

The adjacency of each pair {a:, a;} is defined by means of a special 
operator asummab, which for each pair in M, tests each pair in M, for 
asummability. To reduce the enumeration, the following property [29] 
is utilized: 


a; +a; = Br + 8; 9 (aiU aj = Br UB) ^ (aif a; = Br N 8i); 
a; +a; = Bk + Bi— Br, Bi € intmin (ai, 0j]. 
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The first property is tested directly; the second follows from the first and 
the fact that 


Intmin (a, a;} = Int eina;) (a; U aj). 


The operator asummab is (1, 2)-terminal, where the auxiliary exit o cor- 
responds to the case of asummability of the pair (o. a;}. 


Le] = di, 
Ly] = Qj, 1t, j € {0, 1,..., o(Mı) = 1}, 
[6] 2 2" — J, where n = a(X). 


The set M, is given by the variable e: 


e: {Mo} > M |l. 


asummab o +, pu +, yu +, du +, at + /a, f 
260 153 3 (a) 


BOervV@lonmaB Vy TASVPABAYRPOAaSCc1AS 
— dea 
$1 a X2697 —e ed haa 03a—1 
$2 b X3e87 — e => eee ^ aa 03a2 
$3 aXae ^ c— fe l Ad Vf-ec ^a o3. 


Finding of all maximal totally monotonic functions in (40) now reduces 
to the successive application of the operator asummab to all pairs in Mi? 
for the function f;(X) € Q. If no summable pair exists in Mj, the function 
fi( X) € P; otherwise, it is assigned to A, and the operator senoma is applied 
to it, after which the entire set S is joined to Q. The initial form of the set 
A is 

A =Q = {F(X)}. 


The operator representing F(X) in the form (40) has the code tomof. 
The initial function is given by variable a: 


a::|| {Mi} > M |]; 
and the set A by the complex 6: 


B::||A > M ||. 
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To define the positions assigned to the matrix representation f;(X), the 
variable y is used, containing 1’s in the 2” lowest orders. The index à has 
the same sense as in the operator asummab. 

The complex 8 is divided into parts, representing the sets P, Q, and S, 
by means of the indexes g and h: [g] = o(P), and [h] = o(P) + e(Q). 


tomof (260, 257) an +, Bx, yn +, du +/i, k/ (aBy) 
261 215 7 (a defgh) 


1>i1>h2> bea> Bo 0]g 
$31 AgQh'o'78,2,0,—d |l ^y-eoiofB, 
§2 dX 5d fc;goh | 
$3 f X 4k asummab 3jkóe//1 > ic; V h =h 5 3 
$4 h o— 2 senoma 2ghßih// 
$0 io—0i—5hGogo-70;—»^d | ^yeoi-2 
$6 Bi S 8, — 1 
§7 


After tomof has terminated its action, the complex @ contains all maximal 
totally monotonic functions f;(X) contained in the prescribed function 
F(X). It remains to apply the operators listed in the second and third 
steps of the overall algorithm, and the problem will be solved. The L-pro- 
gram realizing this algorithm is called shothnet. 

The initial Boolean function is given by the variable a: a::|| {Mı} 5 M ||; 
[a] = o(X). The set of maximal totally monotonic functions is given by 
the complex A: A::|| A 5 M ||. The shortest coverage is represented by 
the variable e: e::|| {Az} > A ||. The complex I contains the weights of 
the threshold-element realization, and the index e, the threshold T: [e] = T. 
The maximal total weight is given by the index d: 





(n4-1)/2 
[a] = (1) = 


B, C, D E, F, G, H, and I are intermediate working complexes of the opera- 


tors oshco and synthrem. 


shothnet 
§0 37 —a>Sbob>aul=s>bob<alsbasd 
tomof aAbb// © c > b, | = c oshco AcdIe//A*e* oO c* 
$1 e X 3c synthrem 2a, BCaDFGHdElIe//I*e* 6 c« l 
$22 a.*Oocs—1 
$3 ax. 


| 
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To illustrate the application of this algorithm, let us consider an example 
taken from [30]. In Table IV is presented the initial function F(X) and 
the maximal totally monotonic functions obtained by means of tomof in 
URAL-1. The Boolean functions f;(.X) are represented by the row matrices 
|| {Mı} > M ||. 

The corresponding realizations of the threshold elements and certain 
shortest coverages are presented in Table V. 

An appreciable economy in the number of elements as well as the sum 
of weights and thresholds in this case can be achieved by applying the 
operator tomof to the inversion of F(X), and representing it in the form 


F(X) = Vf). 


i=0 


In this case the given function is expressed in terms of the conjunction 
of threshold functions 


k—1 
F(X) = Afi(X). 
i=0 

In Tables VI and VII, analogously to Tables IV and V, one possible reali- 
zation of this kind is presented. In the present case it is more economical 
than the first by two threshold elements. 

This algorithm requires for its execution a large number of searches over 
the sets Mı and Mo. Their number rapidly increases with increase in the 
number of variables. Let us show a way to accelerate substantially the 
process of finding all maximal totally monotonic functions contained in 
F (X) in certain cases. 

Let the Boolean function F(X) be given by the set I of its maximal in- 
tervals, corresponding to the reduced dnf. As the first step, 1t is possible 
to represent it in the form of the disjunction of homogeneous functions. 

We construct the graph G = (I, D). To each inte, 6, € I there corre- 
sponds a kth node of the graph, and 


l € T, e intar 8x N inte; Bi = ©. 


To any internally stable set of this graph there corresponds a star in the 


set I. If I is the set of maximal intervals, then the following proposition 
holds: 


(Y [I] ¥ $< (3 inte, Bx, inte; 8: € 1) -[int;, 8. n ints; 8; = 4]. 
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TABLE VI 
Realization k-l 
?5|lai| 4-|T|  Shortest — 3:—min 

No T ad @ ad a ag 5? coverage coverage 

1 3 1 -—1 3 1 —3 12. " 

2 à 2 —2 —1 —i 2 11 + 

3 4 2 —1 —2 1 2 12 

4 4 3 1 2 —1 -—1 12 kd * 

5 4 3 —l1 4 —2 —2 16 

6 8 3 3 2 1 1 18 

7 3 2 —2 4 —1 —3 15 

8 4 à —1 2 —3 1 14 

9 0 -—1 —3 2 —1 —3 10 * T 

10 7 3 2 4 1 —2 19 

11 6 2 1 4 2 —3 18 * 

12 5 1 1 —1 2 2 12. - * 

13 7 3 2 4 —2 1 19 $ 3 

TABLE VII 

No. T Qo ai a2 a3 Q4 >. | ài | + | T | 
1 0 —1 1 3 —2 9 10 

2 0 2 —2 1 1 1 7 

3 —2 2 2 —1 —1 —3 11 

4 0 1 —1 2 2 —1 7 





The last follows by induction from the fact that if two conjunctions of 
a reduced dnf are nonorthogonal, a third, nonorthogonal to both, is non- 
orthogonal to the conjunction of the first two. 

As has been said, the problem of finding all maximal internally stable 
sets can be solved by means of the operator senoma for S = A. 

The set A is given by the complex 


yiJ A 3 Il. 
The set I is given by two complexes, a and 6. The complex « contains the 


set of lower limits of the intervals, the complex 6 the set of upper limits. 
The operator code is mazhof. 
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maxhof (257) /o +, Bx +, y&/h, g/ (aß) 
266 135 4 (ycdef) (ag) 


O c>b 1 > > e> ofl-b, 
§1 c X 4dc — ec, d O f 
$2 e X 3eo4 O a > gba D B. A g o2 
Ce Vf=f-2 
$3 f o— 1 senoma ldfy; o // 


$4 


Disposing now of all maximal homogeneous functions contained in the 
prescribed Boolean function F(X), it is possible to apply the search algo- 
rithm, which can be shortened, using the following property of positive 
functions. 


Theorem 3.1. Let a positive Boolean function be given by the parti- 
tion (Mi, Mo), let inta, o» C M; and o; € inta, o», and let there exist (1, 
Bo € Mo, a; € Mi such that a; + a; = Bı + 8». Then in the partition of Mi 
into a set of pairwise asummable elements the removal of a; from Mı must 
be accompanied by the removal of all a, such that a; > o; > au. 


Theorem 3.2. Let the positive function F(X) be given by the parti- 
tion (Mi, Mo) and inta, o» C Mi, inte; a, C Mi. Then from the asumma- 
bility of the pair a1, a3 there follows the asummability of any a; € inta, o2 
and o; € inte; o4. 
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AN ALGORITHM FOR THE SYNTHESIS OF 
MAJORITY-ELEMENT LOGICAL CIRCUITS 


V. L. Pavlov 


1. GENERAL ANALYSIS OF THE PROBLEM 


A. 


The problem of the synthesis of logical circuits from majority elements, 
which is taking on ever greater interest, has been considered in several 
papers. In particular, in [1 and 2] synthesis methods based on the applica- 
tion of canonical expansions of Boolean functions were considered. In [3 | 
the problem was considered from the position of the functional decomposi- 
tion of Boolean functions. Certain results of this work were generalized in 
[4]. The intuitive method for the synthesis of majority circuits, described 
in [5] also contains the idea of applying functional-decomposition algo- 
rithms. 

The present article describes a multistep algorithm for the synthesis of 
irredundant logical circuits of majority elements, based on the iterative 
application of a relatively simple algorithm for the functional decomposi- 
tion of the Boolean function realized by the synthesized circuit. The 
distinguishing property of the algorithm is the explicitly expressed tendency 
to the construction of minimal circuits in the framework of a special con- 
figuration, avoiding the need for additional temporal matching of the 
various stages of the circuit by means of delay elements. In this case the 
typical configuration has the form shown in Fig. 1, realizing a function 
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f (a, b, c, d, e), which takes on the value 1 only if exactly two of its variables 
have the value 1. In the figure the inverted inputs of the elements are 
marked by black dots (for example, the extreme right element of the first 
stage of the circuit realizes the function y (e, d, e) = ed V če V de). Major- 
ity elements operating as delay lines are represented in the circuit by 
elements with a single input. It is assumed that they realize the function 
y(a,a, a) = a, if a is the input value. 

We shall use the term minimal circuit for circuits containing the smallest 
possible number of elements and not requiring additional temporal matching. 

By means of the algorithm described only a certain, apparently good 
degree of approximation to minimal circuits is achieved, and wide possi- 
bilities exist for its further improvement. The machine execution of the | 
algorithm makes it possible to process arbitrary Boolean functions depend- 
ent on not more than 10-12 variables, and weakly defined Boolean functions 


Fic. 1. 
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dependent on a greater number (up to 32) of variables. The algorithm can 
be applied to the manual realization of functions of a small (3-8) number 
of variables; to be sure, here intuition is often used, rather than the ability 
to organize sifting of variants. 

The terminology used to describe the algorithm has been introduced in 
[6, 7, 8]. 

In the following sections the problem is first defined and certain possi- 
bilities for its exact solution are discussed. Then a multistep algorithm that 
finds an approximate solution is described, and then examples are presented 
along with a discussion of the results obtained. 
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B. STATEMENT OF THE PROBLEM 


Let it be required to synthesize a circuit realizing a Boolean function 
f(X)/X = (2o m, ..., 244], in the general case incompletely defined and 
prescribed by the partition (F» Fi, Fz} of the Boolean space XO: f(m;) = 
0 m; € Fo, f(m;) = 1am, € F,. The values of the function in the set 
F, C X9 are not concretized, and can be defined as convenient during the 
synthesis process. With each Boolean function f (X) we shall connect a set 
f (X) of Boolean functions, up to which the function f (X) can be completed 
with full definition of its value on the set F,. 

We shall synthesize the circuit realizing f(X) by stages, beginning with 
the synthesis of the first stage of the circuit, at which arrive the input 
variables in X. We bring into consideration the set Ro of Boolean functions 
realized by a single majority element and taking as their arguments ele- 
ments in the set X U 0. The structure of the first stage is defined by the set 
& = [Vi Vu, ..., Yn} € Ro, ensuring the existence of the Boolean function 
gi(&), satisfying the relation fi(Vi, Ym, ..., Yn) C f(X). The function 
gi(&), called transform of the function f(X), must be realized in the 
synthesis of the next stages of the circuit. Therefore, as the final solution, 
defining the optimal structure of the first stage, the set £ C Ro must be 
chosen, defining the transform with the lowest complexity, expressed in 
the approximate expenditure of majority elements necessary for the realiza- 
tion of the function gi. We shall assume that there exists a numerical 
funetion L(g) by means of which its complexity is estimated from the form 
of the Boolean function g. Generalizing the above, the synthesis of the ith 
stage of the circuit will be connected with finding a set £; = (yi, Wm, .. ., 
Yn} € Rim, defining the least complex Boolean function g;(£;) satisfying 
the relation §;(W1, Ym, ..., Yn) € Qia(£ia). The form of Boolean function 
gia, defined in the synthesis of the 7 — Ist stage, is known, where for? = 1 
the function f (X) appears as g; 4. The set R; ; is formed analogously to the 
set Ro on the basis of the set £; 4U {0}. The function g;(£;) must be realized 
in the synthesis of the next stages of the circuit. 

In summary, it is possible to note the possibility of stagewise synthesis 
of the circuit with optimization of the structure of each stage, carried out 
for the purpose of ensuring minimal cost of construction of the subsequent 
stages. 

The problem of synthesis of each stage, which is nevertheless of substan- 
tial dimensions, can be solved in several steps with optimization carried out 
at each step. One possible multistep algorithm for finding an optimal 
solution for one stage is discussed in Section 2. 
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C. SET-THEORETICAL ANALYSIS 


To analyze the situation encountered in the synthesis of each stage, we 
shall consider the problem of finding a set p of solutions £ = (yi, Ym, ..., 
Yn} C Ro for a superposition g(£(X)), satisfying the relation 


F(X) DG ry Ym; +. +) Ya). (1) 


Let us analyze the relation between the sets associated with the Boolean 
functions in (1) for the purpose of establishing certain properties the 
solution £ € p must have. 

To the completely defined Boolean function y; € Ro there corresponds a 
subset Yı C X9? of elements of the Boolean space: m; € yy €» pi(m;) = 1. 
The set Y, prescribes a partition (vo, vı} of the space X ? into two classes: 
vo = Pr; vı = y. For any m; € XO, m; € » if and only if the proposition 
m C yx is false, (m; € Y+) = 0. In this notation m; € » 9 (m; € p) = 1 
and in the general case m; € v; (m; € Yr) = j/j € (0, 1). The sets yi, 
V», ..., Yn € EC Ro in their ensemble prescribe a partition (vj/j € J}: 
(m; € XO) A (m; € vj) if and only if the binary vector corresponding to 
the sequence of propositions (m; € yi) (m; € Ym), ..., (m; € wn) isa binary 
representation of the value of the index j. The set of distinct values of the 
index j, defined in this way in sifting over the entire set X O, forms a set J. 
Figure 2 represents schematically a partition of the Boolean space X® into 
the classes ao, a1, ..., a, given by the sets yi, yo, Y C XO. 


y 2 


Lo Ww M 


ax 


The partitioning into classes given by the set £ of subsets in X ? is denoted 
by SEPEX®), 

It can also be stated that the set £ defines a unique mapping of the space 
X O onto a certain subset y of the space £?: 


Fic. 2. 


: 
XO «Cc o, 
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by means of which each element m; € X® is associated with an element 
y; € Y: 

Vi D Yr (Yr € E) A (Yr D m). 
The proposition 


3 t 
(m; vi) ^ (m; € v; € SEPEX®) ev; y; 
also holds, from which it follows that the sets SEP*XO and y C £? are 
isomorphic: 
t 
SEPEX® e wv. 


The Boolean function f(X) is prescribed by the pair Fo, F1 of noninter- 
secting subsets in X €. The set £ C Ro ensures the existence of the Boolean 
function g(£), satisfying rela tion (1) 2 and only if the sets yo, 31 C Y, 


defined by the mappings Fo —> Yo, Fi — yı, do not intersect: yo N yı = Ø. 
This condition will be satisfied if and only if no class v; of partitions of the 
space X® = FQUF,UF,, defined by the set £, contains simultaneously 
elements from Fo and F;. 


Theorem 1. 
EC pe 36oj)LG; € SEPEX®) A (vj Fo FO) ^ (;n Fé 2)]. 


We shall say below that the solution £ € p defines à partitioning of the 
space X ? into internally compatible classes. 


The set of solutions is convex with respect to the relation (C) and is 
therefore completely defined by its lower boundary inf p [8]. 


Theorem 2. 
(EC p) ^ (EC £8) 5 £ € p. 


To each solution £ € p there corresponds, in general, one incompletely de- 
fined Boolean function g(£). 


Theorem 3. If £ € p, the Boolean function g(£) in (1) is unique and 
is given by the partition (o, 71, Yz} of the space £O), defined by the relations 


£ £ 
Fo vo; Fi"; yz = EON (Yo U 1). 
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The number of elements in the space £? for which the value of the 
function g(£) is defined does not exceed c (FU F1). 


Theorem 4. 


ICE € p) ^ (c(FoU Fi) € o(yoU v) J. 


It is natural to assume that with decrease of c (o U y1) the complexity of 
the function g(£), in general, will also decrease. It can therefore be useful 
to analyze the set p for determining solutions of £ € p yielding the smallest 
value of c (yo U y1). However, it is also necessary to take into account the 
mutual positions of the elements in yo, yı, which may be characterized by 
the set of distances di; = e (y; + y;) between different elements y;, y; € v. 
The treatment of these two factors will be discussed below. 

The set min, p can be of interest if it is required to find a function g(£) 
in (1) dependent on the smallest possible number of variables. 


Theorem 5. 


£ € min, p — a(t) € o(X). 


The minimization of the number of variables of the transform of the 
superposition (1), realized in the synthesis of each stage of the circuit, 
usually leads to obtaining a circuit containing an excessive number of 
stages, which, from the technical point of view, is undesirable. 

The method of calculating the set inf, and its various subsets is con- 
veniently formulated using the terminology in [6 and 8]. 


D. GRAPHICAL INTERPRETATION AND REDUCTION TO 
THE PROBLEM OF COVERAGE OF SETS 


We associate with the Boolean function f(X) a symmetrical graph G; = 
(X9, uy), in which X? = FQUF1U F, is the set of nodes, and the nodes 
Mi, M; € XO are connected by the branch u;; € ur if and only if (m; € Fo) A 
(m; € Fi). The total number of branches of the graph G; coincides with the 
cardinality of the set Fo cart F. 

To the partitioning of the space X? = F$U F4U F, into internally com- 
patible classes there corresponds the partitioning of the graph into sub- 
graphs not containing branches attainable when a series of cutsets are 
executed in the graph Gy. (We use the term cutset for a subset u; of branches 
of the complete symmetrical graph (.X €, u) emerging from the set of nodes 
V; C XO/y; € Ro). The realization of a cutset u; in the graph G; can be 
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imagined as the removal of the branches of the graph occurring in the set 
u:n us. The partitioning of the graph G; into subgraphs not containing 
branches will be achieved by removal of all branches in uz. 

From this it follows that each solution £ € p provides satisfaction of the 
condition U[ {u;/Y: € £] ] 2 us and determines one possible coverage of 
the set us by elements in the set U = (u;/y; € Ro}. Using the notation 
introduced in [8], the above can be summarized as follows. 


Theorem 6. 
EC po (ui/y; € E} € cow ug; 
£ C inf p< {ui/pi € E} € inf cov uy. 


(a) 
O { e S 
4 


5 6 7 
(c) Y V, 





Disposing of the function L(g), which estimates the complexity of the 
Boolean function g, we may attempt to find in the set p, defined by the 
bound inf p, a set of optimal solutions. Various algorithms for finding a 
coverage of sets, presented in [8], utilize à matrix interpretation of the 
initial information. In the present situation we use for this purpose the 
binary matrix || U > uş ||, which in a number of simple cases after tradi- 
tional simplifications, can take on linear dimensions, which are convenient 
for the organization of the calculations. In complicated cases it is possible 
to use a multistep algorithm. 

For illustration, Fig. 3a represents a graph G;, corresponding to the 
Boolean function f(a, b, c) presented in Table Ia. The realizations of three 
cutsets in succession are shown: u1/yı ~ v (a, b, c) , us/yo ~ y (a, b, €), and 
Us/ ys ~ a, where the sets Ji, Y2, Ys of nodes of the graph are enclosed by 
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TABLE I 
-— PG a a ee 
abe f abc Vi Yo Va V1 Va Vs g 
000 0 000 000 000 0 
001 1 001 100 001 X 
010 X 010 010 010 X 
011 0 011 000 011 X 
100 1 100 111 100 1 
101 0 101 101 101 0 
110 X 110 011 110 X 
111 1 111 111 111 1 


(a) (b) (c) 





closed lines. After realization of the cutset u, there remain in the graph the 
branches wis, Uss, us; (Fig. 3b); the cutset uz contains the branches ws, us; 


(Fig. 3c), and the realization of cutset us leads to removal of branch us. 
(5 


The mapping XO — y C £9/£ = (ya, yo, Ys}, X (a, b, c] is illustrated 
by Table Ib; the Boolean function g(£) defined by this mapping is shown 
in Table Ic. 


E. CHOICE OF OPTIMAL SOLUTIONS 


The choice of optimal solutions in a set p of all solutions for relation (1) 
requires careful investigation, directed primarily to the construction of 
reliable and simple to realize methods for estimating the complexity of 
Boolean functions. 

The algorithm formulated below for the selection of close-to-optimal 
solutions is based on the assumption that the complexity of the Boolean 
function g(£), given by the sets yo, yı C £O, tends to be less as the mean 
distance between the elements within the sets yo, yı decreases, and as the 
mean distance between the elements of yo and yı (i.e., the mean distance 
between the sets yo, yı in the space £?) increases. 

The selection algorithm is realized in two stages. In the first stage the 
set min, p C inf p is calculated. The linear function ¢ is given on the set 
of solutions £ € p: 


e(£) e 25 e(Vi), 


yic 


where e is a positive function, given on the set Ro and easily determined 
with the aid of the cutset concept: e(V;)) = ec(uNuy) /e; € Ro. To calculate 
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e-minimal coverages it is possible to utilize the algorithm fiminco from [8 ], 
first composing the table of values of the function e(Ry). In the second 
stage from the set min, p, whose cardinality in a number of cases is fairly 
great, a solution £ is chosen, yielding the smallest value for the numerical 
function 


] 
A(£) = ol) — —— DE dü/8 = v cart y. 
c (8) (yi, yile8 


2. MULTISTEP ALGORITHM FOR FINDING AN APPROXIMATE 
SOLUTION 


A. 


The algorithm serves for finding a solution £ € inf p, close to optimal in 
the sense defined in Section 1E. The characteristic property of the algorithm 
consists in the sequential improvement of an already existing solution 
£o € p, realized over several steps by the iteration of the same algorithm of 
functional decomposition. 

Let us take as the initial solution the set £y = (zo, 11, ..., Xn}, consisting 
of the elementary Boolean functions zo, zi, ...,2n-1 € Ro, realizable by 
majority elements functioning as delay elements. It is understood that by 
this choice of solution, (1) is converted into the identity go() = f(X), 
since the function go(£o) coincides with the function f(X). 

In the first step according to the algorithm of selection in the current 
step, described in Section 2F, a set o1 C £ is chosen. In the solution £ the 
elementary terms from o; are replaced by a certain set sı = {¢11, Van, . - ., Win} 
of Boolean functions, chosen from the set Ra, of all Boolean functions 
realizable by a single majority element and having as their arguments the 
elements of the set a; U {0}. The substitution must lead to obtaining a new 
solution & = (&\ai) U sı, defining the least-complex Boolean function gi(£) 
satisfying the relation ĝı(sı, &1) € f(X)/@1 = &Voi. It may be found that 
the finally chosen set s; contains some elements from ay: sı Na: # Ø. In 
such cases the elements of the sets sı, 61 are redistributed, as a result of 
which is formed a set 61* = 61U sı N o1 of primary elements of the solution 
and a set s;* = sı\sı N a1 of secondary elements of the solution, after which 
a new solution £ € p takes the form & = s,* U j*. 

In the second step, o» C 6i* is chosen in the set 8;* and a substitution 
is sought in the form of the set s» = (Voi, Von, .... Vos] C Ran leading to 
obtaining the least-complex function gs: g2(s1*, s2, 83) CC fa* (s1*, 81*) / 8o = 














MAJORITY-ELEMENT LOGICAL CIRCUITS 361 


B1*Nos. After formation of »* = Be U 831a»; s»* = s2\ (s2 N az) we obtain the 
second approximation to the solution & = s* U s2* U *. 

On the ith step a; C B71 is chosen, and if o(8%1) < 2, the process of 
forming the solution for relation (1) terminates, and the solution is given 
outin the form £ = S; U 624/Si1 = S1” U s2" U» < -U sty. If o (874) > 2, then 
an optimal set s; C Ra; is sought, satisfying the relation g;(Si-1; sj, B:) C 
(ia (Sia, BE1); 8; = BE1\a,. The approximation to the solution obtained 
on the ith step takes the form £i = Si U B.*/S; = Sia U 8 g;* = Bi Us; N Qi; 
s;* = s;\s;Na;z. 

The cardinality of the set a;, chosen on the ith step, defines in the last 
analysis the volume of computation and memory necessary for finding the 
optimal substitution set s; and therefore must be reasonably limited. In 
programming the algorithm it was determined that the constraint 1 < 
a(a) < 3 is perfectly acceptable. 

The same algorithm is applied to realize each step; the different parts of 
the algorithm are described in the next paragraphs in an order that is con- 
venient for the exposition. 


B. 


The problem solved at each step reduces, in general, to the following 
typical problem: when a Boolean function f(X) is given, there exists a 
solution £ = (zo, 11, ..., Xn-1}, satisfying the relation f(X) = Go(£), a set 
a C & is given, and it is required to find the optimal set s = (yi, Ym, ..., 
Yn} € Ra, satisfying the relation 


F(X) = Go(to) 2 G(s, 8)/8 = io. (2) 


Passing to the consideration of the sets connected with the Boolean func- 
tions in (2), we note that the set £o, coinciding with the interval reference 
set W, defines a partitioning of the space X? into classes in SHEP&X®), 
each of which contains one element from X ?, and is therefore internally 
compatible. For the same reason, the mapping 


£o 
2 
XO ce & ) 


is one-to-one, which explains the identity of the functions f (X) and go(&). 

The set a C & may be replaced only by a set s € R C Ro such that it 
realizes all the necessary separations realized by the set o. The set £; = sUB 
obtained by the substitution must define a partitioning of the space X 
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TABLE II 


abc 
012 3 4 5 6 7 


0 | 01 x 01 1 0 1 


1 000 0 0x 0 x 


into internally compatible classes. All sets s C R replacing the set a form a 
set pa C RẸ ’ convex with respect to the relation (C): (s € pa) A 
(s C s') — s' € pa and defined by the lower bound nf pa. 

The set a C & = W defines a partitioning of the space into intervals 
Jo, Ji, ..., Jya € J = SEP*X®/N = 2729, while the segmentation of 
each interval into compatible classes 1s realized by means of the elements in 
£)\a. On the other hand, each set y; € Re may be composed from intervals 
in J: a subset Jy, C J always exists such that y; = U [J,,]. Hence it 
follows that any s C Ra defines a partitioning of the space X O into classes, 
consisting of intervals in J, where it is always possible to indicate an s C Ra 
such that SEP:XO = SEP-«XO. However, such a detailed segmentation 
of the space X O is not always necessary. The set s C Ra may replace the 
set o if and only if each class of the partition SEP*X O consists of mutually 
compatible intervals in J. 

The relation of compatibility between elements of the set J can be defined 
in set-theoretical language, but it is much simpler to show it by an example. 

Table II represents the Boolean function f(a, b,c, d) in matrix form. 
Taking as the set o the set of elements wa, ws, we of the interval reference 
set W, corresponding to the variables a, b, c € X, it can be stated that the 
columns of the matrix 0, 1, ..., 7 correspond to the intervals Jo, Ji, . .., J7. 
The intervals J;, J; € J are called compatible if and only if the contents of 
columns 7 and j are the same or may be rendered the same by choice of the 
undefined elements. For example, this is the case for the pairs of columns 
numbered 0, 2; 0, 3; 4, 5; etc. Correspondingly, the pairs of intervals Jo, J2; 
Jo, Ja; J4, J5 are compatible. The relation of incompatibility between 
intervals holds in the absence of compatibility. The degree of incompati- 
bility of intervals J;, J; € J is the number of elements in the intervals that 
do not coincide and cannot be made to coincide by completion of the 
function. For example, the intervals Jo, Js in the example are incompatible, 
and the degree of incompatibility is equal to 1. 

It is convenient to interpret the relation of incompatibility between 
elements of the set J by a symmetrical graph G;*(J, va), whose nodes 
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J 4 J; € J are joined by a branch v;; € v, if and only if the elements J; J; 
are incompatible. Each branch vi; is assigned a weight p;; equal to the degree 
of incompatibility of the elements J; J; € J. 

The graph G; with nodes 0-7, corresponding to this example, is given in 
Fig. 4. The weight of each of its branches is equal to 1. 

The partition SEP*X9?, each class of which consists of mutually com- 
patible intervals, corresponds to the separation of the graph G; into sub- 
graphs not containing branches, achieved by realization of cutsets. 

According to Section 1D, we bring into consideration the cutset v, 
containing the branches of the complete symmetrical graph (J, v), emerging 
from the set of nodes of the graph Jy, C J/y; € Ra, the set of cutsets 
V = (vi/y; € Ra}, and we reduce the problem of finding the set p, to the 
problem of coverage of sets. 


Fig. 4. 





Theorem 6a. 


S € pa {vi/Pi € s] € covy va; 
S € inf pa (vi/y; € s] € inf covy va. 


For the graph G;* (Fig. 4) it is possible to indicate one cutset v;, con- 
nected with the set Jy, = (Ji, Ja, Js, J1}, V; ~ V (a, b, c) and containing all 
branches of the graph: v; D va. In this connection, the relation f(a, b, c, d) > 
g (V (a, b, c), d) holds for the function f(a, b, c, d) (Table II). The matrix 
representation of the function g is given in Table III, whose left-hand 
column is obtained by merging the columns 0, 2, 3, 6 of Table II, and whose 
right-hand column is obtained by merging the columns 1, 4, 5, 7. This 
realizes the mapping 


{vi} 
J — I/I = SEPW23:0, — £ & (ys wa}, yi (a, b, c), 


in which the intervals Ji, J4, Js, J1 C y; are mapped onto the interval J, € I 
of the space £9, represented by the right-hand column of Table III, and 
the intervals Jo, Jo, J3, Je C V; are mapped onto the interval 7, € I, repre- 
sented by the left-hand column. 
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TABLE III 


¥(a, b, c) 


In the result we obtain the realization y (y (a, b, c), d, 0) for the Boolean 
function f (a, b, c, d). 


C. 


Following the algorithm for selection of optimal solutions, proposed in 
Section 1E, the set of solutions s € pe is tested for optimality; we retain the 
set min, pa, defining the function ¢ by the formula 


Q = > e(v;). 


yies 


The function e is given on the set V = (v;/y; € Ra} by the relation 


e(v;) = 2, (P — py), (3) 


vijevi 


where P is the maximum weight of a branch in the graph G;. The value of 
the weight pi; for all vi; € v;\ve is taken equal to zero. 

From the set min, pa we take elements defining the solution £ = sU B, 
to which corresponds the smallest value of the function A(£), introduced 
in Section 1E. 

If the sets Yo, yı, defining the transform g1(&) from (2), are given, then 
the value of the function à is calculated by means of the operation esti- 
mate aByée//, having as its operands the complexes a::|| yo 2 & |l; 
B::|| v1 > & ||, and the variable y::V(&); the variable e, represents the 
integer part of the value of à and the variable ô represents the fractional 
part. 


estimate ak +, 8k +, yn +, ôn, en, /c, b/ (aByée) 
100 103 1 (aabc) 


oaobb,xXbg-—ayVxa-boc 
§1 oj; Ð 8, V -c—cAaQbg51oaAbQGb,|1 
b — c:a => ĝa => c. 


B FA ooo 2o n 
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D. PROGRAM FOR CALCULATING THE SET min, pa 


The algorithm for calculating the set min, p, must contain an operator 
by which the adjacency matrix and the table of branch weights of the graph 
G; are calculated. The adjacency matrix is formed in the variable 
ô: || {va} D v |l, where v is the set of branches of the complete symmetrical 
graph (J, v). The elements vi; € v are ordered by increasing value of the 
smaller index ?, while the elements having the same value of 7 are ordered 
by increasing values of the index j. In this sequence the element v;; takes 
the ordinal number k, whose value is calculated by the formula 


eii) = ; 2*9 Fi — 1) (GG — 9, 


in which the left term of the sum serves to calculate the sum of the first 7 
terms of the progression N — 1, N — 2, ..., 1(N = 2°). 

The elements J;, J; € J are incompatible if and only if the set Fo cart Fy 
contains the element {m,, m,} such that 


(1) £®gAa= o/f::|| {mp} d X ||, g::l| {ma} > X |], 
a::|| {a} > £0 ||; 
(2) (mp Edi) A (mp E J;) = I. 


During the process of calculation, elements {m,p, m4] satisfying condition (1) 
are successively selected from the set Fo cart F,; then on the basis of the 
values taken by the variables b = f A a, c = g ^ a, the values of the 
indexes 2, 7 of the incompatible intervals J,, J; are determined, the value of 
k(i,3) is calculated, a 1 is placed in the kth position of the variable 
ô: i|| {va} D v |], and the kth element of the complex e, in which is formed 
the table of branch weights, receives a positive unit increment. The process 
terminates after the entire set Fo cart F; has been examined, where, in 
passing, the value of P, the maximum branch weight is formed. 

These transformations are realized by the (1, 1)-terminal strugraph 
ofyóet// (determination of graph structure), whose operands have the fol- 
lowingsense:o::|| Fo 3 X|;8::1l £12 X|l; v::|| fa} 3 &ll;9::|l {ve} D vll; 


[tr] = P; «is a complex, representing the table of weights: [e] = Pij. 


strugraph ax +, BK +, yn +, 6n, ex, (n/e, d/ (ag »yóet) 
101 252 7 (aabcde) 


oaoboóy l=ao 35>6 Initialization 


“$l oe«eAaGQb|51l1oa 


) 
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TABLE IV 


z|o 
5 | ° 
Slo 
EL 
Sie 
AES 
E 
-Ea 
B|- 
3 | 
S| a 
S| - 
al 
Al~- 
ale 
ES Does 
eie 
TE 
Mes 
SS 
ee 
Sis 
8|^- 
Bis 
$|- 
3 jo 


02 


01 


1 
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1 


ce 
e 
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1 
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1 


1 


© 


© 


0 
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0} 1 
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1 
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1 


0 


e 
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1 
1 
0.0 
1 
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1 
1 


010/00 
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$2 a ® 8, ^a|—5 7a ^ y blO— e Determination of the elements 
B, ^vc-—bi3bec (m,, m4] € Fo cart Fi, satisfy- 
ing condition 1 


S8 c-—bAy>cy>doc Determination of the difference 
§4 dXdde+c¢> c4 ^co41Vc 7—1 
=>c—-4 


§ bo -b6b—lAy=bAecec Calculation of the sum of the 
—c—35 first ? terms of the progression 


$66 c, Vó6Ae—t(oTe-ft Formation of the values of the 
$8 A^AaG05,|520aAb9GQb,|2. operands 6, e, ¢ 


Disposing of the information on the structure of the graph G;*, we 
proceed to programming the operators directly connected with calculation 
of the set min, pa, isomorphic to the set min, covy v, (Theorem 6a). The 
basic object of transformation will be the matrix || V > va ||, which for 
arbitrary a with cardinality o(@) < 3, serves as the minor of the matrix 
|| V 3v]| (Table IV) formed by the columns of the latter corresponding 
to the set v, C v. If o(a) = 2, the minor of the matrix || V 5 v ||, formed 
by its first seven rows and columns, corresponding to the set va, is used for 
the calculation. The arrangement of the elements in the set V coincides with 
the order observed in Table IV, in which the rows corresponding to the 
cutset v; € V contain the expressions for the Boolean functions y; € Ra. 
The vector representation || (V;] D J || of the Boolean function y; is con- 
tained in the first eight positions of the ith row of the table. 

The first of the series of operations that prepares the information for the 
calculation of the -minimal coverage is the operation of compression of 
the matrix com aßy//, which transforms the matrix || V > v || to the matrix 
|| V, 23v]|| where Va = {v:;/ (v: € V) ^ (ViN Va # Ø)}. The external 
operands of the (1, 1)-terminal com are the complexes a::|| V 3 v ||; 
8::]| Va 3 v ||; and the variable y::|| {ve} 2 v |]. 


com ak +, BK +, yn 4-/ —, b/ (ay) 


102 46 2 

oboa 
$81 AaQb,0-2a, ^ Y 01a, 8$, Ab 1 
32 b = bg. 


In using the table of branch weights of the graph G;* and the values of P, 
a table of values of the function e [relation (3), Section 2C ], taken on the 
set Va, is calculated. The necessary calculations are organized by the (1, 1)- 
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terminal taval aBy6//: o::]| Ve > v ||; [8] = P; Cyr] = pi; [9i] = e(v,) /0; 
c Va. 


taval ak +, 81 +, yk +, óx/a, b/ (ag) 
103 62 3 (aa) 
Oda 

S1 A a Q be O — 3o, — a O ĝa 

$2 aXI1b8 — yy, + ôa => 0, —5 2 

$3 a => Ds. 


The operator traw o8// serves to transform the matrix || V4 3 v || to the 
matrix || Va’ 3 v ||. The set Va’ may be distinguished from the set V only 
by the order of the elements; in the set V' the element v; follows the element 
v; if and only if e(v;) € e(v;). In order not to disturb the correspondence 
established between the rows of the matrix || Va > v || and the elements of 
the complex 8, representing the table of values of the function e, the 
permutations of the elements of the complex a::|| V4 > v || are accom- 
panied by corresponding permutations of the elements of complex f. 


traw ak +, BK/a, b/ (aß) 
104 75 3 (aa) 


$81 oaoa 
$2 Ba— a o— 3b. = aa = b 
§8 Aa ® bg |> 2 A a= bgaa €» aba €» bra | — 154 = Dg. 


The closing operation of the algorithm for finding the set is the (1, 1)- 
terminal fiminco’ af*yóe/ /, whose operands are interpreted in the following 
way: a::|| {va} D v ||; 8::]| Ve’ 3 v ||; e::]| min, ga > Ra’ ||, where the set 
Ra’ C Rais isomorphic to the set V,'. Aside from this, the complex y serves 
to represent the auxiliary set S, the complex à the table of values of the 
funetion e. 

The operator fiminco’ is written on the basis of fiminco, and so its func- 
tioning ean be grasped from the description given in [8]. 


Jiminco" an +, BK +, YK, 6K +, e&?/g, c/ (a8yóe) 
105 265 7 


o cbs =a o ba l1=>d=>f 
$1 Adaba Vd=>d>ya|>1őg=>aoa 


! Translator’s note: The prime on fiminco’ does not appear in any other operator name 
in this volume, and for consistency could have been replaced by a syllable meaning the 
same thing, such as ''bis." Then we would have written fimincobis. 
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§2 a X 308, V f= fê + b= b—2 
$88 AaGbgo—0y,Vfeod|—56f 1A Bo-8 
i -b—e-—l1-—gl38,vfGd|55eeogo-4e—goc 
$44 a VC &/Accb,—3 
$5 ce Vesce>bs V f>f—3 
$66 co—>7 I+1AcH >a | =>f obu ®c>csa2 


§7 


In terms of these operators it is fairly simple to express the operator 
calminco a(yóetq9//, which calculates the set ming pa: a::|| V 3 v ||; 
B::|| Va’ > v ||; the complex y is the table of branch weights of the graph 
G;*: [yz] = pij; it is then used to represent the auxiliary set S; the complex 6 
serves to represent the table of values of the function e; e: : || ming pa 2 Ra’ ||; 
eu Fo > X |l; a:ll Fi > X |l; S: {e} > fo |l. 


calminco (101 102 103 104 105)/ak +, BK, YK, ÔK, eK?, (K, nK, 0n/b, 


/ (aByóetqà) 
106 54 0 (aab) 


strugraph ¢ndayb//com aBa//taval Boyé//traw B6//fiminco’ aByée / /. 


E. PROGRAM FOR CALCULATING THE SUPERPOSITION 
TRANSFORM 


To each element s € min, pa there corresponds a new solution & = 
s* U B*/s* = s\a, B* = &\a\s for the superposition (2). In order to deter- 
mine the form of the Boolean function gi(&) in (2) it is necessary to 
calculate the sets Yo, Yı CC B. defined by the mappings 


& fy 
Fo — Yo; Fi > yı. 


The initial material for the calculation is the sets Fo, Fı, given by the 
matrices || Fo 2 X ||, || F1 > X ||, and the set & = s* U 8* about the dis- 
positions of whose elements it is necessary to decide. We shall arrange the 
elements from 6* in the set & at those positions which they occupied in the 
set £:|| {6*} 2 & || = || {8*} D ||. In order to obtain the vector 
|| {@*} 3 & || it is sufficient to substitute zero for 1 in the positions of the 
vector W(£o) corresponding to the elements in a\s. For this it is convenient 
to utilize the vector || {a\s} 2 £& ||. To find this vector among the rows of 
the matrix || Va’ 3 v || corresponding to the set s and tagged by 1’s in the 
code of vector || {s} 2 Ra’ ||, it is necessary to recognize those rows that 
correspond to elements in a. In this recognition process information con- 
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tained in the first eight positions of each row of the matrix is used. In 
passing, the vector || {s} 2 R’ || is transformed to the vector l| (s*] 5 RP.’ ||. 
The disposition of the elements of the set s* C & can be prescribed by 
forming the vector || {s*} > & ||, containing 1’s only in the k = c (s*) first 
positions not occupied by 1’s in the vector || (8*] > & ||, which corresponds 
to a dense “packing” of the elements of the set s* among the elements of 
set 8*. The vector Y (&) is easily obtained by elementwise addition of the 
vectors || {s*} 2 & || and || {@*} > & ||, either of which together with the 
vector Y (&) defines the distribution of the elements in &. 

These transformations are carried out by the operator pack o*5//, 
using the initial information represented by the values of the complexes 
8::|| Va 2 v || and y: yo: : (&) ; i :]| {a} 2 d |]; vo: :]] [s] d Re ||. The 
complex à represents the result à: : V (4) ; 61: : || [o] 3 goll; à»: AE 3 Rall; 
ôs: i|| {s*} 5 & |]. 

The operator pack is (1, 2)-terminal; its auxiliary exit terminal a is 
attained if s* = Ø, i.e., s =a. 


pack oa, BK, YK, + ók/g, c/(aBys) 
107 223 6 (aabcdefg) 


a = 037 700 000 000 y Initialization 
= (bcd)b ® c— bd >e 


$81 eX4aob Recognition of rows in 
|| Ve’ 3 v ||, corresponding to 
elements in sNa 


$322 Ab030—180,^a-fe^a Obtaining the vector 
® f|2c, 9 d— d o— ac || {s*} D Re |l, 
= f O 2 — b=b 


$83 fXlaAcGb I> 8c. V b—b-1 Obtaining the vector 


$4 dV=>ab l=>fog ll {8*} > & |l, 
$5 £X6ac, V gg A^AeqGaj|5 Obtaining the vector 
$66 g V b=b o bs(bedg) > ô. [| {s*} > & |l. 


By way of illustrating the algorithm we present the vectors W (&) /& = 
(Wa, Wo, We, Wa} = W; || {a} D žo ||/a = (wa, wo, wa}; V(&), || (5*1 3 & ll, 
obtaining, ifs = { We, Wa, VA, Ye}, /M, Vo € s*, 


|| (e) > &|| = (11001000) || {s*} > à || = (10100000). 
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In order to obtain the sets Yo, Yı C. £t from the sets Fo, F: by means of 
the mappings 


i 1 
Fo — Yo, Fi, 


it is sufficient to formulate an algorithm by means of which each element 
m; € X9? has associated with it its transform y; € £^ with respect to the 


mapping 


ü 
Mi — Yj. 


By the definition given in Section 1,C the transform of the element 
m; € X9 is the subset y; C &: y; D Yr €» (mi € te) ^ (ys € &). The 
vector || (mi] € & ||, illustrating this binary relation, gives a complete 


representation of the set y;: || (m;] € & || = || (vj) D & ||. The calculation 
of the transform y; is connected with the transformation of the vector 
ll {ms} > X || = || fmi] € £o |] to the vector || (mij) € & || = I| (v;j] 2 & ll. 


The transform y obtained for the set F C X? corresponds to the trans- 
formation of the matrix || F 5 X || to the matrix || y 2 & ||, where the ith 
row || {m:} > X || = || {mz} € £o |] of the matrix || F 5 X || is transformed 
to the form || {m.} € & || = || {vs} 2 & ||. The set of distinct rows of the 
transformed matrix compose the matrix || y D & ||. In the transformation 
of the vector || (m;] € & || to the vector || {m,} € & || it is necessary to 
clarify only the relation of inclusion of the element m; in the elements of 
the set s* C &, since the relations between the element m; and the elements 
of the set 8* = &\s* remain invariant. 

It is known that each set y; € s* can be given by listing the elements 
of the partition J = SHP*(X) contained in it and the fact that the vector 
ll {vs} DJ || = || {Jy} DJ || for (æ) € 3 is represented by the first eight 
hy e of the row || (v;] 3 v || of the matrix || V.’ 3 v |]. 

In effect, it is true e m; C y; E stom, € J; € Jy,, and it is easy to 
determine the interval J; € J containing the element m; To realize the 
transformation it is possible to utilize the matrix A, obtained as a result 
of the transposition of the minor of the matrix || Va’ > v || formed of the 
rows corresponding to the set s* and the first eight columns. The columns of 
the transposed mno are arranged in positions marked by 1’s in the code 


of the vector || {s*} 2 & ||. The rows of the transposed minor are arranged 
in natural order. Ad transposition is performed by the (1, 1)-terminal 
transmin aB /, whose operandy take on the sense a::|| Va’ 23 v ||; 


8::A; y::|] (s*] 2 Ra! ||; 8::]| {s*} 2 & |l. 
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transmin ak +, BK, yn +, ôn 4-/d, b/ (ag-y5) 
110 106 4 (aabcd) 


a = 037 700 000 000 o a 

O ba A a © bg | ly — bó — d 
b X 4ao, ^ a => cd X 4b 
cX2ac, V 8, 8,3 


By way of illustrating the algorithm we present a matrix formed of the 
first eight columns of the matrix || Va’ > v ||. The rows of the matrix tagged 
by the asterisks form the minor defined by the vector || (s*] > Ra ||. The 
vector || {s*} 2 & || indicates the position of the columns of the transposed 
minor. The matrix A is the result of operation transmin. 


0000 1 1 1 1 
001 1001 1 
IV,3vl-[|[010101 0 1 
0000001 1fF* 
000 101 1 1f* 
00000 
00000 
00000 
4-.|[90010 
00000 
000 10 
0101 0 
01 010 


| {s*} 5 Rell (000 1 1) 
I fs} 5al|2 (0 1 


The transformation of the matrix || F > X || to the matrix || F € & || 
is realized by the (1, 1)-terminal transformat of^óet/ /, by means of which 
each element o;::|| (m;] D X || of the complex a::|| F > X || has assoc- 
lated with it an element 8; of the complex 8: : A. The index j belongs to the 
element J; € J containing m;: m; € J;. The value of the index j is calculated 
by using the value of the variable a = o; A 6/8::|| {a} 3 &||. Then the 
operation e ® ¢ A a; V B; yi/e::Y(&), vi: |] F € &ll gill (st) 2 & ll 


is performed. 


} 
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The matrix || y 2 & || may be obtained from the matrix || F € & || by 
means of the operator redsim. 


transformat ak +, BK +, yx, ôn, en +, tu +/b, b/(ovyóet) 
111 1113 (aab) 


O ab, => by 
$1 o,^6ó-aóbob 
$2 bX3c -Fb—bc ^ao21V 62 
$88 eO £A a, V Bp — ya /N a Q b, — 1. 


By means of these operators it is possible to represent the (1, 2)- 
terminal transform, which calculates the sets yo, yı C P, defining the 
form of the Boolean function gi(&) in (2). The operator transform 
aByéetnd«// transforms the input information, represented by the com- 
plexes 8::]| Fo > X |; vol 2 Xll; || Vel 3v]|l; € 6: (£); 
a::|| {a} 2 &ll; e::[| {s} 2 Ra’ ||. The result of the operator is repre- 
sented in the complexes ¢::|| vo 2 & |; niill y: 23 & || 9: 9c:: (8); 
2$3::|| {a} 3 ll; 9z::|| {st} 2 Ra’ |l; 9s::l| {s*} 2 &ll. The complex «x 
serves to represent the matrix A, and a is an auxiliary exit terminal of the 
operator, attained when s = a. 


transform (107 110 111 40) /au, Bk +, YK +, Ôk + e&, CK, nk, JK 


KK, /d, / (B'yóet m x) 
112 75 0 (Babcd) 


pack aBedt//3 = (abcd) transmin 6xcd/ / 
transformat Bx¢bad//redsim ¢¢//transformat yxnbad// 
redsim nn//. 


F. ALGORITEM FOR CHOOSING NEXT STEP 


We shall assume that the current approximation to the optimal solution 
for relation (1) has the form £ = £" U £', where £" is the set of secondary 
elements of the solution (cf. Section 2A), and £' is the set of primary 
elements of the solution. Also, let the Boolean function g(£) in (1) be given 
by the sets yo, yı C £?. For further calculations it is necessary to select 
the set a C £'. In the present form of the program for the multistep algo- 
rithm the cardinality of the set o, taken at each step, is limited to 2 « 
o(a) < 3, and therefore the problem of optimal choice of the set o arises 
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only if e(£^ > 3. The quality of the current selection determines the 
quality of the sequence of selections and, in the final analysis, determines 
the degree of approximation of the final solution for relation (1) to the 
optimal solution. 

In the practice of synthesis using the multistep algorithm, satisfactory 
results were obtained using the selection algorithm given below. 

Following the terminology introduced in Section 1D, we associate with 
each element y; € £ a cutset u;, realized in the graph G, = (£9, ug), corre- 
sponding to the function g(£) in (1). The set of branches of the graph G, 
contained only in the cutsets in (u;/y; € &' is denoted by Z: Z = 
ug NV [fu:/Y: € £'] ]. The branches belonging to the set Z are removed 
from the graph G, in the realization of all eutsets w;/y; € £', where the 
contribution of the individual cutset u; is characterized by the set z; = 
Zhu, 

We call the value taken by the numerical function 


c(i) = DE [e(£) — da +1] (4) 


uij€zi 


the cost of the element y; € £'. 

The formation of the set a, o (œ) = 3 is carried out in three steps. In the 
ith step the element y; having the greatest cost c(i;) is taken from the set 
£o; (a; is the current value of the set a) ; cost is calculated by (4) in which 
the set z; is defined in the following way: 


el = ZiN ui, Zi = ug NM [ ui c £g" U a] |. 


If several elements in £’\a; have the greatest cost, one of them is taken at 
random and included in the set o;. In a number of cases in the construction 
of the set o it is necessary to ensure satisfaction of the condition bN a = 
$/b C £'. For example, if the choice of set a, carried out in the preceding 
step, leads to no result in the sense that a set min, p, = {s}/s = a was 
obtained in this step, then in the next step, in order to avoid repeating the 
choice already made, it is necessary to form the set b, the choice of whose 
elements is blocked. It is sufficient to include in the set b one of the elements 
of the set a, corresponding to the unsuccessful step. The choice of next step 
is obtained by the (1, 1)-terminal sestep aByéetn//, using for the calculation 
the information represented in the complexes a: :|| yo 2 £ ||; 8::|| v1 2 £ || 
and the variables ô: : Y (2) ; e::|]] (£"] 3 £|[; ¢::|| {b} > £ ||. The complex vy 
is used to represent the table of element costs in £'. The result of the calcu- 
lation is represented by the variable y: :|| {a} > £ ||. 
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sestep an +F; BK ges YK, on, ell E cH, nu/e, c/ (aBydeen) 
113 257 007 (aabcde) 


obo MAP ®eEVt+1—a o b, Initialization 

$1 opAb—b oPloacbVEVayaSc 

§2 a @B-dAc| 4d V— ea—e-e Construction of table 

$3 dX4ce - y, y, 38 | of costs of elements 

$4 A^Aa—bgo520aAb—b,0o5250c 

—cod 

$5 cX7ay, d o> 5y ® d|5 65, Ve— e- 5 Finding the set of ele- 
ments with maximal 
cost 


$6 y,— dc, e-5 
§7 e Ñ laca Vr>7o0bADO3\|>la Vtt. Obtaining sets a, b 


G. OUTPUT OF INFORMATION ON THE CIRCUIT STRUCTURE 


The information on the structure of the synthesized circuit is given out 
in parts after the completion of each calculation step. We shall assume that 
as a result of execution of the current step an optimal set s € min, p, has 
been obtained, defining the structure of a certain part of the synthesized 
stage. The information about this subcircuit is packed in k = e(s*) /s* = 
s\a simple variables, and printed or put out by punching. For each 
element y; € s* a variable is formed, in whose first eight bits is included 
information on the form of the Boolean function realized by the circuit 
element corresponding to y. Three portions of six bits in each are used to 
represent the numbers n;, nj, ny of the terminals in the preceding stage to 
which the circuit element y; is connected, and the last six bits of the 
variable are used to represent the number N;, assigned to the described 
element in the synthesized stage. The information about the circuit stage 
is concluded by the list of numbers of the elements operating as delay lines, 
for which the number of the terminal in the preceding stage to which each 
element is connected is indicated. 

For example, the resulting sequences corresponding to the circuit shown 
at the left in Fig. 5a have the form 


02701020301 30001020001 
00304050002 05303040502 
05301020304 (second stage) 
06004050005 

00000000003 06001020001 


(first stage) (third stage) 
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The terminals corresponding to. the input variables a, b, c, d, e and the 
constant 0 are numbered 1, 2, 3, 4, 5, 0, respectively. The output of the 
information about the circuit structure is performed by the (2, 2)-terminal 
linst aßy//, whose auxiliary input terminal corresponds to sentence 5. The 
initial information is given by the values of the complex 8: :|| Va’ > v ||; the 
complex ô: ôo: : P (5) ;à = || {a} 2 goll; ô = || {s*} 2 Ra’ |l; 0s: :]] {s*} 2 & |l, 
and the variable y: :|| (£"] 3 & ll. 


linst au, BK +, yn +, 6x +/f, b/ (8*6) 
114 165 7 (abcdef) 


ô= (abcd)a — 037 700 000 000 
$31 oeobbf 
$2 f X3aa +1 V eee <6>5eAb—2 
§3 bo304e«c62e 
$44 dXaaa+1Ve>ecXaaa ^ 8, V e] 
$5 ôm aa O0 ya 
$66 aX7aa* —^6 
SV © at. 


H. PROGRAM FOR THE MULTISTEP ALGORITHM 


All the calculations connected with the realization of the Boolean func- 
tion f (X), given by the sets Fo, F1 C X9, by a logical circuit of majority 
elements are executed by the operator synmac of^yóetmO9kNuv£//, which 
processes the initial information represented in the complexes a: : || Fo > X ||; 
B::|| Fi > X] vy] V 3 v |]; 8:99: : W (X). The complexes e, €, n, 9, K, X, p, 
v, £ serve to represent the intermediate information. The result of the 
calculation, in the form of a sequence of codes bearing the information 
about the circuit structure, is printed during the operation of linst. During 
the ?th step of the construction of a solution for superposition (1), the 
values of the internal variables of the operator synmac take on the following 
sense: a: :|| (£"] > &a ||; b::]| {b} 5 £a ||; e: (53); d::l| {æ} d s |l; 
e::|| {s} 2 Ra’ Il; £::]| {8} 2 &]. 


synmac (113 106 112 100 60 114) ak +, Bk +, YK +, ÔK, ek, £F, 1K, 
OK, KK, AK, uK?, vk, £k/m, a/ 
115 360 10 
$60 oaobó,—c 
$21 cOaOb—dV-g-—30o-2gG$3 0— 23- g sestep oBecabd// 
$22 g—20-linst5283— bg 6 2|537— b, 
$3  calminco ynt uoBd// O a oO hoi 


e odo obi. DE ce a Ne os og 
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$4 Aa@®h o—7g,- e(cde) = ô transform 6afmqóet vA/ /vy => m 
estimate (mkl//h — k o> 4h 6 k|55i—10-4 
$5 transfer e9/ /transfer ¢x//4 = b, transfer v£//k => hl i4 
$66 b,61|—541 
$/ / £&-ctá&VvVa-aob 
transfer x8/ /transfer da/ / 
$10 linst 1nad//b, © 1 |— Obs © 1 | O. 


Each repetition of the external cycle of the program, beginning with 
sentence 0 and terminating after execution of sentence 10, is connected with 
the synthesis of the next stage of the circuit. The synthesis of each stage is 
terminated after a certain number of repetitions of the inner loop, whose 
start is found in sentence 1 and the end in sentence 10. Each repetition of 
the inner loop is connected with finding the current approximation to the 
optimal solution for superposition (1) and terminates with the procedure 
for choice of next step (sentences 1, 2). Then the set min, p, is found, from 
which is selected the optimal solution (sentences 3-6). Sentences 7 and 10 
organize the output of information about the structure of the next part of 
the synthesized stage and prepare the next repetition of the inner loop. To 
synthesize a circuit consisting of m elements, about m/3 repetitions of the 
inner loop are required. 

It is fairly difficult to estimate the time needed for the realization of a 
Boolean function f(X). For (Fo), e(F1) X 64 and speed of the order of 
20-30 thousand elementary operations per second, the execution time does 
not exceed two minutes. 


3. CONCLUSION 


The final judgment on the quality of the algorithm can be passed only 
after it has been tested in practical synthesis. However, the comparison 
with the results of known methods that has been carried out leads to a 
completely encouraging conclusion. For example, at the left in Fig. 5a is 
the logical circuit obtained by the multistep algorithm, modeling the opera- 
tion of a five-input majority element. At the right is the equivalent circuit 
obtained in [5 ] and synthesized by the addition of delay elements. Figure 5b 
gives the analogous comparison for the second example solved in [5], and 
Fig. 5c gives a comparison with a result obtained by the combined method 
of [2]. 

The basic advantage of the algorithm is that by its use it is possible to 
synthesize circuits without applying other methods. In the process of 
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calculation it is possible to vary the operating regime of the individual 
operators of the algorithm according to the needs of the synthesis. In 
particular, it is possible to obtain a circuit of any desired configuration and 
to satisfy various requirements of a technical character, introducing definite 
constraints on the choice of next step. The algorithm can be modernized 
[sic!], perfecting the algorithms for choice of optimal solution and choice 
of next step. 

The basic results obtained in the article can be utilized in the synthesis 
of circuits in any other basis of logical elements with small number (2-5) 
of inputs. For example, in the synthesis of circuits from elements that 
perform the operations “^A,” “V,” and inversion, it is possible to apply 
this algorithm by removing the last four rows in Table IV. To pass to à 
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basis including the operation “®” it will be necessary to change the 
algorithms for choice of optimal solutions and choice of next step. 

On the whole it can be assumed that the development of multistep 
algorithms for the synthesis of logical circuits will permit good solutions to 
be obtained with relatively low outlays of machine time. 
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PART Il: APPLICATIONS 


Section C: INVESTIGATION OF AUTOMATA 


SIMULATION OF SWITCHING CIRCUITS 


A. A. Utkin 


1. INVESTIGATION OF AUTOMATA ON GENERAL-PURPOSE 
COMPUTERS 


At the present time the theory of discrete automata synthesis has 
achieved great success. In particular, automated synthesis has appeared, 
reflecting à tendency to approach theory with practice. 

The theory and practice of the analysis of discrete automata are in a 
different state. Although there can be no doubt of progress in this field, 
as a whole it develops more slowly than the theory and practice of synthesis. 
One possible explanation of this lag is that the analysis problem could not, 
apparently, serve as such a fruitful source of theoretically deep and practic- 
ally important problems as synthesis. A less general consideration is the 
following. The classical form of presentation of the results of analysis— 
the flow table of a discrete automaton— is in essence useless (from the 
practical viewpoint) as soon as a complicated automaton having large 
internal memory capacity is involved. It is difficult to imagine how to use 
the flow table.of an automaton having, say, 30 bits of memory, a table 
containing more than 10? columns! And such a memory is nothing compared 
to the memories of many modern automata. 

At the same time, the investigation of existing computers and, in partic- 
ular, those under development is an urgent problem, if only from the 
economic aspect. The development of a physical model of a complex device 
and the execution of experiments, having as their aim to establish the 
completeness with which intention has been embodied in reality, is expen- 
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sive, requiring large outlays of means, time, and the work of highly qualified 
personnel. Even before the construction of such a model it is necessary to 
make sure of the absence of errors in the circuit of the device, to estimate 
its reliability, etc. Until now this laborious work has been, as a rule, carried 
out manually. The representation of the structure of the device in computer 
memory and the simulation of its operation by a suitable program not only 
permits the design time to be reduced, but makes it possible to obtain more 
complete test results, more accurate reliability estimates, etc. References 
[1-10 ] are devoted to the discussion of computer application. 

The following remark must be made. Although it is obvious that in 
principle it is possible to represent the structure and simulate the operation 
of any automation by means of computer, if only the ratio of automaton 
memory capacity to computer memory capacity is not too great, the 
practical realization of this possibility encounters two great difficulties. 
The first is connected with the enormous volume of technical work on the 
development of computer programs, if simulation of a complicated autom- 
aton is concerned, the second with the outlay of a large quantity of machine 
time for simulation, since the processing of the input information in a 
computer is not developed in space-time, as in the physical model, but 
almost exclusively in time. This difficulty is aggravated further by the fact 
that with a large volume of information contained in the structure of the 
simulated automaton, frequent access to external computer storage is un- 
avoidable, as a result of which the speed of the machine drops sharply. 

A way to overcome the first of these difficulties exists at the present time. 
It consists in the utilization of already developed automatic programming 
systems, particular special-purpose systems, whose objects are the problems 
of discrete automata theory. 

Concerning the second, more objective difficulty, it must be considered 
to be a certain quantitative constraint imposed on the complexity of the 
automata that can be investigated in a given stage of development of 
simulation theory and for a given state of the simulating means. As one 
and the other progresses, this constraint will weaken more and more. 

An example of one of the most immediate practical problems in the 
simulation of discrete automata is the development of a system for repre- 
senting the structure of a definite class of automata in computer memory 
and the choice of subroutines serving as models of its elements—the 
foundations on which the methodology and practice of simulation can be 
developed. 

The present chapter is an attempt to solve this problem for a restricted 
class of automata—switching circuits consisting of elements with a single 
output terminal. The difference between the model of discrete automaton 
proposed here and the analogous models considered in [1, 4, 8, 9] consists, 
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in particular, in the form of description of the structure of the simulated 
circuit, as well as in the orientation toward a broader program of utiliza- 
tion of models than the comparison of the output sequence obtained with 
that prescribed. The chapter must be considered as a first attempt at the 
application of LYaPAS to this problem. 


2. REPRESENTATION OF SWITCHING-CIRCUIT STRUCTURE 


A. CIRCUITS MODELED 
We shall consider switching circuits satisfying the following conditions: 


(1) All elements of the circuit are (k, 1)-terminal, the states of whose 
terminals are described by binary variables. . 

We shall also consider certain (k, p)-terminal circuits, introducing them, 
however, in the framework of condition (1) by a fictitious expansion of 
each (k, p)-terminal into p individual (k, 1)-terminals. For example, we 
shall represent the flipflop, having two output terminals—'/one" and 
"zero"—as a set of two elements, a flipflop 1 and a flipflop 0, each of which 
has a single output terminal (*one" and "zero," respectively). 

(2) The elements are divided into two types. The first type includes 
elements in which the time delay of the signal can be neglected. The ele- 
ments of the first type can be both Boolean (k, 1)-terminals whose output 
state at a given instant is defined only by the states of its input terminals 
at the same moment, and (k, 1)-terminals not satisfying this condition 
(for example, the flipflop). 


The sole function of the elements of the second type is to provide signal 
delay for a certain time interval, which is the same for all such elements, 
and which will be called the clock cycle [ or, briefly, cycle]. 


B. BASIC AND AUXILIARY COMPLEXES 


We now pass to the construction of the system representing the structure 
of the circuits in the described class in LYaPAS. 

We include, by convention, among the elements of the circuit its input 
terminals, considering each of them as a (0, 1)-terminal, generating the 
input signal We shall refer to the output terminals of its elements as 
circuit nodes, retaining the designation terminal for those that are input or 
output for the circuit as a whole. 
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We number the circuit nodes in arbitrary order, using the natural 
numbers from 1 to n. The circuit elements will also be numbered by this 
sequence of numbers. We introduce a fictitious node with number 0, which 
we shall consider to be the input terminal of the circuit, which is always 
found in the state 0. 

Information on the concrete form of the ith circuit element will be 
represented by the element a; of the basic complex A. We take the dimension 
of elements in complex A to be equal to 1. The majority of forms of circuit 
elements (delay element, inverter, conjunction, etc.) will be completely 
represented by a single element of the basic complex. To represent the 
others [threshold element and element realizing a Boolean function given 
in disjunctive normal form (dnf) or in perfect disjunctive normal form 
(pdnf) ], a single element of the basic complex will not suffice. In this case 
the additional information will be constituted by one or several elements of 
the auxiliary complexes B, C, D. The concrete methods of coding the various 
forms of information will be considered below. 

The element models will be subroutines that define the state of the out- 
put terminal of the element from the states of its input terminals. These 
subroutines will also be considered below. 


C. CONNECTION COMPLEXES 


We now pass to the question of representation of the connections among 
the circuit elements. 

À convenient form of such representation would appear to be a square 
binary matrix of dimensions (n + 1)?, whose columns correspond to the 
circuit nodes and rows to the circuit elements, and whose element at the 
intersection of the 7th column and jth row takes the value 1 if and only if 
the node 7 is connected to one of the input terminals of the element j. We 
abandon this form for two reasons. First, in the presence of a large number 
of nodes n in the simulated circuit, and the small average number of ele- 
ment input terminals compared to it, such a representation is very sparse. 
Second, such a matrix completely represents the connection only for those 
circuit elements that realize symmetric functions; for elements that realize 
asymmetric functions it is still necessary to number their input terminals, 
which makes the system of representation still sparser. 

We shall represent the connections of the input terminals of each element 
with the circuit nodes by enumerating the numbers of the nodes that are 
connected with these terminals. For elements that realize asymmetric 
functions, this enumeration will be realized in ascending order of the input 
terminals of the element, and this will be taken into account in the con- 
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TABLE I 
Form of element Code 
Input terminal of circuit 00 
Delay element 01 
Inverter 02 
Flipflop 1 05 
Flipflop 0 06 
Disjunction element 07 
Conjunction element 10 
Adder mod 2 11 
Majority element 12 
Threshold element 13 
Element realizing a Boolean function given in dnf 14 


Element realizing a Boolean function given in pdnf 15 
——Á—Á————— ————————————H— 
struction of the models of the elements. We shall represent the information 
about the connections by the elements of the connection complexes E, F, G 
of dimensions 1, 2 and 3, respectively. 

Let us introduce the upper limit N on the number of nodes n in the 
simulated circuit, and the upper limit K on the number of input terminals 
of an element, since it is just these limits that define the dimensions and 
number of complexes introduced. We shall take N = 2 — 1 and K = 9, 
so that the connections of an element having 2 or 3 input terminals will be 
represented by a single element of the complex E, and the connections of 
elements having 4-6 and 7-9 input terminals will be represented by ele- 
ments of the complexes F and G, respectively. The number of the unique 
node connected with the input to a (1, 1)-terminal will be represented by 
the corresponding element of the basie complex A. 


D. STRUCTURE OF THE ELEMENTS OF COMPLEXES 


We shall consider the following twelve forms of circuit elements, using 
for the coding of each form a two-place octal number (Table I). 

A certain informational redundancy of the code (6 bits in place of the 
necessary 4) is introduced both for considerations of the convenience of 
octal coding and the desire to reserve the possibility of extension of the set 
of elements considered. 

We define the structure of the elements of the basic complex A in the 
following way. We assign the extreme right group of components 26-31 to 
the storage of the code K of the circuit element, while we put the value of 
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Fig. 1. 


the zero component a? equal to one if the node i is an output terminal of the 
circuit, and zero otherwise. The remaining components are utilized to repre- 
sent various forms of elements in different ways. 

To represent the input terminal of the circuit (the element with code 00) 
these components are not used at all, and the structure of the element of 
the basic complex has the form shown in Fig. 1a. Groups of unused com- 
ponents will be marked by the oblique cross; in real coding the unused 
components will be filled by zeros. 

To represent the elements 01 and 02 (delay and inversion) the second 
group from the right, consisting of the nine components 17-25, will be used 
to store the number Y of the node connected to the input of the element. 
In this case the structure of the basic complex has the form shown in Fig. 1b. 

To represent the elements 05,06, ..., 12 the structure has the form 
shown in Fig. 1c: the value of the three components 23-25 1s defined by the 
dimensions P of the coupling complex (and, consequently, prescribes a 
complex in the set (E, F, G]), while the components 14-22 are used to 
store the number C of elements of this complex containing the information 
on the couplings of the element. 


LT pepe pe pn p qon p e p DS 
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Finally, to represent the elements 13-15 the structure has the form 
shown in Fig. 1d. It is analogous to the form of Fig. 1c, except that com- 
ponents 5-13 are used to store the number D of elements in the auxiliary 
complex. 


(cc) 


Fig. 3. 


The structure of the elements in the auxiliary complex B, used to store 
information about a threshold element, is shown in Fig. 2a. The dimension 
of the complex B is equal to 2 (i.e., each element of the complex has 64 
components) ; the six extreme left components represent the value T of the 
threshold, while the next nine groups of six components represent the values 
of the weights Wo, Wi, ..., Ws of the threshold element inputs. 

The complex C (dimension 1) is used to represent Boolean functions in 
disjunctive normal form. The structure of its elements is shown in Fig. 2b. 
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Complex 


Elements of 
complexes 


Value of elements of complexes 





A 


a23 


00**.0 

00. **0 

00. **0 

00°» .0 

00°» «0 

00°» *0 

00---0 

00+ - «0 

000000 016 01 
200000 022 01 
000000 015 02 
000000 017 02 
00000 000 1 05 
00000 000 1 07 
00000 002 1 10 
00 000 003 1 13 
20 001 004 1 13 
20 002 000 2 13 
20 000 005 1 15 
00 000 001 2 14 


003 02 01 02 00 00---0 
005 04 01 01 00 00---0 
007 03 03 04 07 00---0 


20010000023 (in binary code: 100000000010: - -) 
16000000023 (in binary code: 11100. - -000* - -) 


00*--.0 


2010--+-0 (in binary code: 1000000100: - -) 


00 011 000 013 
00 004 005 006 
00 001 002 012 
00 005 006 007 
00 001 010 023 
00 021 014 017 


00 020 010 023 00 015 00---0 
00 010 002 003 00 004 00---0 
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The two left groups of nine components (0-8 and 9-17) represent an 
elementary conjunction; the first group represents the set I of arguments 
occurring in the conjunction without inversion, the second, the set I of 
arguments occurring with inversion. The extreme right group of com- 
ponents 23-31 represents the number Z of the simulated circuit element 
that realizes the Boolean function whose disjunctive term is the given 
conjunction. Thus a dnf is represented by several elements of the complex 
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C in succession, containing the same code in their extreme right groups of 
components. The number of the first of these elements is written as D in 
the corresponding element of the basic complex (Fig._1d). 

We shall terminate the complex C by a zero element to eliminate the risk 
of erroneous inclusion of the next variable in memory in the given dnf. 

To represent a Boolean function given in pdnf complex D of dimension 1 
is used. The structure of its elements is homogeneous (Fig. 2c). The 27(»-9 
elements in succession of this complex represent a Boolean function of m 
arguments (m(x) = Oifz < 0, and r(x) = zif x > 0). The number of the 
first of these elements is written as D in the corresponding element of the 
basic complex (Fig. 1d). The set of 2” left components of these elements is 
put into one-to-one correspondence with the set of constituents of the 
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expansion of unity. The component with number ? = ba 2/£; corresponds 
to the constituent xé°xj'---+xi", where vii = z; if & = 1, and zi = 4; if 
t; = 0. The value of the components is equal to 1 if the corresponding 
constituent occurs in the pdnf and is equal to 0 otherwise. 

Finally, let us consider the structure of the elements of the connection 
complexes E, F, G (Fig. 3a,b,c). Each element of these complexes contains 
several groups of nine components (3, 6, or 9, respectively), representing 
the numbers Yo, Yı, ... of the nodes connected to the input terminals of 
the element. The groups are formed of successive components, beginning 
with the extreme left (0-8, 9-17, etc.). 

The following remark must be made. The described structure of the 
connection-complex elements is used within the machine, since it permits 
a fairly simple programmed realization of the models of the elements. How- 
ever, this form is not convenient for coding outside the machine, owing to 
the disagreement between the limits of the groups of components and the 
limits of binary triplets coded by octal digits. Therefore, the form shown in 
Fig. 3aa,bb,cc is used outside the machine. For the elements of the auxiliary 
complex B the structure shown in Fig. 2aa is used outside the machine. 
The adjustment of the data structures from aa, bb, and ec to the forms 
a, b, and c is carried out by the program. 


Example: To conclude, we illustrate this system of switching-circuit 
representation by a simple example. Figure 4 gives a circuit, and Table II 
gives the values of the elements of the complexes A, B, ..., F representing 
this circuit. 


3. MODELS OF THE ELEMENTS 


A. PROCESSING OF THE INPUT SIGNALS 


In the simulation of the operation of a switching circuit, the processing 
of the signals arriving at its inputs at the start of a cycle is developed in 
time. One elementary act of this process is the determination of the new 
state to which an output terminal of an individual element passes as a 
result of the change of state of the circuit nodes directly connected to the 
one under consideration. We shall earry out this process in two stages. 

In the first stage we shall suecessively examine the elements of the first 
type (not having time delay), bringing their output terminals to the new 
states. It is natural that the sequence of examination must correspond to 
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the propagation of the signals in the structure of the real circuit. We call 
such a sequence permissible. An exact formulation of the problem of finding 
a permissible sequence and its solution are considered in the next section. 

In the second stage we consider the elements of the second type (delay 
elements), assuming that changes of state of their output terminals occur 
at the end of the cycle and that they therefore cause changes of state of the 
corresponding elements of the first type only at the start of the next cycle. 

We shall represent the total state of the simulated circuit by the variable 
8, whose ith component 6? is equal to unity if the node 7 is in the state 1, 
and equal to zero if the node is in the state 0 (i = 0,1, ..., n). The 
described elementary simulation acts are performed by the subroutines 
presented below, by means of which the values of the individual components 
of the variable 8 are changed, and which thus serve as the models of the 
circuit elements. The external operand of these subroutines is, aside from 
the variable 8, the index a, prescribing the number [a] of that node of the 
circuit whose state is defined by access to the model of the element. 

An inverter is modeled by the operator inverter, realized by the sub- 
routine 


inverter au +, 81/ —, a. 
130 42 1 


Ca V b= ge; |l Na,» 6a 
BVco1ce.08-g 
S1 


This operator extracts from the element a, of the basic complex the 
number of the node connected to the input of the simulated element 
(c | A a > 6 = a), tests the state of this node (8 ^ c, O—), and, 
depending on the result of the test, assigns the value one or zero to the 
component 6^! of the variable 8 (c4 V 8 => B orca V 8 — 8---c, ® B=). 

A flipflop is modeled in both variants (flipflop 1 and flipflop 0) by a 
single operator flipflop. Flipflop 1 is “reduced” to flipflop 0 by interchange of 
the “one” and "zero" inputs. It is assumed that aside from these two inputs 
the flipflop can have one further counting input, to which is given the 
number 2. The "zero" and “one” inputs are numbered 0 and 1, respec- 
tively. If in the simulated circuit any of the flipflop inputs is not used, the 
corresponding group of components in the connection-complex element 
representing the connections of this flipflop is assigned the value zero. This 
input thereby is assumed to be connected normally to the fictitious input 
terminal of the circuit, which is always in state 0. 
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flipflop om +, Bu/—, d. 
132 144 4 
Co | A ag > 11 afi + os => c => de, > 27 => b 
e, > 16 A C= cea >5A d= da, ^csx0-1bec 
SI BAG OSU VB=>B->4 
§2 BAG O>3t. | ^8 84 
$3 B Na 0 4c, 6 8— B 
§4 


B. ELEMENTS OF DISJUNCTION, CONJUNCTION, ADDITION 
MOD 2 AND MAJORITY DECISION 


To simulate elements of disjunction, conjunction, addition mod 2, and 
majority decision an auxiliary operator senode is used, which transforms an 
element of the connection complex, representing the list of nodes connected 
to the inputs of the simulated element, to the variable £, representing the 
set of these nodes in the space of all the circuit nodes. Here and below we 
will understand by the expression “the variable x represents the set M in the 
space P" that (1) the number of components of the variable x is not less 
than the cardinality c (P) of the space; (2) the value of the tth component zi 
of the variable z is equal to 1 if the ith element p; of the space belongs to M, 
and is equal to 0 otherwise (for all p; € P); (3) [z*] = Oif? 2 c (P). 

'The subroutine senode has the form 


senode ou +, 8n/a,a 
133 130 5 


Co | N aa > 1l—aofa,»6^72:ux—2053-—1 02 
$81 'g, — 'a4 
$2 "f, 'a—4 
S3. 'e,— "a 
$4 'a5a»27—ao095e«eVB-B8 
/a < 11 — 'a4 


$5 


Here [a] is the number of the circuit element; the dimensions of the 
operand following the symbol ^ are defined by the value of the index 2. 
The contents of the connection-complex element found in the initial sen- 
tence are “rewritten” in the variable ’a (sentence 1, 2 or 3) and then 
“unpacked” (sentence 4) by successive extraction of groups of components 
bearing the numbers of the nodes connected with the inputs to the element. 
The number zero is the end of the list. 

The use of the operator senode enables the models of the elements of 
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disjunction, conjunction, addition mod 2, and majority decision to be 
written in compact form: 


disjun (133) /au +, Bu/b, a 
134 37 1 (8b) 
senode ab//c, V 8— 8 ^ b|—5 1c, 6 8— 8 


§1 
conjun (133) /au +, 8n/b, a 
135 40 1 (6b) 
senode ob//c, V 8— 8 | ^b o—1ce,08- g 
Sl . 
motwo (133) /au +, 9n/b, a 
136 42 1 (b) 
senode ob//c, V B= 8 Nb V A G37 | 1c, 6 8 8 
Sl. 
major (183) /au +, 8u/b, a 
137 52 1 (6b) 
senode ab//b V > 1-c-1-ac V 8—^ 8^bV —a|1 
Ca D B= B 
§1 


C. THRESHOLD ELEMENT AND ELEMENTS REALIZING 
dnf AND pdnf OF BOOLEAN FUNCTIONS 


To model these elements an auxiliary operator orsenode aß, analogous to 
the operation senode aß is used; by means of this operator the list of nodes 
represented by one element of the connection complex is transformed to an 
ordered set of nodes, represented by the complex 8. The program orsenode 
is analogous to the subroutine senode. 


orsenode ou +, 8k/a, b/ 
140 134 5 


€05 — C ^ âa > lila o bas > 0A7—:—20—53—102 
$81 'g,— 'a—4 
$2 "f, 'a—4 
$3 'e, — 'a 
$4 /'a5a»527—5ao0—5—DQWAbD 
/a < 11 — 'a4 
$5 b = bg. 
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threshold (140) /au +, 81/a, d 
141 141 3 


orsenode aH //ca V 8 — Bo | A a, > 222 b2 > % 
h = 'a-b>32>b0a0c 

$1 AaQbo-2h,—d8 ^c o 1a - 1X 6d 
/lac6—d»32--cc—b|53—1 

$22 ce08-8 

§3 . 


dnf (140) /au +, 8u/b, d 
142 172 4 (Bab) 


orsenode aH//ca V B= cy | ^ @ > 225 6 
81 0— => c= de A c> ca «llAd-doaob2 
ac bc-d4528 1 Aa>aß AbVao— 4 A bfi d- Gs ^ €, 0 
o 1ce0828-4 
$2 d X 3ah, — ac, V a a2 
S3 ! 
§4 


pdnf (140) /au +, 8n/a, c 
143 124 3 


orsenode aH//c, V B= 80a00 
$8 AaGQbo—2h,— cB ^c 0137 -a> cce V 6 b 1 
§2 b:40= be 1 A aa > 224+ a> sida ^ & | 3c, € 8— B 
§3 . 


D. GENERALIZED ELEMENT 


The foregoing subroutines are composed in a natural way into a single 
one, which can serve as the model of a certain generalized element of the 
first type. The operator element recognizes the code of a concrete element 
with number [a] and calls up the corresponding model. 


element (130, 132, 134, 135, 136, 137, 141, 142, 143) /au +, Bu/b, d 
144 177 12 


a ^//(—3051—4052—1053—1054—10-55 
—1056—1057—1010—1 o 11 — 12 
$1 = invertor aB//— 12 
$2 flipflop aB//— 12 
$3  disjun aB/ /— 12 
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$4 conjun aB//— 12 
§5  motwo aB//— 12 
$6 major aB//— 12 

§7 threshold aB//— 12 
$10 dnf a8//— 12 

$11  pdnf o8// 

$12 


E. DELAY ELEMENTS 


The change of state of the output terminals of the delay elements takes 
place at the end of the clock cycle, and as a result the changes are expressed 
only in the next cycle. Therefore the sequence of examination of the delay 
elements may be arbitrary, in contradistinction to the sequence of examina- 
tion of the elements of the first type, which must satisfy definite conditions, 
as has already been mentioned. In the subroutine delay given here the 
elements are considered in order of inereasing number. The external 
operands of the subroutine are the variables o and 8, of the same dimensions. 
The first represents in the space of all circuit nodes those nodes that are the 
output terminals of the delay elements; the second variable is the total 
state of the circuit. 


delay ou +, 8u/b, b/ (a) 
145 67 2 (aab) 


a=aVB=b 
§1 aX2am 1Aa,>6=>0 
B A &|—> la 6bb1 
$22 b-g. 


The simulation of a single clock cycle of operation of the circuit divides 
into two stages, mentioned in the beginning of this section. 

Both stages are executed by a single subroutine, which performs the 
five-place operator cycle. 


cycle (146, 144, 145) /an +, Bu, yn +, ôn +, ex +/b, f/(By6) — 
131 472 
input aßy// © J 

$1 Af Gb, o 2e — e element e8/ / 1 

$2 delay 68//. 


'The complex e represents the permissible sequence of examination of the 
elements of the first type. The variables 8, y, and à of the same dimensions 
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represent the total state of the circuit, its set of input terminals, and the set 
of delay elements. The signals arriving at the input terminals of the circuit 
at the start of the cycle are represented by successive components of the 
variable a, beginning with the leftmost. The value of the leftmost compo- 
nent, representing the ficititious input node, is always equal to zero, since, 
by convention, this terminal is always found in the state 0. The effect of 
the input signals on the input terminals of the circuit is modeled by means 
of the operator input. 


input on +, 8n, ym +/a, b/ (By) 
146 52 2 (ya) 


ycavg-pgoa 
$1 aX2ba Aaa ^ |> 1o 6 8 81 
$2 


4. PRELIMINARY OPERATIONS 


We have now constructed the apparatus for simulating switching circuits. 
It remains to consider certain operations of a preparatory nature, which 
have already been mentioned. 


A. RESTRUCTURING THE ELEMENTS OF COMPLEXES 


The rearrangement of the structures of the elements of complexes 
B, E, F, G is one of these operations. This restructuring consists of shifting 
the information components to the left so as to obtain the structures shown 


in Figs. 2a and 3a, b, and c. This operation is performed by the subroutine 
restruc. 


restruc ak, Bu +/b, c 
147 1133 
o b 
$1 Ab GO b, o 3c; + eg — c; => "a o a8 — c o lb 
$2 œa ^ 'a«c V 'b— b+ 8 c'a > 40— '/a 
A a Q:x|52'bo1 
$3 


The external operands of the subroutines are the complex a, the structure 
of whose operands is to be rearranged, and the index £, defining the value of 
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the initial shift (for the complex B this magnitude is equal to 2, for E, F, 
and G, to 5). 


B. VALUES OF THE REPRESENTATIVE VARIABLES 


In the construction of certain subroutines we have utilized variables that 
represent in the space of all circuit nodes sets of nodes having a certain 
property (for example, the set of input terminals of the circuit). We con- 
struct a subroutine that will find the values of this type of variable. We 
construct it in the form of an L-operator for partitioning a complex (parcom). 
This operator can find application in problems having no relation to the 
simulation of relay circuits. 


parcom an +, Bu +, yu, ôk +/—, a/ (aß) 
150 43 2 


oyoa 
$2 Aa@®@b 0-2 @aANBl~laVys>yo1 
§2 


Here y is a variable representing in the space of all elements of the com- 
plex 6 the set of those elements for which the values of the components, the 
corresponding unit components of the variable 8, coincide in value with the 
corresponding components of the variable a. In other words, the pair of 
variables (a, 8) defines a particular attribute; the variable y represents the 
set of those elements of the complex 6 that have this attribute. 

For our purposes it is necessary to represent the set of input terminals of 
the circuit, the set of delay elements, the set of flipflops, the set of output 
terminals of the circuit, and the set of elements of the first type. The values 
of the variables representing these sets will be found by means of the 
operator varep. The variables a, B, y, ô, e represent these sets, in order. 


varep (150) /an, pun, yu, ôn, en/a, c/ (aByde) 
151 142 3 


bo: 40 o~l Aa 
Sl a2» o b77 >cr2 

"a = al = b + 2 7a 085 >b 452 

a — y6 — b 452 "aV y> ye 9 b 03452 

a — bbb — 1 — a0 — c, = l'aa V 8 Oase 
$2  parcom bc ""aA/ /! 
83 
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C. FINDING A PERMISSIBLE SEQUENCE 


We map (partially) the circuit structure by an oriented graph [11], each 
of whose nodes corresponds one-to-one to a circuit node; each branch 
emerging from the node 2 and incident on the node j is a connection of the 
node to the input terminal of the element j of the first type. A node on which 
no branch is incident is called a root node (others are called nonroot nodes). 

We shall prescribe the graph by a square matrix U whose element uj! has 
the value 1 if from the node emerges a branch incident on the node j 
(for all z, 7 constituting node numbers), and the value 0 otherwise. 

In the model thereby constructed the problem of finding a permissible 
sequence may be formulated in the following way. 

An oriented graph is given; it is required to find a sequence vo, v1, ... of 
its nonroot nodes (if one exists) such that (1) each of the nonroot nodes 
occurs only once and (2) for any pair (vi, um) of nodes no path exists from 
Um to v; if l < m. 

This problem is solved by the operator of enumeration of nodes in an 
oriented graph (enunorg). The algorithm for the solution examines in 
sequence the nonroot nodes, finding those at which only branches from 
root nodes arrive. These nodes are included in the sequence, and are con- 
ventionally transferred to the set of root nodes, and the procedure repeated 
for the set of remaining nonroot nodes. The procedure terminates when all 
nodes are transferred to the set of root nodes or it is found that not one of 
the remaining nonroot nodes ean be transferred. This latter condition 
signifies that the required sequence does not exist, and the graph contains 
loops. 


enunorg a4, Qi +, yk, ôk +/b, b/ (B8) 
152 60 1 (Bab) 


8—a-—b ob 
§1 bX aað A a|—>la>n Ab 
Ca ®© a >a => b |> 1b => b.. 


Here the element à, of the complex ô represents the ath row of matrix U, 
the variable 8 the set of nonroot nodes, and the complex y the required 
sequence. Exit from the operator over the auxiliary terminal X a signifies 
that the required sequence does not exist. 

The operator for finding the permissible sequence (perseq) differs from 
the one just considered in that it concerns, not the matrix prescription of 
connections among the circuit elements, but the coupling complexes E, F, G. 
The rows of the matrix U are found by means of the operator senode. 
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perseq (133) /au, 8n +, yK/d, c 
153 65 1 (Gbcd) 


B—c—d oc 
$1 d Xa senode ab//b ^ c |^1 
a => Y: A c, 9c dcl—1c- gb 


D. PREPARING THE MODEL FOR OPERATION 


The foregoing subroutines are composed in the general program for 
preparation of the switching-circuit model for operation, which combines 
all the preparatory operations. 


prepare (147, 151, 153) /a4, Bm, yn, ôn, en, t&/e, c/ (Byóe) 
154 1552 


] = x5 > d+ 
a4 €» ab, € b A z2 — dH 1 
a, €» agb, € bb >d 45 1 
Q4 €» agb, €» bs A HH 1 
Q4 €» Ags € 0504 © 0154 € beba => bsb4 => bi 
varep Bye ""e/ / perseq a ""et/ /— 2 
$1 restruc "Ed//! 
$2 


5. MODEL OF THE SWITCHING CIRCUIT 


To conclude, we construct the program (Fig. 5) that will serve as the 
switching circuit model of the class described. 


swicirm (154, 146, 131, 156) /au, 8n +, yk +, 0k/k, g 
155 113 3 


prepare a "'f ""g "^h '^iI//"/g v b= ''j 
$1 input Bk "3//0o g 
$2 Ag 0 b, 03 cycle (Y) ""k "^f "'gI// 
output (6,) k '*i//— 2 
$3 


The program has two input and two output terminals. On entering the 
initial sentence all preparatory operations are executed; in particular, it 1s 
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established whether the structure of the simulated circuit is correct (1.e., 
whether it is free of loops without delay elements). If the structure is 
incorrect, exit takes place over the auxiliary terminal to sentence [a] of 
the external program; otherwise, the simulation of the circuit operation 
begins. 

The operator input, considered previously, is used here to bring the out- 
put terminals of the delay and flipflop elements to a state defined by the 
values of the left components of the variable 8, which thereby gives the 
initial internal state of the circuit. The sequence of input signals is repre- 
sented by the complex vy; the values of the left components of the element 
y; of this complex define the states of the input terminals of the circuit 
in the ith cycle. The result of the operation of the circuit model is a sequence 
of output signals, represented by the complex 6 (also by the left components 
of its elements). 

The program uses the already-described operator cycle and the operator 
output, which forms the values of the elements of complex 6, considering the 
output terminals of the circuit in increasing order of their numbers: 


output an, Bu +, yn +/a, b/ (By) 
156 47 2 (ya) 


y—aoa Oa 
§1 aX2b Aa8 ^ c 0o la Va,7»a——1 
$2 


When access to the operator swicirm is made by means of the auxiliary 
entry terminal (sentence 1) the preparatory operations are not executed. 


A. SWITCHING-CIRCUIT ANALYSIS 


The sequence of input signals can be considered to be a test program for 
the switching circuit. By prescribing various programs, it is possible to 
solve various problems. One of these is, for example, the classical problem 
of switching-circuit analysis, i.e., finding the flow table for a prescribed 
circuit structure. 

We shall represent the next-state table by groups of 2* elements of the 
complex £, and the rows of the output table by similar groups of elements of 
the complex y. Here s is the number of circuit elements having one-bit 
memory (in our case the number of delay elements, flipflops 1 and flipflops 
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0': Then the program for switching circuit analysis can have the following 
form: 


swiciran (155, 156) /a4, BK?, yk? /k, m 
157 1352 


] 2 by"fV-—1-j'"ijv—l1—kohoiom 
swicirm ahiJ / / 

Sl output lk "3//1 = Bn? jo — Ym? A m 
h + c= h 0-2 — swicirm 1 

$2 i+ G= de | A^ d | swicirm 1m = bg = b}. 


6. CONCLUSION 


The solution of the analysis problem does not exhaust the range of 
applieation of the proposed simulation apparatus. It is assumed that by 
means of this apparatus it will be possible to carry out broader investiga- 
tions of cireuits of a fairly great complexity, developing the simulation 
methods—in particular, the methods of constructing test programs for 
circuit testing. 

The practical possibilities of applying flow tables, as has been stated, are 
strongly limited. However, a program similar to the above may be applied 
to the analysis of subcircuits of a complex circuit having sufficiently small 
memory. The replacement of each such subcircuit by an equivalent element 
whose operator will be the pair of tables (next-state table and output table) 
permits a substantial reduction in the time necessary for simulating a single 
clock cycle of the circuit and consequently increases the speed of simulation 
of the system. 

The effective application of this approach is hardly possible in the frame- 
work of the apparatus constructed here. It is necessary to extend the class 
of simulated circuits, developing the system of representation and the set 
of corresponding subroutines for circuits consisting of (k, p)-terminals. 
This conclusion also follows from the consideration of the structure of 


! This will entail unreal internal states; in àctual fact two output terminals of the same 
flipflop cannot occur simultaneously in the same state. This undesirable consequence of 
the artificial representation of the flipflop in the form of two independent elements 
could be eliminated by placing certain restrictions on the circuit-node numbering and 
correcting the corresponding subroutines. It would be more useful, however, to approach 
the problem from another position—in particular, to consider circuits consisting of 
(k, p)-terminal networks. 
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automata of the type of general-purpose computers, whose ‘‘elementary”’ 
components are decoders, registers, accumulators, memory registers, etc. 
_A convenient and compact representation of such structures in the simula- 
tion system will be difficult to obtain if multioutput elements are not 
brought into consideration. 


10. 


11. 
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ALGORITHMS FOR STATE MINIMIZATION OF A 
DISCRETE AUTOMATON 


Yu. V. Pottosin 


1. SOME METHODS FOR MINIMIZATION OF THE NUMBER 
OF STATES OF A DISCRETE AUTOMATON 


The problem of minimizing the number of states of a discrete automaton 
consists of finding an automaton, equivalent to the given one, that has the 
smallest number of states. The number of states of the equivalent autom- 
aton can be reduced because certain of its states may be merged without 
violating the law of mapping the sequences realized by the given automaton. 
Such states are usually termed compatible. 

In the present chapter state-minimization algorithms are described in 
LYaPAS for two methods that are well adapted to machine execution. 

One of these methods, proposed by Paull and Unger [1], involves finding 
in the set of states the smallest number of subsets such that merging of all 
the states in each of them yields an automaton equivalent to the given one. 
These subsets, in general, may overlap. Let us consider this method in 
greater detail. 

We denote by X, Y, and Z the sets of inputs, outputs, and states, respec- 
tively. For the next-state function, given on the set Z X X, we introduce 
the notation 6(z, z). The output function, which is also defined on the set 
Z X X, is denoted by A(z, x). We shall consider that ô(z, x) = A (or 
A(z, x) = A) if the next-state (output) function is undefined on a given 
pair (2, z). An automaton in which this case holds is called partially defined, 
in eontradistinction to fully defined automata [2 ]. 

406 
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A set P G Z implies a set Q C Z if for some input x € X, the set Q is 
the set of all defined values of 6(z, x) for all z € P, i.e., Q satisfies the 
relation 


Q = {ô(z, z)/z € PIMA}. 


A certain set of states B C Z is called a set of compatibles if any two 
States z;, 2; € D are compatible. 
A certain set S of sets of compatibles is called closed if 


(1) for any set Q implied by the set B € S, there is found a P c S 
such that Q C P; 


(2) U [S] = Z. 


The first step in the minimization process according to the method is to 
find all sets of compatibles that are maximal in the sense that none of them 
is contained in another such set. Then a minimal closed set L of sets of 
compatibles is found, and a new automaton is constructed in which each 
state is a set Q € L. 

The value of the new next-state function 6’(Q, x) can be any P satisfying 
the condition 


{ô(z, 2)/2 € QJA € P € L. 


The new output function will be defined as A (Q, x) = A(z, x), where z is 
any state in the set Q for which A(z, x) = Aand X (Q, z) = AifA(z, x) = A 
for all z € Q. 

Thus, the state-minimization problem is reduced by this method to find- 
ing the minimal closed set L of sets of compatibles. In the case of a com- 
pletely defined automaton, the set L, as shown in [1], is the set of all 
maximal sets of compatibles. The problem is different if a partially defined 
automaton is given. Here, finding the set L involves substantial enumera- 
tion. It is therefore of interest to consider approximate methods of state 
minimization for partially defined automata. In general these methods may 
not give a minimal solution, but the time for their execution is enormously 
smaller than the execution of the exact methods. 

In the present chapter we limit consideration to this problem for partially 
defined automata. 

A second method considered in the present chapter for minimizing the 
number of states of an automaton is the method of successive reductions, 
developed by Zakrevskii [3-5]. It consists of the following. 

A chain, generated by a pair of states (z;, 2;), is a set C obtained by the 
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following process: (1) a pair (z;, 2;) is included in C as the first element of 
the chain; (2) if (ze zı) € C, then all pairs of states implying the pair 
(ze, 21) € C are included in C. 

For a given automaton A let there exist some chain C, where the states 
occurring in a given pair of this chain are compatible. A single-step trans- 
formation of A is the passage to an automaton A’ whose states are all pairs 
belonging to the chain C, with the states of the initial automaton A not 
entering into any of the pairs of the chain C, while the next state and output 
functions are defined as in the Paull and Unger method. The method of 
successive reductions consists in the repeated application of this type of 
transformation to A, leading to the reduction in the number of its states. 

The number of distinct transformations of A is equal to the number of 
different chains in which each pair may contain only compatible states. 
In [3] it was proposed that a so-called informational criterion be applied 
to the choice of transformation. From the viewpoint of this criterion the 
best variant is that for which the mean decrease of the degree of indeter- 
minacy of the functions 6 and ^ is minimal for unit reduction of the number 
of states. A second criterion of choice of transformation can be the number 
by which the states are reduced [5 ]. 


2. REPRESENTING THE INITIAL INFORMATION 


Before passing to the description of the system of operators used in the 
programs for automaton minimization, it is useful to consider the method 
of representing the input information. This question is very important, 
since the concrete expression of each operator depends on it. 

We shall utilize the specification of automata in the form of next-state 
and output matrices. 

In the next-state matrix || Z ||, as in the output matrix || Y ||, the rows 
represent states, the columns inputs. It is convenient to number all inputs 
and states according to the columns and rows of || Z || and || Y || that 
represent them, and to consider Z and X to be the sets of corresponding 
numbers. 

We shall represent the rows of the matrix || Z || by the elements of the 
complex Z. The positions of the elements of this complex are divided into 
groups, representing the codes of the elements of the matrix. In each group 
there is an additional place, located to the left of all the other positions of 
the given group, representing the definition tag of the matrix element. This 
position has the value 1 if and only if the corresponding element of the 
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matrix is defined. If the 32 positions of an element of the complex are 
insufficient to represent one row of || Z ||, the entire set of columns of the 
matrix are divided into groups. The number of columns in each group is 
not greater than the number of elements of the matrix that can be placed 
in the 32 positions of an element of the complex. If the number of states is 
equal to n, the first group of columns is represented in the elements 
Zo, 21, .. ., 2n-1, the second in the elements Zn, 241, ..., Zen-1, ete. 
We present an example of coding of the matrix || Z ||: 


YN 
VEA 
c 
T 
| Wee) 





m © m= bo 
bo 


To encode one element of this matrix, taking into account the definition 
tag, three bits are required. Let us assume that the number of positions in 
the codes of the elements of complex Z is equal to 8. Then 


Z = 11111000 
10010100 
00010000 
11110100 
10000000 
00000000 
11000000 
00000000 


The method for representing the matrix || Y || is analogous. 

Special constants are needed in the processing of the matrices || Z || and 
|| Y ||. We shall call them w-constants, and denote them by «i, w2, ws, wa, ws, 
we, w. Each w-constant is a certain p-dimensional binary vector 


_ 0 1 p—1 
Qj = QjOj*tto, , 


where p is the number of positions of the code of an element in the complex 
Z. 

Let n be the number of states of the given automaton, m the number of 
columns in the matrix || Z ||, and k the number of positions necessary to 
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encode an element of || Z ||. Then the values of the w-constants will be 
defined by the following relations: 





ow =lep—k<si<cp-]; 
[w] = k; 

[es] = kem; 

w -1e0z€xicxcn; 

w = leri = p — k; 

we = 1i € {0, k, 2k, ..., (m — 1)k}; 
wo =1Llod<i<k. 


The symbol [w] denotes the number whose positional code is w. 
For our example the w-constants will have the form 


w, = 00000111 ws = 00000100 
we = 00000011 ws = 10010000 
w = 00000110 w7 = 11100000 


11110000 


Q4 


These constants are calculated by means of the operator comeco from the 
number of states in the automaton and the number of its outputs. The 
former is represented by the variable a, the latter by 8. The w-constants 
obtained are represented by the following variables: y = «1; ô = œz; € = 
03; 0 = 094; 1 = 05; Ü = wes K = Gy. 


comeco att +, GO +, YN, ÔN, en, (ni, qn, Yu, kxn/ —, a 
271 1161 


a | => a40 — a => al — c,-—x«V-—óa—1-00—c&-—txt-6 
= Yo & ô => Oo a o 86 X B= e — 40 o— 1 40:68 X b> e 
$1 Ca V => da + ča eol. 


For certain particular cases it is possible to propose one further compact 
method of representing the next-state function, which generates fairly 
simple expressions of the L-operators occurring in the minimization pro- 
gram. These cases include any automaton in which all the transitions to 
any state z € Z occur for the same input x € X, unique for this state. 

For such an automaton it is convenient to represent the next-state 
function by two binary matrices. One of them is the adjacency matrix of 
the graph || W || of the automaton: 


Wil = 24< 4], 
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where 2, < z; holds if and only if there exists an x € X such that z; = 
i second matrix, denoted by || X ||, represents the following: 

| X4I = |] (2, 2)/z € X1 > Z ||, 


where 6(Z, x) = (6(z, x)/z € Z}\{A}. 
For an automaton with next-state matrix 


izi= 5 
3 


the matrices || W || and || X || will have the form 


x 1001 

| W || = |X|] =]0 1 0 0 
0110 dq 
0101 


Among the automata whose function 6 can be assigned in this way are, 
in particular, asynchronous automata, represented by a primary next-state 
table [6]. 


3. ALGORITHMS FOR STATE MINIMIZATION 


Here we consider the L-programs that carry out certain algorithms for 
minimizing the number of states of an automaton, based on the above two 
methods. 

The algorithm for minimization by the Paull-Unger method includes the 
following actions: | 


(1) Obtain the maximal sets of compatibles. 

(2) Obtain the minimal closed set of sets of compatibles. 

(3) Obtain the next-state and output matrices of the automaton ob- 
tained as a result of the minimization. 
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In the first stage, aside from obtaining the maximal sets of compatibles 
directly by means of the operator maxcom, two additional L-operators 
appear, determining the relation of compatibility in the set of states. One 
of them constructs the matrix of equivalence for outputs, the second trans- 
forms this matrix to the compatibility matrix, representing the relation of 
compatibility. The matrix of equivalence for outputs is constructed by the 
operator equout. To construct the compatibility matrix the operator comat 
or comav is used, the latter when the matrices || W || and || X || are given. 

The seeond stage is carried out by the operator closetcom if the matrix 
|| Z || is given, or the operator closetcov if the matrices || W || and || X || 
are given. These operators utilize an approximate method for obtaining a 
closed set of sets of compatibles, close to minimal, presented in [7 ]. 

In the third stage the output matrix is constructed by means of the 
operator iramout, which is suitable for all cases considered here. The next- 
state matrix is transformed by means of the operator tramast. If the next- 
state matrix is constructed from the matrices || W || and || X ||, the operator 
tramav is used. 

The number of states of the partially defined automaton can be minimized 
by the operator minst. The number of states and the number of inputs are 
represented by the variables u and 8, respectively; y::]| Y ||; à::|| Z |l. 
e, 6, n, 9, x, and À are used as auxiliary complexes in the various L-operators 
entering into minst. The new next-state matrix obtained is represented by 
the complex x, the new output matrix by y. If it is impossible to reduce the 
number of states by the given operator, exit takes place over the auxiliary 
exit terminal, to which corresponds the operand a. The operator comeco 
calculates the w-constants. | 


minst (270, 272, 274, 310, 277, 301, 302,) /au, 8n +, YK, ÔK, eK, (K, nK?, 
OKT, KK, AK, uI +/s, d/ (etm) 
305 125 0 (ep) 


comeco uflmnpqrs//,u — 1 = bs equout yOyurs// 
comat ĉeni msr/ / maxcom Bn? / / 

closetcom apn?d?¢denqm / / 

tramout yt xyu/ /tramast óqxXylmng//. 


If the function 6 of the given automaton can be represented by the 
matrices || W || and || X |], then to minimize the number of states of such 
an automaton it is possible to use the operator minva. Here the operands 
have the following sense: «::|| W |l; 8::|| X ||; v::|| Y ||. 6, e, ¢, n, 9 are 
auxiliary complexes, and o corresponds to the auxiliary exit terminal. The 
results, i.e., the newly obtained matrices || Y || and || Z ||, are represented 
by the complexes y and 2. 
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minva (272, 276, 310, 300, 301, 304) /au, Bk +, YK, ÔK, ex, (K?, 1K, JK, 
KK +/m, d (86e( K) 
306 131 0 


b — 1 > b, > a0 — c, lb; H => a40 — a > al — ea => m 
equout yn(b.)ml//comav xnéte8//maxcom qt? / / 
closeicov aBtn?ex//tramout yed (b,) / /tramav kendb//. 


A class of partially defined automata was studied in [8] for which the 
minimal closed set L of sets of compatibles may contain only maximal sets 
of compatibles. This class is composed of asynchronous automata whose 
functions ô can always be represented by a primary next-state table [6]. 
The undefined elements of this table must be due only to the constraints 
on the sequence of input symbols. In this case it is sufficient to find the 
shortest coverage of the set Z by the maximal sets of compatibles. This 
coverage will be the set L. For this purpose it is possible to apply the 
operator minas, whose operands have the same sense as for the operator 
minva. The set L is found by means of the operators oshco and compress. 


minas (272, 276, 310, 4, 43, 301, 304) /au, Bk +, YK, ÔK, ek, K, NK, Ok, 
KK +/j, d/(Bôegx) 
311 203 0 (Befgh) 


b, — 1 => b, > a0 — c => ib, I- => a40 — a > al — a [>| j 
equout yn (b,) ji/ / comav kqó(eB/ / maxcom nt? / / 

b — 1 = aQ — ca => eb, — 1 = a0 — ca => f > h oshco tefóg// 
g ®h o— a compress tgn//tramout ynd (b,) / /tramav xnedB/ /. 


The algorithm for minimization by the method of suecessive reductions 
is presented in two variants, corresponding to different criteria for the 
choice of transformation. The operator infstared minimizes the number of 
states with the application of an information criterion-for choice of single- 
step transformation of the matrices || Z || and || Y ||. The L-operators 
appearing in the L-program of infstared perform the following actions. The 
operator comeco calculates the w-constants, the operator equout constructs 
the equivalence matrix for outputs, inftran carries out the choice of trans- 
formation, and the operators tramout and sistramast transform the matrices 
|| Y || and || Z ||. The numbers of inputs, outputs, and states are given by 
the variables a, 8, and vy, respectively. The complexes ô and e represent the 
matrices || Y || and || Z ||. The complex £ represents a table of logarithms, 
needed for the operator inftran. The remaining operands—f, n, 2, x, ^, H, 
and »—are auxiliary complexes. 
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infstared (270, 272, 323, 301, 314) /an +, 8n +, yu, ÔK, ek, (K, 1K, Ok, 
KR, AK, HK, VK, EK +/w, g/ (tnx) 
312 160 4 (rs) 


comeco yapqrstuv//8 = a£; >W Og 
$1 y—1- b, equout óxouv//g o—> 3 
$2 inftran A£quvóóexqtsw/ /tramout 800y// o g —1 
$9  sistramast edgktvrqptuA//bo = y — 1 = a0 — 6,82 
§4 


The operator mazstared minimizes the number of states in an automaton 
by the method of successive reductions, using for choice of transformation 
the criterion of maximum reduction. Here for choice of single-step trans- 
formation the operator transtamaz is used. The operands a and y are the 
number of inputs and the number of states, the complexes 6 and e are the 
matrices || Y || and || Z ||, the complexes 8, ¢, n, 9, x, ^, and y are auxiliary. 


maxstared (270, 272, 324, 301, 314) /an +, Bk +, yu, ÔK, ek, (E, 7K, 
OK, KK, AK, uE/t, g/ (£m9) 
313 202 4 (¢q) 


comeco yaunpqrst// o g 
$81 v—1-2b,equout óxyts//g 03 
$2 y — 12 b, — b, => b, — b transtamaz 4enstkótqqy/ /tramout d¢dy// 
og-l 
$3. y — b,b; — b, — b, sistramast etqk«óBpnmryuA/ /b; => y — 1 => a0 — ca => 
q2 
$4 


4. CONSTRUCTION OF THE EQUIVALENCE MATRIX FOR 
OUTPUTS 


We call the states ? and j equivalent for outputs if (A(z, x) = A( j, 2)) V 
(A(z, 2) = A) V (N(J, x) = A) for all x c X. 

The element a;; of the equivalence matrix for outputs || A J takes the 
value 1 if the states ? and j are equivalent for outputs and ? < 7; otherwise, 
Qi; = 0. 

The operator equout obtains the matrix || A || for a partially defined 
automaton. The initial information is given by the complex a: :|| Y ||; [y] 
is the number of states; 8::|| A ||; 6 = we; e = ox. 
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equout ak +, BK, yn +, ón +, ex +/b, d 
272 1665 


oboby—-1>a0-—-aq-aoa 
$l a @a>a=>—B,Aa— bs ol 
§2 b+1>a-y|-5 
§8 at+tb=>chb+b>da.Aa\NibXe<1> ao, Ga; ^A à O46 
|] ^ Ba => Bo 
$4 A^Aa—vYo—3Ab—2 
$6 oby-b—b-—b,o-2. 


5. OBTAINING A CHAIN GENERATED BY A GIVEN PAIR 
OF STATES 


The chain C is represented by a binary matrix || C ||, which we call the 
chain matrix, in which c;; = 1 if and only if (i,j) € C andi < j. To con- 
struct the matrix || C || a certain auxiliary matrix || C' || is constructed, for 
which ci; = 1 if and only if as yet the entire set of pairs implying the pair 
(i, j) € C has not been found and 7 < j. The presence of at least one unit 
element in || C’ || indicates that the construction of the chain matrix has 
not been terminated. From the coordinates of such elements are found the 
corresponding rows of the matrix || Z || or the matrix || W ||, depending on 
the way in which the function 6 is prescribed and || C || is completed. 

The search for unit elements of the matrix || C” || is carried out by means 
of the operator funel. To find all pairs of states implied by any given pair, 
the operator impast or impav is used, depending on the method for defining 
6. The corresponding variants of the operator for finding the chain will be 
chest or chev. 

The operands of the operator chest have the following sense: the complex a 
represents the rows of the next-state matrix; 8 may be an expression in- 
cluded in the given operator during compilation; y and ô are indexes corre- 
sponding to the numbers of the given states; e: :|| C' |]; «::1| C ||; & = es; 
n = W; V = we. 


chest (317, 325) /ax +, 8B, yu, ou, ek, (1 +, qu +, du +, x«k/c, b/ (ek) 
321 104 2 (ec) 
impast lo'y6(b,) &ndab//funel 2ey8/ / — impast 1 

$1 c,— C A k | impast 38Cc V e — e V ky — y — impasti 3 


$2 
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For the operator chev we adopt the following: 7::|| C |; ¢::|| C’ ||; 
ai:|| W ||; e::|| X ||. y and ô are indexes, corresponding to the numbers of 
the given states, 8 has the sense of an expression that is included in the 
operator during compilation. 


chev (316, 325) /ax +, 85, yu, ôn, ek +, tx, qx/b, c/ (aet) 
322 73 3 (ab) 


$1 impav 2ayée cb//b A m. |— impav 18b V te = £; V ne = Ne > impa 1 
$2 funel 3¢76//— 1 
§3 


The necessary condition for correct operation of these two operators is 
the zero initial value of all elements of the matrices || C || and || C” ||. 


6. FINDING THE COORDINATES OF THE UNIT ELEMENTS 
OF A MATRIX 


The operator funel finds the numbers of the rows and columns of the unit 
elements of a binary matrix, represented by the complex 8. The row and 
column numbers are represented by the indexes y and 6. If all the elements 
of the given matrix are zero, exit to the external program is effected over 
the auxiliary output terminal, connected with the operand a. 


funel a4, BK, yu, óu/ —, — 


325 262 

Qu 
$1 A Y = bg >a 
$2 8,X 16. 


7. FINDING THE IMPLIED PAIRS OF STATES 


In all the algorithms for minimization of automata considered here to 
solve the question of compatibility of two states, it is always necessary to 
find the set of all pairs of states implied by the given pair; i.e., for the given 
pair (2; 2;), it is necessary to find the set 


C... 
= [Q(25 2),8(25 x) )/a € X,8(z;, x) v^ A, (2j, x) A A, 8(z x) 75(252)]. 
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We present below two variants of such an operator, depending on the 
way in which the next-state function 6 is prescribed. If the next-state 
function is given by the matrix || Z ||, the operator impast is used. If the 
adjacency matrix of the graph of the automaton is used, then the operator 
impav is used. 

In the case of the operator impast 8: :|| Z ||; [o] is the number of the 
sentence in the external program to which the auxiliary exit terminal of the 
operator leads; y and 6 are indexes, corresponding to the state numbers of 
the given pair; [€] is the number of states; ¢ = wz; n = w; 9 = we; k and A 
are indexes corresponding to the state numbers of the pair implied by the 
given pair. 


impasti a, BK +, yu, ôn, ex +, £n +, qn +, 8n +, xu, Ag b, — 
317 147 4 


$1 B,AB;A^AO00—4Xm«1-a^AJf,—bf;^a-a 

$2 l-—aG0^A^7tf(-xbjl—-—bGcoc^qm 
$—(—A^.—xo0o—»5ao3^Xexa 

$3 n1 Abo54—bg 1 ^a—a2 

$4 y +e= ys + e= ô — bg oL. 


For the operator impav, 8: :|| W ||; [a] is the number of the sentence in 
the external program to which the auxiliary exit leads; y and 6 are indexes, 
corresponding to the state numbers of the given pair; e::|| X ||; ¢ is an 
index eorresponding to the number of one of the states in the implied pair. 
The number of the other state is the number of the unit position in 7. 


impav at, BK +, yu, du, ex +, tu, 91/8, a/ (Ben) 
316 54 1 (a) 


By V 85-5aoa l 
$81 Aa—b.|—5oa^€&-270-1»|e— © e o Ig X Ir. 


8. CONSTRUCTION OF THE COMPATIBILITY MATRIX 


The equivalence matrix for outputs || A || is transformed to the com- 
patibility matrix || B || for which b;; = 1 if and only if the states ? and j 
are compatible and 7 < 7. 

In [1] it was shown that two states ? and j are compatible if and only if 
the chain C generated by this pair of states does not contain a pair of states 
not equivalent for outputs. 
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Hence follows the algorithm for constructing the compatibility matrix. 
We introduce an auxiliary matrix || D || such that d;; = 1 if and only if 
i « j, and it has not yet been established whether the states 7 and j are 
compatible or not. The chains generated only by those pairs (7, 7) for which 
ai; ^ dij = 1 are sought. If the chain C generated by the pair (7, 7) contains 
a pair (k, l} such that a4; = 0, then a;; and d;;, as well as the elements a,, 
and dpa corresponding to that pair (p, q) which implies the pair (k, 1) take 
the value 0. Changing in this way the values of the elements in matrix 
|| A ||, we arrive at the matrix || B ||. For the chain C, generated by the 
pair (i, j}, a matrix || F || is constructed such that 


fo. = 1 ((p, g) € CN, )) ^ (aj, ^ dpa = 1). 


In the process of constructing || P || an auxiliary matrix || F’ || is con- 
structed that plays the same role as the matrix || C' || in the construction 
of the chain matrix. If the chain C has no pair (k,l) such that arı = 0, 
then in the matrix || D || all those elements dp, take zero values to which 
correspond elements f,, of || F || with unit values. The process of trans- 
formation of matrix || A || into the compatibility matrix || B || terminates 
when all elements of matrix || D || have taken on zero values. 

Let us consider the two variants of the operator for constructing the 
compatibility matrix for the different ways of representing the initial 
information. These variants comat and comav differ only in that they con- 
tain different variants of the operator for obtaining chains. The operator 
comat contains the operator chest, and is used for a partially defined autom- 
aton with prescribed next-state matrix. If the adjacency matrix of the graph 
of the automaton is given, the operator comav is used, which contains the 
operator chev. However the operators chest and chev in the corresponding 
variants of the operator for constructing the compatibility matrix are 
written in expanded form, since they are used with certain modifications. 
'These changes are due to the fact that in this case it is not necessary to 
construct the complete chain. In matrix || F || are fixed only those elements 
(pairs) that contain states not yet tested for compatibility. 


For the operator comat we adopt the following: y = ox; 9 = cos; £& = «s; 


aiil Z|]; e] A I; vl F I è: D [i ez :]] F' []. 


comat (235, 317) /ax +, PK, YK, ôK, ek, fu +, nu +, du +/d, f/ (Byéde) 
274 326 11 (fc) 


o aba +1=>d 
§1  Ba™ 0, O Ya O €& Aa — bg o funel 11ôcd//c = ad = b 
impast 5aabdtndfe//c = a 





| g 
§3 
M 
p 
§6 
§7 
$10 
$11 








| M 
§2 
§3 
$4 
85 
86 
87 
$10 
$11 
812 
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& X 3b — impast 1 

A a — bg o> 2ce> a4 

Ya © a — ba O Ya Aa — bg 05 4 — funel 2 

Cj — € A vy, |— impast 3c A 8, — Te A ôe o impast 3 
CV €, e, V y, — Ye > tmpast 3 

€ | A fa = Ba A ba = Sala | A be = Be A ôe => 60 => a 
O Ya O Aa — bg 0 10 — funel 2 


The operator comav acts on the following operands: a: :|| W ||; 8::|| A ||: 
y: P 1;o:: DJ; e] E ll; e: X Il. 


comav (325, 316) /a& +, Gk, YK, ôK, ek, t& +/c, f/ (ag-yóet) 
276 312 12 (8c) 


Oa 
Ba = Ôa O Ya O € A a — bg 0 1 funel 126cd/ /c = fd = b 

impav 6ofbtec//c A Ye |— impav 1c A Be 0— 4€ A à, o impav 1 
CV e, e, V Ye= y, > mpa 1 

€) | ^ By = By ^ 0; => Ó;Ca TA Be = b: A 6¢ > ôC => a 

O Ya O €& Aa — bg 0 5 — funel 2 

c>a 

& X 10b > 2 

Aa— bg o-7e> a 

Ya D 0, — ba O Ya A a — bg 0— 11 — funel 2 


Let us consider an example. 


No 128 
2 NO oOo o O 





014 2 
LES 01100 
WZi}= 2 ]0 2 yay =fo 0 11g 
3 1 8 0001 0 
4/2 30 00000 


The initial value of || D || coincides with the value of matrix || A ||. In 
the investigation of the pair (0, 1) for compatibility, we obtain 


0 0 
dps 


ooo Oo 
ord © 


0 
0 1 
0 0 
0 0 


oor 
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Then the matrix || D || takes the following value: 


|| D || = 


ooo © 
ooo OQO 
oo or 
oor © 
ooo © 


The final result, obtained in the investigation for compatibility of the pairs 
(0, 2) and (1, 3), has the following form: 





0 10 0 0 
00 1 1 1 
Be 00010 
00000 


9. FINDING THE MAXIMAL SETS OF COMPATIBLES 


To find the maximal sets of compatibles, we use an algorithm described 
in [1]. It consists of the following. 

Let there exist a set S of certain subsets S; (i = 0,1, ...,e(S) — 1) of 
a set Z of the states of the given automaton. A certain statez € Z is chosen, 
and for each of the sets S, € S the condition 


(2 € Se) ^ (3 2)L(2 € Z) ^ (z*2)] (1) 


is tested, where 2’ * z signifies that the states z’ and z are incompatible. 

When this condition is satisfied, S; is excluded from S and sets S,’ = 
Si\{z} and Si’ = S,\{z2’/z’ € Z,z' *z} are found. Each of these sets is 
included in S if and only if it is not contained in any S; € S. If condition (1) 
is not fulfilled, S; remains in S without change. 

If S = {Z} is given as the initial value and the above transformation is 
applied to S e(Z) times, taking in order all states z € Z, in the result S will 
represent a family of maximal sets of compatibles. 

The initial information for this operator, to which we give the code 
mazcom, is the compatibility matrix || B ||. First this matrix is transformed 
to the matrix || B’ ||, where bi; = 0 if and only if 2*j and i < j. This 
matrix is more convenient for calculations than || B ||. 

In sentences 2 and 3 condition (1) is tested and Sx’ and Sj’ are found. 
Then S;' and S;’ are tested for maximality; the principle of the operator 
uplim is applied to this. The set S is represented by the complex 8. The 
complex a represents the compatibility matrix || B ||. 
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If S,’ and S?' are not maximal, i.e., S; and S, € S different from S are 
found such that S,’ C S; and Si’ C Sm, the complex 8 is reduced by one 
element, where the value of the last element of complex 8 is assigned to that 
element 8; which represented S+. Otherwise, 


Bet :]| {Sk} 2 Z |, 


if Si is maximal, or 


§13 


Bx: :|| {Sx} 3 Z ||. 


mazcom ak, 8x?/e, c/ (aß) 
310 327 13 (ade) 


b,» aod—ce-68;1-doa 

Ca Vd-—dG,a,—o,A^Aa—b,o0o—1 1-b-bgob 
Ob | o 100oc 

€O | ^B&.^eQ 8. 0570, Aou —5do708,0aoa 
Bo | Ad o—>5 Aa -— bg o>4d= bAa 


oa 
Ba 1 Ae 0-12 Aa — bs o> 6a | 11e — 8, 
Ac— bg 038 


A b — b, |> 13b = bg? > 2 
b = ae = 0, A b — 10 
a|l257AbGOco- 10b = af, = b.b — bg | 7b = bg —3 


Let us consider an example. Let there be given a set of states Z — 
10, 1, 2, 3, 4, 5, 6} with compatibility matrix 


0110000 
001000 1 
0000101 
B 0000000 
00000 1 1 
0000000 


The result is represented by the following matrix: 


1110000 
0110001 
IS»5Z|j2|[00 10 1 0 1 
0001000 
0000110 
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10. FINDING A CLOSED SET OF SETS OF COMPATIBLES 


Let us consider an approximate method for finding a closed set L of sets 
of compatibles, which permits this set to be obtained fairly close to minimal, 
but does not use complete enumeration. 

To consider this method we introduce the concept of the relation of 
partial implication, defined on the set of all sets of compatibles in the 
following way. We shall say that a set of compatibles P C Z (maximal or 
nonmaximal) partially implies the set M if P implies the set Q while M 1s 
the only maximal set of compatibles that contains Q. 

Let us construct a certain set S whose elements are the sets of compatibles 
selected through the process described below. Simultaneously with the 
construction of the set S we define on it a certain relation which we shall 
denote by the symbol o. 


(1) Let Sy C S, where Sy is the set of all maximal sets of compatibles. 
We shall consider that M o M' for M € Sy and M' € Sy if M partially 
implies M”. 

(2) We include in S all those nonmaximal sets of compatibles P each of 
which: has cardinality greater than one, is implied by at least one M in Sy, 
is not contained in any M implying this P, but is contained in more than 
one of the remaining M € Sy. For each P so defined and for all M € Sy 
implying the given P, we put M o P. If P partially implies M, then P o M. 

(3) We include in S all Q each of which: is implied by some P already 
included in S in the preceding step, is not itself contained in it, and is 
contained in more than one M € Sy. As in the preceding step, we define 
P oQand Q o M. 


The third step is repeated as long as its execution changes the set S. We 
shall assume that S; o S; holds for all S; € 5. 

We shall seek some L C S such that it satisfy the conditions of closure 
and its number of elements be minimal. 

For each S; € S we find K; € S such that 


where the symbol O is the transitive closure of the relation o. The first 
condition of closure is fulfilled for K;, i.e., for any Q implied by some 
S; € Kj there is always found such S, € K; that Q C S+. This condition 
is preserved also for the set N; = sup K;, which is the upper bound of the 
set K T 
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For the set N of the sets N; thus defined, B = (U [N;]/N; € N} is 
found. A certain set D C N is associated with the set inf covp Z of irredun- 
dant coverages of the set Z by elements B, of the set B in the following 
manner. With each A; € inf cove Z is associated a D; € D such that if 
B, C Ai, then N; c D,. 

The required set L will satisfy the condition 


L € min, {sup U [D;]/D; € D]. 


Let us consider the process of obtaining the set L by an example. Let 
there be given the next-state matrix and the set Sy: 


— 


X 012 34 Sm = (So Si, S2, Ss, Ss, Ss, Se}, 
0 


1 6 3 where So = {2, 4,7}; 
1 4 6 1 Sı = {2, 5, 6}; 
2 6 3 S, = (2,8, 4}; 
4 o 7 S, = {1, 3, 4}; 
5 0 6 Ss = {1, 4, 7}; 
6 1 8 S, = (0,3, 4} 
7 | 6 3 0 


The set S is obtained by addition to the set Sm of two nonmaximal sets 
of compatibles, S; = {4,7} and Ss = {2, 6}. For clarity, we represent the 
relation o by a graph (Fig. 1), where the set of nodes is the set S, and the 
S; are connected to the S; if and only if S; o S;. The elements of the set K 
will be 

(So, Si, Ss, Ss, Se, Sr, Ss}; {Si}; (Ss); 
(Ss}; (S, Sa, $8; (S, S, Ss}; 
Si, S4, Se, Sz, Ss] ; US, S7}; {Ss}. 
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The elements of the sets N and B are conveniently arranged opposite 


each other: 

= { So, Si, Ss, S4, Se} Bo = {0, 1, 2, 3, 4, 9, 6, 7| 
ra {Si} Bi E (2, 5, 6} 
N: = { Se} B: = {2, 3, 4} 
N3 = {S3} B; = {2, 3, 6} 
N, = { Si, Sa, S7} B, = (1, 2, 3, 4; 9, 6, 7j 
Ns = { Si, S5, Ss} B; = (1, 2, 3, 4, 5, 6,7}. 
Ne = { Si, Sa, Se, S7} Bs = (0, l, 2, 3, 4, 9, 6, 1j 
Ny = { Si, S7} Bi a {2, 4, 9, 6, 7j 
Ns = {Ss} Bs = {2, 6} 


Hence we obtain inf cove Z = { {Bo}, { 


Bs} } and D = 


{No}, {Ne} } and, 


finally, min, (sup U [D;]/D; € D] = min, (No, Ne} = Ne or 
L = { Si, Sa, Se, S1]. 


Thus the number of states of the prescribed automaton has been reduced 
by four. 

This operator has two variants, one of which is intended for the case in 
which the matrix || Z || is prescribed (closetcom), the other for the case in 
which the matrices || W || and || X || are prescribed (closetcov). In the first 
the operator imset is used to find the implied sets, in the second, ?msev. 

In sentences 3-5, sup U [D;] and sup N; are found. This work is carried 
out by the operator uplim, but in a different way. The difference is due to 
the fact that here not all the elements of the corresponding complex are 
tested for absorption, but only those that correspond to S; € S\Swm. 

The elements of the set inf cove Z are found by means of the operator 
fisirco. The sets  [N;] and U [D;] are found by means of the operator 
concom. The operator transclo finds the set K.. 

The operands are the following: y: :|| S 2 Z ||; 8 is the number of states, 
[a] is the number of the sentence to which the auxiliary exit terminal of 
the given operator leads. This exit is realized when no L has been found for 
which e(L) < e(Z). ¢::|| Z ||; «and 7 are used as auxiliary complexes for 
the operators imset and fisirco; 3, x, and X are w-constants, used in the 
operator imset. The sense of 6 changes in the process of passage from step 
to step, taking on the values || S o S ||, || S o S ||, where o is the tran- 
sitive closure of the relation o; || N > S ||. 


The result is represented by the complex «e: :|| L > Z ||. 
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closetcom (330, 327, 40, 50, 5, 43) /ou, 8n +, YK, ÔK?, ex, tK +, qx, 
«II +, On +, Ar +/k, d/ (ôe) (yn) 
277 556 20 (ve) (éacfhj) 


o db, =b; =a O ôa 
$1 Ca — ôa tmset TBA (ya) etu ke/ / A, d — b; o1 
transclo 6//by — 1-— a0 — c, >h oa 
$322 à, j43253j— ôa Aa — b; 0 2 redsim 65// 
— 15 
$39 h 1A jc 
$4 cX6bh A ja 
$5 aX4cy, 1A | 56 6 j j—4 
$6  ! 
§7 eo- imset 5e |— © e o— imset 5y4 1 
Neo imset5iodoa 


$810 y, 1 A e| 11d |> 12 A dc, => f 

$811 Aa — b, o 10f V ôa = 04  imset 5 
$12 b,—a 

$813 y,60eo—14Aa—b; o—> 13e = qv, A b? 
$14. a V ĝa = ôa  imset 5 

$815 b—b.—boa 


$16 à, = a concom V ya(e)// A a — b, o— 168 
=> g — 1 = a0 — a => e o fb, — 1 > a0 
— Ca — h fisirco 17eein//f o — a — 20 

$17 concom V ôij// 3j V =k — g | fisirco Ak 
= gj= f — fisirco 4 

$20 compress yfe//. 


Obtaining the set S 
and defining on it 
the relation *. 


The operator closeteov differs from closetcom only in certain operations and 
in that the operator ?msev is used in place of imset to find the implied sets. 
The operands o, y, à, n, and e are defined as for closetcom. Further, 8: :|| X ||; 
pi: W ||. 


closetcov (331, 327, 40, 50, 5, 43) /ou, BK +, YK, 6K?, ex, tk +, qk/k, 
d (Y8t) (de) 


300 552 20 (ye) (éacfhj) 


O db, = bi => a O 0a 
$1 ca = ba imsev TBt (ya) e// A d — bs o 1 transclo 8//b, — 1 => a 
O—a>hoa 
$2. & => j 3j>6 Aa — by 0 2 redsim 55//— 15 
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§3 
84 
85 
$6 
§7 
$10 
$11 
§12 
$13 
$14 
$15 
$16 


$17 


$20 


11. 
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hl Aj>c 

cX6bh^j=a 

aX4cy, | ^ |> 50 D®j>j—4 

! 

e o imsev 2e |— © cy o — imsev 2ya | ^ e o—imsev/20d oa 

Ya | ^ ej 11d [2 12A da = f 

A a — b, o— 10f V ôa = ôa — imsev 2 

b,—a 

y, Be o 14 ^a — b; o l3e => ya A bs? 

Ca V ba = ôa — imsev 2 

bs => be=> boa 

à, > a concom V Ya(ea)//A a —b, o> 16b >g- 1>a 
0— a= e o fb, — 1 => a 0 — ca = h fisirco 17eein//f oO a 
— 20 

concom V àij//45 3j V = k — g | fisirco 4k >g 
j => f — fisirco 4 

compress yfe//. 


FINDING SETS OF STATES IMPLIED BY A GIVEN SET 


For the given set P C Z are found all Q C Z that are implied by the set P. 
If the function à is given by the next-state matrix || Z ||, the operator imset 
is used, for the matrices || W || and || X ||, the operator zmsev. 

For the operator imset there must be given ¢::|| Z ||, 6::|| {P} > Z |l; 
[a] is the number of the sentence of the external program to which transfer 
is effected after the next implied set has been found; y = w, Ò = «s, kK = cx; 
[8] is the number of states. Two further working complexes, 7 and À, are 
used. The elements of the complex à are the rows of the matrix || Z ||, 
corresponding to the states of the set P. The complex n represents the 
following. According to the adopted coding of the matrix || Z ||, the value 
of the extreme left position in the group of positions coding an element of 
this matrix is the definition tag. We call these positions d-positions. The 
position of an element of the matrix || Z || in the row (i.e., the number of 
its column) corresponds to some degree to the number of the d-position of 
the group coding this element. Elements of the complex 7 represent the 
numbers of the extreme left unit d-positions of the elements of complex f, 
distinguished in complex A. To determine one of the required sets Q, which 
consists of elements of || Z || belonging to the same column, it is necessary 
to find in ) all those elements whose numbers are the numbers of elements 
of the complex 7 having the same value. 








| 
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The sets Q are defined successively, and are represented by the variable 
es: |] {Q} 2 Z JI. 


imset au, Bu +, yn +, ôn +, en, SK +, nk, Ón +, xn +, Ak/e, c 
330 204 5 


o b o e(óc) 
$1 ocoaó-coa 
$2 cX3b -- b bti F — qfole——X^c2 
$3 a ® ma |— 4X, O— 4 Q co $— y ^ fi — dk 1 A M >È M FH + 1a 0s 
= cn V €=> ea |— = a 
$44 Aa—co3-a 
$5 O e O ay +a=>a-— ð o—>38+b=>b-—b o1. 


To illustrate the functioning of the operator we present an example. 
Let the next-state matrix and the corresponding complex have the forms 


NJo d Z=11000000 

RH CNN 00001010 

014 10000000 

i| 2 10101001 
WZ = 210 00001011 

3/21 

4 3 


We determine the sets of states implied by the set {0, 1, 3}. The complexes 
C and D, constituting the operands A and n, respectively, take on the 
following values: 


C=11000000 D=00000000 (0) 
10100000 00000100 (4) 
10101001 00000000 (0). 


Opposite each element d; in parentheses is shown the number whose 
positional code is the given element. 

We first extract those c; for which [d;] = 0. These are cy and C2, whose 
highest-order positions give one of the required sets, í2, 4]. 

After this we obtain new values of the complexes C and D: 


C=00000000 D=00000000 (0) 
10100000 00000100 (4) 
10010000 00000100 (4). 
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On repeated access to imset those c; are found for which [d;] = 4. The 
second required set will be {1, 2}. 

The operator imsev is described by a simpler expression. Its operands are 
the complexes 8 and y, representing the matrices || X || and || W ||, and the 
variable 6::|| {P} > Z]||. The result is represented by the variable 
e::]| {Q} 2 Z |l; [e] is the sentence in the external program to which 
control is transferred after the next implied set is found. 


imsev (50) /au, BK +, yK +, ôn, en/a, b/ (Byée) 
331 44 2 (fa) 


concom V yéa//o b 
Sl a^, ec-a 
$2 Ab—bgol. 


12. CONSTRUCTION OF THE TRANSITIVE CLOSURE MATRIX 
OF A BINARY RELATION 


Let there be defined on the set S = (So, Si, ..., Sn—1} a certain binary 
relation o, represented by the matrix || S o S ||. It is required to find a 
transitive closure of the relation o, i.e., to construct the matrix of a relation 
O on the set S such that if there exists a chain S; o Si, S4 O Si ..., 
Siz O Sj, then S; © S;. 

The matrix || S o S || is represented by the complex a. The result is 
obtained in the same complex. 


transclo ak/b, b 
327 124 4 (aab) 


Od 
81 o,—aob 
$82 aX3ba, V b= bb —a|— 2a V a,— auw | ^ a a2 
83 a | ^Ab—ao-4aVaoa,—o,0b-2 
$4 Aa—b. ol. 


13. CHOICE OF SINGLE-STEP TRANSFORMATION OF THE 
AUTOMATON WITH RESPECT TO AN INFORMATION 
CRITERION 


For each pair (i,j) for which the corresponding element a;; of the 
equivalence matrix for outputs || A || is equal to 1, a chain C is constructed, 
generated by this pair. If it is found that the chain C contains a pair (k, l) 
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for which a;; = 0, the construction of the chain is stopped and the element 
of matrix || A || corresponding to the pair that implies (k, 1) as well as the 
element a;; takes the value 0. If «(C) > o(\U [C ]), the transformation on 
the basis of chain C does not lead to reduction in the number of states. 
We do not here consider such transformations. If e(C) < o(U [C]) and 
the chain C does not contain incompatible pairs, the quantity AH is 
calculated (the relative change of the degree of indeterminacy of the func- 
tions ô and à, due to their possible further definition with merging of the 
states occurring in the pairs of the chain [3]). That chain is chosen for 
which AH is minimal. If there is more than one such chain, to reduce the 
time for transformation of the next state matrix that chain is taken for 
which the quantity p = 2¢(C) — e(U [C)]) is minimal [4]. 

The chain C is constructed by means of the operator chest. The unit 
elements a;; are sought as in the case of the operator funel, but with con- 
servation of their values. The quantity AH is calculated by the formula 


e (C) e (C) 
AH = [loge a(Z) »» kz? + loge a(Y) » ky? ]/r, 

t=1 t=1 
where r = o(U [C]) — e(C); kzt is the number of elements of the next- 
state matrix that are additionally defined with merging of the states of the 
ith pair in the chain C; ky? is the same for the output matrix. The values 
of the logarithms are contained in a table that is represented by the com- 
plex 8, where [ba] = k log» [a], k being a scale factor similar to that used 
in machines with fixed-point representation of numbers. 

The result is given in the form of a transformation matrix. We define the 
latter as a binary matrix || G || whose rows correspond to the new states, 
columns to the old, and g;; = 1 if and only if the old state 7 is transformed 
to the new state 7. The matrix || G || is represented by the complex t. The 
complex à is used to represent the auxiliary matrix || C’ ||, necessary for 
the construction of the chain. The chain matrix is represented by the com- 
plex u; [a] is the number of the sentence in the external program to which 
exit is realized when it has not been possible to find a single-step trans- 
formation of the automaton leading to a reduction in the number of states: 
y = 05,0 = wje = we; [£] = klogsc(Y);v = ws. The complexes x, 2, and 7 
represent the equivalence matrix for outputs, the next-state matrix, and the 
output matrix, respectively. 


inftran (321, 325) /au, Bx +, yn +, ón +, at +, CH, nK +, OK +, KK, 
AK, pK, VIE +, £r +/p, f/ (FkNuv) 
323 520 13 (¢cfim) 


oeoeofb--1-ag,—gok 
Sl «moa 
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$22 OmOomAa—hko-2 
$83. mXI10f—de— c> m Vco-ilj 
chest (ec ^ x o5 120 V e, Vi—i^A j) 
dcMyóeyu/ / o d 
i V = pj— p|—> 2p- jh o a o bb, 
--1-—doc 


funel 5udb/ /d —9 ac, V o= NX AC Caleulation of AH 
4 0,00, ^ceV cca ag Om ^AecV 
+ b => bd + a => ad + b => b — bs 
Oo 9 4 — funel 2 
$0  oagXa-at£xb-ra:h-a2x j 
—p-»de—30—2|56h—1/|2 


d — k [^2 
$66 d= ki>fa>eh>lj>n Comparison of two trans- 
SJ NMNPaAa-—-co-Toa-2 formations and reten- 


tion of the better one 


$810 Ae—b o> 1f om af ®y>an>c Construction of the mat- 
§11 aX13ac, —t, A c—> 11 rix || G || 


$12 c 1 A xa Katy | ^ x7 Ke OO A> 2 
§13 € => be. 


14. CHOICE OF SINGLE-STEP TRANSFORMATION OF THE 
AUTOMATON FOR THE CRITERION OF MAXIMUM 
REDUCTION 


The operator transtamax operates basically in the same way as the 
operator 2nftran. For each chain C, generated by a pair of compatible states, 
the quantity r, by which the number of states is reduced for transformation 
on the basis of the given chain, is calculated. This quantity is calculated as 
in the case of the operator inftran. That chain is chosen for the transforma- 
tion which gives maximal r. 

The initial information is the value of the equivalence matrix for outputs 
and the next-state matrix, which are represented, respectively, by the 
complexes ¢ and 8; y = w, 6 = w, € = we, ^ = ox, n:l Cll, 8::]1G |, 
«::]| C ||; [a] is the number of the sentence in the external program to 
which control is transferred if a chain does not exist for which the corre- 
sponding transformation would reduce the number of states. 
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transtamaz (321, 325) /ou, 8x +, yn +, ôu +, ex +, (K+, 7H, Ox, 
KK, AT "s /m, f/£n9xX) 
324 372 13 (tcfil) 


oeoeofok 

S (6&1oa 

$22 Ot Om Aa—hko-2 

§3 1X 7f => de — cce; > 9 V c, — il = j chest 8(c A t o 6cVoVi 

=i A j)deryóe9// o a 

iV—mj—m|522xj-—-m-d 
m—j-h-—eo-2|54d—k|2 

$4 d—ki—fh—eoa 

85 =m Ot Aa—hk o-5 33 

$66 c lA^Afa-ta; 1A Sb Oa->2 

Ww Ae—b o—lifo—aoc 

$10  funel 11gab/ /c, V o> 9, A c — funel 2 

Sl f@®r\>a 

$12 aX13ac,— 9, A c 12 

$13 C — bs. 


15. TRANSFORMATION OF THE OUTPUT MATRIX 


Let [2o, 21, .. ., 441] be the set of row numbers of the initial matrix || Y || 
to be merged to obtain the jth row of the new output matrix. Then, for any 
k € X all defined elements yi; = A(4,, k) (p € (0,1, ...,n — 1]) are 
equal to each other and to the elements of the new matrix y/; corresponding 
to them. If all y; are undefined, then yj; is also undefined. Thus, it is 
possible to obtain the jth row of the new matrix as the disjunction of all 
rows 2, (p = 0, 1, ,n — 1). For this purpose the proposed operator uses 
the principle of the operator concom. 

The complexes o and 8 represent the initial output and transformation 
matrices; [ô] is the number of states in the initial automaton. The result is 
represented by the complex y. The operator can be applied both to partially 
and to completely defined automata. 


tramout ak, BK +, YK, 61 4-/c, e 
301 206 6 (6a) 


ba: o la + 1 X bg b, o a2 
Sl aX be = b, oa 
$22 owv./Aa—b,o520boa 
$3 A b — bg |> 680, > a 
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§4 aX3cocob 
§ c+c=>eb+b=>d— b, |> 4a. V ya yab + bg — bc + 6S¢—>5 
$6 Ya = a. A a — b, o 6b, — da. 


16. TRANSFORMATION OF THE NEXT-STATE MATRIX 


The single-step transformation used in minimization by the method of 
successive reductions is realized in the following way. 

We denote by the first p natural numbers the states of the automaton A’, 
representing the pairs (io, jo), (à, Ji), ..., (1523, 2e) Of the transformation 
chain C. The remaining states of A’ are denoted by p, p+1,...,p+4q, 
respectively. The elements of the new next-state matrix || Z’ || are primed 
(^), the symbols of the elements in the old matrix are left unchanged. 

An element zi = ô'(l, k) is given the value m if l € {0,1,...,p — 1j 
and the pair of values of the elements z;,, and z;,; in || Z || coincide with the 
mth pair in C. 

If only one of the elements zi; or 2;,,—for example, z;,,—1is defined, or 
Zik = Zik, then the element z may be any m € 10,1, ..., p — 1] corre- 
sponding to a pair that contains the state 7 = Zax. (If there are several 
such pairs, we call zy, a nonuniquely defined element.) If the state 7 = Zax 
does not appear in any of the pairs (im, jm) € C, the value of zix is uniquely 


defined by one of the numbers p, p + 1, ..., p + q. Similarly we define the 
value of zn ifl € {p,p 4-1, ...,p +Q}. 
The element 2%, remains undefined if | € (0,1, ..., p — 1}, but both 


Zak and 2;,, are undefined or if lis a state ? of the initial matrix not appearing 
in any of the pairs of the chain, for which 24 is undefined. 

For each column of the matrix || Z' || we first find all defined and un- 
defined elements. We then complete the definition of the nonuniquely 
defined elements. 

As has been mentioned, to complete the definition of such elements one 
among several values is taken. This choice has a substantial influence on the 
possibilities of further reduction of the number of states. In the operator 
described here the choice of value of the nonuniquely defined elements is 
the one proposed in [4 ]. It consists in the following. 

Let it be required to complete the definition of the nonuniquely defined 
element zi. Let Z’ be the set of states of the automaton A’, E; the set of 
states of A’ equivalent to the states? € Z’ for output, F is the set of possible 
values of the element zix, Q the set of states that represent values of the 
defined elements of the set {zj./j7 € Ej]. Then the value of the element zx 
is chosen in the set P =  [(E;/72 c Q1 ]n F. If P = ©, then the value of 
zik is any j € F. 
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The initial data, aside from the next-state matrix || Z ||, subject to 
transformation, are the transformation matrix || G || and the equivalence 
matrix for outputs || A ||, constructed for the automaton A’. The auxiliary 
matrices are T || G|| (the transposed transformation matrix) and the 
matrix || Z’ o Z' ||, where the symbol “o” denotes a relation such that 
t O j if the states ? and j are equivalent for output and i ¥ j. The last 
matrix is obtained by diagonal symmetrization of the matrix || A ||; a: :|| Z ||, 
8::] G [l, v::T || G |, 8::|| A |]; wll Z' o Z' |l» = ws, 9 = wo, k = o, 
À = ws. The complex e represents as many of the columns of the trans- 
formed next-state matrix as the elements of it that can be packed into the 
32 bits of an element of the complex. In the course of execution of the 
| operator a column of matrix || Z || is extracted and from it is constructed 
a column of the matrix || Z’ ||. These columns are represented by the com- 
plexes ¢ and », respectively. The result is represented by the complex a. 


sistramast (332, 326) /ak, BK +, YK, ÔK +, eK, (E, qu +, vr +, a+, 
MII T, UK, »K/ j, d/ (bôu) 
314 570 23 (Gcdef) 


transmat By//diasym V ôu//oaoioj 
$1 oe«eA^a-—bgo—1loaco-b 
$22 o ai= ba — n|— 228 + a=>ab — =b 
83 aj $—-a^xk— (t, Ab ^Aa—b,o—53ocoe 


$4 B.—coa Finding 2;,;, and Zink | 
$5 cXlldj{a=gAao-7  forl€ {0,1,..., 
gOhAAo0o—lIgA^ p—1} and za for 


> 6h > g iE (p,p--1..., 
$66 g@rdA> by |— @ o D + qh, 

o 10 
$7 = E = ee Detection of defined, 

: undefined, and non- 
800 wr V Xov, 14 uniquely defined ele- 
$11 ovg AX o> 14g @h Defining zh, if za | Mets Of the new 
matrix 


o—6g@rA=>ah@)d _— andgz;,, are defined 
— bc, V &œ&>c oa and Zik Æ Zjık 
§12 B@®co-lsAa 
— bg 0o 12 
$18 aV Ax» 
$14 Ac—bg o4 o aj 
—b 
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§15 


§16 


$17 
$20 


$21 
$22 
$23 


eX 2lcpy, — cy, => dYa 


c X 17b» A ^ o> 165 
Ð X> dea V ua ^d 
—fo-—16- 20 


d= f 
fl-VAÀ—»n—315 


Finding P for zz 


Finding £E, and find- 
— d ing F for zi 


ya, $—b^A^fwV&-&«eAa-—bso212 


a+j=>b 
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Completion of defini- 
tion of nonuniquely 
defined elements 


€, — o) Ab Aa — bg 023b j o ab, - Fi i— b, o— 1b => b.. 


As an example, consider the single-step transformation of the matrix 


* 
EN 
0 


| 4 |] = 


NO OP GD De 


0 1 


2 


3 


4 


— iiiaaaaamaaasuasaasnan 


according to the transformation matrix 


|| @ || = 


Oo o- OG © © 
eoo°c coc Ke 


0 


coor © 


0 


0 


oo = m 


0 


Or OOo Oo © 


where the matrix || Z’ o Z’ || has the form 


|Z" o Z| = 


= = O O- ©} 


pe OoOrdcc 


ES eS eo 


1 


= O O Ooo 


oo orr © 


Q2 


ooo or © 


oOoorocr 


3 
1 


eoooco es 


ooo CK aa 
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In the new next-state matrix one nonuniquely defined element 23, is 
obtained. The set of its possible values is F = {1, 2}. The value 1 is taken, 
and the new next-state matrix takes the form 


x 
jo 123 4 





0 14 1 3 0 

1 0 2 9 
ry 2 2 5 

4 15 0 

90 | 3 1 


If 234 = 2 had been taken in the attempt at further state reduction, the 
states 2 and 3, which are equivalent for outputs, could not be merged, since 
this would require merging of states 2 and 5 which, as can be seen from the 
matrix || Z’ o Z' ||, are not equivalent for outputs. At the same time, if 
za = l, further state reduction is possible on the basis of the chain 
((2, 3), (1, 5)]. 

In minimization by the Paull-Unger method, the next-state matrix is 
transformed once at the end of the entire minimization process. In this case 
no problems arise of completing the definitions of nonuniquely defined 
elements, optimal in the sense of further possibilities of state reduction. We 
therefore use here the operator tramast, which is simpler than the above. 

Let there be found a certain closed family L of sets of compatibles S; 
(l2 0,1, ...,c(l) — 1). An element of the new matrix 27, remains un- 
defined if all elements z of the initial matrix || Z || for all 7 € Sı are 
undefined. If the set of defined values of the elements z% for all? € S; is Q, 
then by virtue of the closure of L at least one S; € L such that Q C 5S; is 
always found. Any of the j for which Q C S; can be the value of the element 
Zik. 

The operands have the following sense: a::|| Z ||; 6::|| L3 Z ||; ôisa 
distinguished column of the matrix || Z ||; e is the number of states of the 
initial automaton; ¢ = w; n = w; 9 = ws; K = ws. The result is represented 
by the complex v. 


tramast ak +, BK, YK, ôK, en +, (un +, qu +, vi +, «a +/f, c 
302 317 13 (cd) 


oa o e o fbaic o5 la +1 X 6g b, 2 
§1 AX bg by 
$22 oyAa— by o>2 
§3 O acz = b 
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$4 oaf>ba—v|>138b—yn=>bat+n>a 


S$ mHaAteiAbAa—eo-500_ Extraction of a column 
of the initial matrix 


|| Z || 
$866 Ab—0s|—548,— cod Determination of the 
$/ cX10a, 0-7 ® k>a Vd—5d7 set Q 
$810 do—60a Search for a set s; 2 Q 


$11 ba | Ad o— 12 Aa— bg o ll 
§12 e+b>ca V k=DA fi V y. Ye > 6 
$138 e+ f= fbs +e>e — b, 083. 


To illustrate the functioning of the operator, we present an example. The 


next-state matrix is 
x 
Z 0 1 


2 3 
0 1 0 
1 |2 3 l 
3 | 0 3 


Let the matrix || L > Z || be already found: 


0101 
izəzi =| | 
1110 


Then the new next-state matrix, the result of the transformation, will have 


the form 
x 
z\!|0 1 2 3 
nous 09.4 0 O0 
HZ T 45119 1 


17. OBTAINING THE NEXT-STATE MATRIX 


This operator is used if the function 6 is given by the matrices || W || 
and || X ||. In merging states it may be found that the new automaton does 
not satisfy the conditions that permitted the function à to be defined in this 
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way. Therefore it is better to pass to a universal method of prescribing the 
ó-function—the next-state matrix. 

The initial matrices || W || and || X || are represented by the complexes 
a and e, respectively; 8::|| L > Z ||. The set Q, implying some set in S; 3 L 
is found as in the operator imsev. A set M = {U[S,]/S; € L}, represented 
by the complex v: :|| M 5 Z ||, is defined in sentence 3. The set Q is ob- 
tained in sentence 5 as the intersection of the sets M and 6(Z, x), where 


6(Z,x) = [8(2, x)/z2 € Z}\{A}. 


The result is represented by the complex 6. 


tramav (50) /ax +, BK +, YK, ôK, ex +/e, e/ (aff-yóc) 
304 275 12 (aa) 


o abs = — 1 = dca => d40 — d= eX b.:40 o— la +1 Xx bg => by 
2 
$1 A X bg = bs 
§2 Ooi Aa — bi —2oa 
§3 ba=>aconcom V aa(Ya)//Aa —bg o—530boc 
$44 d=>boa 
§S vwAe=ao-ldoc 
$66 bB l^alo—74Ac—bs 006 
V atcseVd<bVi.>6, 
$810 Aa—bgo—55Ab—b|512b—eo—l1i—boa-5 
S11 c4 59 c—4 
$12 


18. DIAGONAL SYMMETRIZATION OF A BINARY MATRIX 


For a given square binary matrix || A || a matrix || B || is found, each of 
whose elements is defined in the following way: 


b; = ai © aj, 


where © is one of the operators V, A, or @. The operands have the 
following sense: a = ©, 8::|| A ||, v: :|| B ||. 


diasym (332) /ao, BK +, yK/a, b 
326 34 1 


transmat By// o a 
$l Buea = Ya A a — bg 0 1. 


438 | YU. V. POTTOSIN 


19. TRANSPOSED BINARY MATRIX 


For a given binary matrix || A ||, represented by the complex o, a matrix 
|| B || = T || A || is found, represented by the complex 8. 


transmat ak +, Bx/a, b 
332 67 4 (aa) 


Oa 
82 of,^a—bgo—loa 
$2 o,—a 


$3 a X Abc, V gy => Bo 3 
$4 Aa—b,0-2. 
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SAK-LYaPAS—A SYSTEM OF CODING THEORY 
ALGORITHMS IN LYaPAS 


G. P. Agibalov 


1. PURPOSE OF THE SYSTEM SAK-LYaPAS 


In the theory of optimal coding of information substantial results have 
been obtained in recent years in the development of concrete coding 
methods, suitable for the practical realization of information transmission 
with high reliability. The development of such methods is being carried 
on in two directions—probability-theoretical and algebraic. The book by 
Wozencraft and Reiffen [1] is an example of the former. A systematic 
exposition of the algebraic theory of error-correction codes was first given 
in the fundamental book by Peterson [27]. The direct introduction of these 
attainments into practice presupposes the application of computers able 
to carry out laborious computations and permitting the solution of coding- 
theory problems arising in engineering practice to be automated. In this 
connection it is necessary to develop an automatic programming system 
intended for the solution of these problems. At the present time the foun- 
dations for the development of such a system have been laid—a language 
for the representation of algorithms. Among the most highly developed 
languages of automatic programming systems are the universal language 
ALGOL-60 and the special-purpose logical language LYaPAS. The choice 
of the latter for the representation of coding-theory algorithms is preferable 
from the viewpoints of speed and compactness of translation, clarity of 
the written programs, etc. 
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We shall eall the proposed system of algorithms for the solution of 
coding-theory problems, based on LYaPAS, and the corresponding pro- 
gramming system, SAK-LYaPAS. This system can be useful not only for 
the solution of practical problems of information coding and decoding, 
but for the development of coding theory itself as its experimental basis. 
For the construction of optimal coding and decoding switching devices 
this system is of interest because it is used simultaneously with a system 
of algorithms for the solution of problems in the theory of discrete-automata 
synthesis. 

We shall present some of the simpler algorithms of the SAK-LYaPAS 
system, concerned essentially with the algebraic theory of error-correcting 
group codes [2]. They include programs for constructing linear-code de- 
coding tables, Galois-field and polynomial-algebra calculations, solution of 
a system of linear equations over a finite field, decoding of Bose-Chaudhuri 
codes by Peterson’s algorithm, etc. It is assumed that this system will be 
improved further, completed with new algorithms, and brought to a level 
answering the needs of practice. 


2. SOME ALGORITHMS FOR THE SOLUTION OF PROBLEMS 
IN GROUP CODES: 


(1) Reduction of a matrix with elements in GF (2) to reduced-echelon 
form. 

'The initial matrix is represented by complex o, the result is assigned to 
the same complex. 


redechmat ax/d, d/ (a) / 
333 307 10 (abce) 


obocb,2a»55--1- me | +1 


$821 AbGb,o0o3o o—1Fr-ace, Vc Determination of unit 


— c c, ® "la => Pg component in row and 
§2 PMA X 1cc, ^ o, 0 2a ® a. — Ae addition of this row to 
|— 2e, + Ma = "la — 2 the other rows con- 
§8 c—bocod taining 1 in the given 
column 
$4 cX02 "a — "d Interchange rows 


1 These problems are discussed in detail in [2, Chapter 3]. 
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§ Pd X 4be ^ a O5 A Cac ay — 4 


$6  Adb X100 9d o—6c6 V ceo a Interchange columns 
WV AaQco-6a,^e-co-7e 
®co-7 
eGQo,-a,— 
$10 c dg. 


(2) Transformation of k X n matrix in reduced-echelon form G = [IP] 
to the form 


P 
G' = ; a::G, [8] = n; y::G*. 
Disk 
shiftmat ax +, Bu +, y&/ —, b/ay/(a) (v) / 
334 532 
oa 


§1 Qa < b, Y,/aQb,l51ob 
$32 œ> Y. Ab Aa 8|5 b. 


(3) The above algorithms together with transmat permit one of the 
matrices (parity check or generator) of an (n, k) group code to be calcu- 
lated each time the other is known. This ean be done by the following 
simple program: 


redechmat a//shiftmat aBy// transmat ya/ [. 


(4) Calculation of an (n, k) code from its generator matrix G. 
The subroutine can function in three modes, depending on the values 
given the expression 6, according to the following table: 


Value of 6 Characteristic of mode 
if Calculates code words 
y¥V>e Calculates code words and their weights 


y V= t| amt Calculates code words, their weights, and 
minimum weight of code 


To realize this last mode the index ¢ must be given initially the maximal 
value 11 ---1. After all code words have been calculated this index repre- 
sents the minimal weight of the code. 

The subroutine is (2, 2)-terminal, exit over the auxiliary terminal is 
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realized each time the next code word (represented by the variable y) and 
its weight are calculated if the latter is calculated in the given mode (repre- 
sented by the index e). To find the next code word the subroutine should 
be closed on itself over the auxiliary input terminal sentence 1. 

The complex £ represents the generator matrix of the code. 


cogenmat a4, BK +, yu, 6B/a, c/ (By) / 
335 56 4 


o bl < bec 
$81 Ab®co-4b>a oy 
§2 aX3a90,,0 y —^ Y —52 
$8 ôa 
§4 


(5) Determination of the vector N in the modular representation of an 
(n, k) code with generator matrix G. 


a::G; y is the complex of values of the components of the vector N; 


[8] = n. 


S1 
$2 
$3 
§4 


modvecode ak +, Bu +, yx/a, c/ (a) / 
336 107 4 


6b1«b,—b, 5 y40 — b, —c 
A^AboOBoA4oaoa 

Aa ®@ br O` 84 A Qa O` Zia Vara—2 
a> c> l 


(6) Finding the generator matrix G from the vector N of the modular 
representation of a code. 

Here a is the complex representing NV; 8::G, and [y] is the code length 
which is calculated in sentence 1 of the program. 


81 
$2 
$3 


$4 
$5 


genmatvec ak +, Bx, yu/b, d/ 
337 154 5 


oboy 

Ab6@ ba O—> 2a +¥>y- 1 
y»55-4-1-mr-d40—d-bgo""8oc 
Abo 5a, 0—53-—1-a 

e, — a 70 + 1 > c> aa + c> cb db 
b X 3a Pla V ngos Ig 4 
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V. Investigation of the vector v for its linear dependence on a given 
set A of vectors (all vectors have the same dimensions and binary com- 


ponents). 
The set of vectors A is considered as a matrix that is first reduced to 


the reduced-echel oh it ji 
sina echelon form B, after which it is realized by the following 
testlindep au +, BK +, yn/a, a/ (By) / 
340 47 3 (ya) 
ya 
$81 a X 2a — bs I> 208. € vy vy 21 
82 y|53—2a 
$9 
Here 8: :B, and y is à variable initially re 


after processing by the program y is assigne 

is the difference between the vector v and a certain vector linearly gen- 
erated by A. If this value is zero (v depends on A), exit is realized over the 
auxiliary terminal to an address represented by the operand a. 


presenting the tested vector v; 
d the value of the vector that 


e syndrome s of a vector v from the transposed 


(8) Calculation of th 


parity-check matrix HT of a group code. 
the vectors v and s, respectively. 





Here 8: :H*; the variables o and y are 
syndrome on, f +, "nl —, a/ (a) (87) 
341 262 
P ' d 
" l $1 a X 206. D >T! 
82 . 
pu inati . ca timeforalli = 1,2; «o? 
"Generating combinations of n taken? at à time , 2, 
ax n program is (2, 2) -terminal, exit from which takes place over the 
| to the address [a] when the current combination, repre- 
subroutine to 


d. Return to the 


auxiliary terminal 
the auxiliary inpu 


sented by the variable ô, has been obtaine 
calculate the next combination is carried out over 


tence 2. [8] ^ *; [y] — "t 
gencomb at +; bu +, 
342 1163 (éabc) 
o a o ba < 1=>c 


$1 M ER | 
§2 Pique 


Gat E 


t sen- 


41 +, n /€, b/ (8)/ 


a— c 


§3 
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(10) Construction of a decoding table for an (n, k) group code given 
by its generator matrix G. . 

This table consists of two columns, representing two sets—the set F of 
the representatives of cosets of the code and the set S of syndromes cor- 


responding to these cosets. The elements of the set F are found by the 
following proposition: 


FEF OCIS EF) A (f@f) = L(G) ], 


where L(G) is a vector that is lin 
In à number of practical cases 
capacity of the code fully, but o 


early expressed in terms of the rows of G. 
it is expedient not to use the corrective 


nly partially; i.e., not to correct all cor- 
rectable errors, but only those whose multiplicity does not exceed a certain 


prescribed number. In the program offered below this number is prescribed 


by the index y. Further a: :G; [8] = n; ô is the representative complex; 
e is the complex of Syndromes of the code cosets; £ is a working complex; 


ol) =n — v (a). 


dectabgroucode (333, 334, 342, 340, 341) ak +, Bu +, yu + ; OK, ek, ÉK, 
/ e, d/ (að) (e£) / 


343 143 5 (ad) (ce) 

1—coío«e redechmat q/ / shiftmat | 

$81 od 

$2 AdOco—3.gd.p / 
testlindep tab// — 9 : 


$8 d= 46, Syndrome dte e= ENAC 
$4 — gencomb 2 


§5 c> b, — b. 


3. POLYNOMIAL-ALGEBRA 
CALCULATIONS 
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(8) Frequently, in the solution of problems in the theory of cyclic codes 
it is necessary to execute the operations of multiplication and division over 
the elements of a Galois field (in particular, the operation of raising to a 
power, realized by successive multiplication, is widely used). The com- 
putation processes, saturated by these operations (for example, Peterson’s 
algorithm [2] for the decoding of Bose-Chaudhuri codes), have the follow- 
ing essential defect: as a rule they require much machine time. The efficiency 
of such computational processes can be improved in two ways—minimiza- 
tion of the number of multiplications and divisions, and increase in the 
speed of these operations. The former reduces to finding a new method of 
solution of the problem as a whole. Thus, methods are proposed in [3 and 4] 
for decoding Bose-Chaudhuri double-error correcting codes that contain 
a smaller number of multiplication and division operations than Peterson’s 
algorithm. Essentially the same goal—reduction of the number of such 
operations—is sought by Blokh [5], who proposes a method for decoding 
Bose-Chaudhuri triple-error correcting codes. 

A substantial increase in the speed of computation by the second way is 
possible thanks to a certain well-known method of representing the Galois 
field [6]. This method is based on the presence in GF (2m) of polynomials 
called primitive elements of the field. The first 2" — 1 powers of such an 
element coincide exactly with all 2” — 1 nonzero elements of the field. Thus, 
if a is a certain primitive element of the field GF (27), then for every non- 
zero element 8 € GF (27) there exists a unique power j € (1,2, ...,27" — 1}, 
also called the index of the element 6, such that 8 = a’? This representa- 
tion of the elements of GF (2”) permits the substitution of the laborious 
operations of multiplication, division, and raising to a power of elements 
of the field by the almost elementary operations of addition, subtraction, 
and multiplication (respectively), mod 2” — 1, on the indexes of these 
elements. On the other hand, to perform addition over the elements of the 
field, it is more expedient to give the values of these elements, rather than 
their indexes. Therefore, to speed up the computation processes it is con- 
venient to store in memory all nonzero elements of the field in order of in- 
creasing index. We shall call this the standard representation of the field. 
For small m (in the range of several tens) the standard representation of 
GF (2™) is completely feasible, and the advantages connected with it are 
practicable. 


(9) Standard representation of the Galois field GF (2”). 
a is a primitive element of the field; )8( = p(x) is an irreducible poly- 


2 We consider the index of the zero element of the field GF (27) to be arbitrary. 
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nomial of degree m = [y]; 6 is the complex representing the field in stand- 
ard form. 


galfield (350) an +, 8n +, yu +, óx/b, b / 
352 552 


1«vY—1—b5Óobc2a 
$1 =ð Ab @® b: o— 2 mulimod aaßby// b =a — 1 
$2 


When the generating polynomial p(z) is a primitive polynomial of degree 
m, and the primitive element of the field is the residue class containing zx, 
the standard representation of the field GF (27) can be obtained by the 
faster algorithm [2, p. 110], executed by the following program: 


field Bu +, yu +, ôx/a, a / 
353 62 2 


1«vY—1255023ca 
$1 a—ó&,/AaQbo—5223»51-a^c,o—1800a-a-1l 


$2 


For the standard representation of the Galois field GF (27) the complex 
Z is especially assigned, putting )z;{ = aî, j = 0,1, ..., 2» — 2. The at- 
tributes of this field are the irreducible polynomial p(x) and the primitive 
element a, used for the construction of the field, the degree m and the 
quantity 2” — 1, which we shall always represent by the operands y, z, y, 
and z, respectively. This eliminates the need below to repeat the definitions 
of the operands representing the characteristics of the field. In this con- 
nection, in the previous two programs we adopted the notation that a = z, 
B = y, ô = Z, y = y, and b = z. 

The following operators, although they are based on the representation 
of GF(2”) by means of the primitive polynomial, do not assume that the 
field is given in memory. 


(a) Forward counter in the field GF (2”). 

The sense of the operands is as follows: y is a variable representing the 
sequence of states of the counter (the initial value of y is given); L8] is 
the volume of count; [a] is the address to which the subroutine exits over 
the auxiliary terminal after passage of the counter to the next state. To 
continue the count this terminal must be connected to the basic entry of 
the subroutine. 
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galcount au +, Bu, yn / 
354 362 


$21 80—2A0Yy»51-—vy^c,o—ayO"vy-wvy-a 


$2 


(b) Reverse counter in the field GF (27). 


galrevcount aa +, Bu, yu / 
355 543 


y>1l>y7 
82 80—3ABYy«1—Yy^co—2yO yYv 
$2 y«&1- ya 
$3 


(c) Calculation of the index of an element in GF (27). 
Here a is the variable representing the value of the element, [8] its index. 


index om, Bu / 


356 502 

OB 
$1 A Ba ®@qo-2a>leahyon-ly®@axsa-l 
§2 2—6B=>8. 


(10) Calculation of the value of an element of Galois field from its index. 
[o] is the index of the element, 8 the value of the element. 


galelval (354, 355) / au, 8n / 
357 43 3 


c= 82 2 1 — « 02 
$1 galcount laB // — 3 
$2 galrevcount laß // 
$3 


(11) Caleulation of the value of a polynomial with coefficients in GF (2) 
on an element of GF (27). 

[o] is the index of the element; )8( is the polynomial; y is the value of 
the polynomial on the given element. 
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valpol ou +, Bu, yn / —, a / 
360 342 


O Y 
$1 8 X2a X az =a ®y=>y—>l 


§2 


(12) Finding the set K of all roots of an irreducible polynomial of degree 
k with coefficients in GF (2) from one known root g € GF (2”) (cf. Theorem 
6.26 in [2]). 

La] is the index of g; [8] = k; y is a variable representing K. 


fiseroo au +, Bu, yn / —, b / (y) / 
361 502 


l>aa>boy 
Sl à&a Vy y8052/ABa«1-oaX a:25b—1 
$2 


4. THE SOLUTION OF SYSTEMS OF LINEAR EQUATIONS 
IN THE GALOIS FIELD GF(2”) 


The algorithm for the solution of linear equations in the Galois field 
GF(2") is based on the method of successive elimination of variables, 
which consists in the following. We first consider the first equation of the 
system. It is multiplied by the field element inverse to the first nonzero 
coefficient of the equation. Let this coefficient be that for the variable z;. 
Every other equation of the system, for example, the jth, is transformed to 
the sum of this equation with the first equation, multiplied by the coeffi- 
cient of the variable x; in the jth equation. The result is that the coefficient 
of x; in all equations except the first, where it is equal to one, is reduced to 
zero. In the next step of the algorithm the calculation is carried out with 
respect to the second equation of the system and some other variable z; is 
eliminated from the remaining equations, etc. At the end, if the solution 
is unique, a system is obtained in which each equation is trivial, i.e., con- 
tains not more than one variable whose coefficient is equal to one. The 
solution of such a system is found directly. 

When during the calculation all variables are eliminated from some 
equation while its free term remains different from zero, it is concluded 
that the system is incompatible, and further calculation is broken off. 

If r is the number of linearly independent equations in the system and 
n the number of variables, then by this algorithm the system is transformed 
to a set of r nondegenerate equations. In each of them there is one essential 
variable with unit coefficient, not appearing in any other equation, and 
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n — r free variables, common to all the equations. Substituting arbitrary 
values from the field for the free variables, we reduce the system to a 
trivial one with obvious solution for the essential variables. Giving the 
free variables other values from the field, we obtain other solutions, 27-2? 
in all. Most often in practice it is only required to find any one solution. 
The program described below finds the solution for which all free variables 
have been given the value zero. 

To increase its speed, the program uses three matrices of the same di- 
mensions, representing the information about the system coefficients: the 
matrix A is the extended-system matrix [7], its components are the ele- 
ments of the field GF (27) ; the elements of matrix B are the indexes of the 
corresponding terms of matrix A; the elements of matrix C are 0 and 1, 
where c;; = 1 €» aj; ¥ 0. The representation of these matrices by LYaPAS 
operands is realized in the following way. The complex « represents the 
matrix A, where initially the elements of the first row of A are enumerated, 
then the second, the third, etc. Analogously, the complex 8 represents the 
matrix B, y::C. Also, [6] is the number of equations, [e] is the number 
of system variables, £ is a variable representing the maximal subset of 
linearly independent equations, the complexes « and A represent the solu- 
tion of the system, « is the values of the variables (the elements of GF (2”) ), 
and à the indexes of these elements. 

If the rows of the matrix A are interpreted as certain vectors with com- 
ponents in GF (27), the program can be used to find in the set of these 
vectors the maximal linearly independent subset. For this purpose the 
operation of testing the system for incompatibility must be blocked in the 
program, assigning the expression 7 the value of the empty symbol /, and 
the operation for forming the solution for trivial equations, putting 9 — 10. 
When the program is used for solving a system of equations, à = 6, 7 = 
(FP © € O— ay), where [a] is the address of auxiliary exit from the sub- 
routine when the system incompatibility has been established. If it is 
known that the system is compatible, it is possible to put 7 = /. 


resogal (357) ak, BK, YK, óu +, eu +, fn, 
NB, OB, KK, \K/b, h / 
362 355 10 (¢a) (yb) 
O bee 1+1@O@ga>f>h => bd, 
Sl Ab@®io-m~’y omlt>ebxXe 
=—>c+e>dan@O@r>a 
Ba O> 32 — Ba = dys = b 


$22 b X 3a + c> ad + 84:2 > 8, — f Multiply equation by 
Zp => a,—2 field element inverse to 
coefficient of equation 
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§3 a X 1gc, ^ Yo 03 
a X e> c + e=> dy; =b 


$4 bX3a+ c= fßa + B:z—h Add equation multiplied 
Z; ® ar => anr O>5>h by its coefficient to 
index ha//a = 8; > 4 another equation 


$5 Ca ® y; Yon |> 4e, 6 £5 £4 


$66 (a 

87 a X 10ay, = b | > ba OG bo7 Solution of trivial 
a X e + e => daa = kaba — ^a T equations 

§10 


When a system of linear equations with coefficients in GF (2) is con- 
sidered, it is sufficient to define it by the single matrix C and utilize the 
following simple program. 


reslineq YK, ôn +, eu +, tr, nB, OB, «n/a, c/ (vq) (0) / 
363 154 5 (¢a) 


O bes |l +1@a=—¢ 
§1 AbG5o0—?25»0—1F--c&0t-a 
§2 aX lac, ^ Ya 0 2% © Ya = Ya 
n |— 2«4,0t(£2t2 
§8 ¢=>aok 
§4 a X 5ay, E — bo, O vy, o- 406 V k= k—4 


$5 


This program can be used to extract from a set of binary vectors the 
maximal linearly independent subset. In this mode put n = /, 9 = 5. If 
a System of equations is being solved, then 9 = 3 and n = (Kk ®e O— aya), 
where [a] is the address of the auxiliary exit used when the system is in- 
compatible. If it is known that the system is compatible, it is possible to 


put = /. 


5. SOME ALGORITHMS OF THE THEORY OF CYCLIC 
GROUP CODES 


(1) Finding the polynomial h(x) generating a code dual to the code 
generated by the polynomial g(z). 


hat = g(x), [v] is the degree of g(x); 
)8( = h(x), [6] is the degree of h(x). 
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polyducode (345) /an +, 8n, yu +, ôn, eu/c, b/ (a8) 
364 57 2 (abc) 


Y >e 
$81 »5--1- o V c. — c divpol caBbeyób//b 052 /e€—1 
$2 





By means of this program it is possible simultaneously to calculate the 
lengths of the codes generated by the polynomials g(x) and h(x); n = [e]. 


(2) Construction of the generator matrix G of the code generated by 
the polynomial g(x). 
ja( = g(x); [8] is the degree of g(x); y::G. 


genmatpoly (364) /an +, Bu +, yx/d, e/ 
365 40 1 


polyducode ad8de/ /d = b, o a 
Sl a2» 0-vy,A 2 Q d | I. 


(3) Construction of the parity-check matrix H of the code generated 
by the polynomial g(x). 
dat = g(x); [6] is the degree of g(x), y::H. 


parmatpoly (364) /on +, Bu +, yk/d, e/ 
366 44 1 


polyducode ad8de//dl = dB = b, o a 
$81 d<asywAa®Bl—l. 


(4) One of the methods for prescribing a cyclic group code consists in 
giving a certain subset R = [oi o», ..., o,] of nonzero elements of the 
Galois field GF (27). The prescribed cyclic code is completely defined by 
the following proposition: The polynomial f(x) belongs to the code space 
if and only if the elements of R are its roots. The generating polynomial 
of this code is 


g(x) = LCM (m(x), m(x), ..., m.(x)), 
where m;(x) is the minimal function for o;. The length of the code is de- 
fined as the LCM of the orders of the elements in the set R. The order of 


the element a’, where o is a primitive element of the field, is 


e = (2 — 1)/GCD (2" — 1, 9). 
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The matrix H7, transposed to the parity-check matrix of the code, is equal 


to 
1 1 coe d] 


Q1 Q? eee Ar 
a? a»? eee a,” 

° . 

n—1 n—1 n—1 
Q1 Q? eee Ar 


Let us adopt the following method for representing the subset R of the 
set of nonzero elements of GF(2”) by means of the variable £ in LYaPAS: 


g&=1lea'° € &R, 


where a is the primitive element used to construct the field. We shall state 
this fact by the notation 


E::|| {R} > GF(2”) ||. 


(5) Testing the polynomial f(x) for membership in the cyclic code gen- 
erated by the set of roots R. 

The operands are 8::|| {R} > GF(2”) ||; y( = f(a); [a] is the address 
of the auxiliary exit used when the test gives a positive reply. 


testpolycode au +, Bu, *n/b, b / 
367 54 3 (ya) 


8 8Xoby—aob 
$22 aX3a X b:z— az, 0b-5b-—2 
$8 bol. 


(6) Caleulation of the degree of the minimum function for a given field 


element. 
[a] is the index of the element, [8] is the required degree. 


degminf ou +, Bu / —,a 
370301 
aauolbf 


$1 A82 X a:z ^a Q a | I. 


(7) Finding the minimum function m(x) for a given field element in 
GF (2") (cf. method 2 [2, p. 139 ]). 
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La] is the index of the element; )89( = m(x); [v] is the degree of m(x); 
ô and e are working complexes; o(8) = [y] + 1,e(e) = m. 


minfgalel (332, 363) /om +, 8n +, yu +, ôx, ex/b, b / 
371721 


y => b; oaob 
$1 Aaz => ĉa + b => b:z =b 
a ®© y |— 1 transmat àe/ / 
reslineg eyyb(/) (3) B//cy V 8 — B. 


(8) Finding the generator polynomial g(x) of the cyclic code, given by 
the set of roots R. 

Here à and e are working complexes; o (ô) = [y] + 1; c(e) = m; )8( = 
g(x); [v] is the degree of g(x); a::|| {R} 3 GF (27) ||. 


genpolyroot (371, 344) /an, Bu, yu, ôk, ek/d, e / 
372 112 4 


€ BOY» 
Sl aX4b>cod 
$22 Ad2X biz>b@co-34AaQaxra-2 
$3 minfgalel ccdóe/ /multpol cBdyde//d = Be = y > 1 


(9) The greatest common divisor of whole numbers (Euclid’s algorithm). 
[a] and [8] are prescribed numbers, [y] is their GCD. 


gcd ou +, Bu +, yu/ —, b / 
373 352 


a => a8 => y 
SI a:iy=b o> 2y =ab>y—>l1 


$2 


(10) The lowest common multiple of whole numbers, not exceeding a 
certain n. 

The sense of the operands is as follows: [o ] and [@] are prescribed num- 
bers; y::|| {P} > N ||, where N = (1, 2, ..., n] and P is the subset of 
prime numbers in the set N; [5] is the required LCM. 


lcm ou, Bu, yu +, óu/a, c /. 
374 106 5 (ya) 


] = ôy => a 
$81 aX5aoboc 
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§2 b|— 3a:a => b |> 3a > a 
$83 c|—5 48:45 c |^ 4a > B 
$4 bXc|51axXà2656—2 
$5 . 


(11) Length n of a cyclic code, given by the set of roots R. 
Here a::|| {R} 5 GF(2”) |; [8] = n; the variable y is the subset of 
prime numbers smaller than 2”. 


codelen (373, 374) /an +, Bu, yn + / b, e/ 
375 703 (ob) 


l > fa => b 
$1 b X 3c gcd zcd//z:d = d 0 z |> 228 38 
$2 lem dBye//e=> 8 — 1 
§3 


(12) Reduction of similar elements in a set R in GF(2”). Here similar 
elements are elements with the same minimal function. 


a::|| {R} > GF(27) ||. 


redsimel att/a, b / 
376 54 3 (oa) 


a= a 
§1 aX3a>b 
$22 2X b:izempb@ao-larviaP®axra—2 


§3 


(13) Construction of the transposed parity check matrix H7 of a cyclic 
code given by the set R of roots. 

a::|| {R} > GF(2”) ||; 6::H7; the variable y is the subset of prime num- 
bers smaller than 2”. 


parmatroot (376, 375) an, BK, yu + / b, f / 
377 1113 


redsimel a// codelen afy//f >be oBO0d—-—yti>d 
$1 oX3bocoay--d-—d 
$22 Ad Obgo-—1z,» d V B, fb + c:iz— c2 
$3 
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6. PETERSON'S ALGORITHM FOR BOSE-CHAUDHURI 
DECODING 


Let a be a primitive element of the Galois field GF (27). The code given 
by the set of roots a, a’, ..., o?* 1 is a Bose-Chaudhuri code, correcting all 
combinations of errors k < t. Briefly, the general decoding procedure for 
such codes, developed by Peterson [2, 6], consists in the following. 


(a) From the received polynomial f(x) calculate the symmetric func- 
tions S; = f(a’) for; = 1,3, ..., 2t — 1. If they are all equal to 0, f(z) 
is a code polynomial (there are no errors). Otherwise, the symmetric func- 
tions S; for even 7 = 2,4, +++, 2t are calculated constituting certain powers 
of the functions S; with odd j: Se = Si; Si = Sit = S2; Ss = Si = S45 
S19 = Ss, ete. 

(b) Compose the system of Newton's equations with respect to the 
elementary symmetric functions cei, 9», ..., ox, k < t. In matrix form this 
system has the following form: 


1 0 0 0 S 0 01 $1 
$9 $1 1 0 0 02 $3 
S4 S3 S2 Sı 0 03 Ss 
= (1) 
Sok—4  Sok—5 Sok—6  Sok—q1 °°° Sk-3 Ok—1 $S2k—3 
Sok—23  Sok—3  Sok—4  Sok—58 °°° Skl Ok Sok-1 


(c) It is first assumed that not more than two errors have occurred in 
transmission; solve the system (1) for k = 2. 

(d) To test the correctness of the jth symbol in the received vector 
f(x), calculate the value g(a?) of the polynomial 


g(a) = xt Four + ox + xo. 


If g(a*") = 0, the symbol is erroneous and must be inverted; otherwise 
this symbol has been correctly transmitted. 

(e) The vector thereby corrected is tested for membership in the code, 
and in the case of a positive reply is given out as the decision of the de- 
coding procedure. Otherwise, it is assumed that not more than four errors 
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have occurred in transmission; solve system (1) for k = 4 and carry out 
the appropriate tests. If the test is unsuccessful, assume that not more than 
six errors have occurred, etc., until a vector is obtained that satisfies the 
tests. If the tests fork = 2,4, ---,¢,iftiseven, or for k = 2,4,...,¢— 1, J, 
if t is odd, are unsuccessful, it is concluded that an uncorrectable error has 
occurred. 


This survey of the algorithm enables us to set up autonomous operators: 
some of them have already been presented in LYaPAS, the remainder are 
given below. Everywhere below it is assumed that the element a, used to 
prescribe the code, is also used to represent the Galois field GF (27) in 
standard form. 


(1) Calculation of the symmetric functions [see paragraph (a) of the 
algorithm |. 

The sense of the operands is as follows: )a( = f(x); 8 is the complex of 
symmetric functions; y is the complex of indexes of these functions as field 
elements: [y;] = i © S; = a’, [y;] (arbitrary) © s; = 0,7 = 0,1,..., 
2t — 1,7 = 0,1, ..., 2" — 2; eis a variable representing the nonzero sym- 
metric functions: & = 1 €» 85,1 4 0; [6] = 2t. 


syf (357) /om +, BK, YK, eu, àn/b, c/ 
65 146 5 (aa) 


OCOe 
$81 AcQG0—5a—aob 
$2 a X3az, 9bb-—2 
$9 b 8, o 4 index bb/ /b > ye. V e— € 
$4 Ac» 1 a8,—0.,01y, X 2 y, az, 8, 1 
$5 ô => bg => b}. 


(2) Construction of the system of Newton’s equations with respect to 
the elementary symmetric functions. 

From known symmetric functions this operator constructs the matrices 
A, B, C representing for the operator resogal the input information about 
the coefficients of the matrix system (1) for given k. 

The sense of the operands is as follows: a is the complex of symmetric 
functions; 8 is the complex of indexes of these functions as elements of 
GF (27); [y] = k; 6 is the complex representing matrix A: initially the 
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elements of the first row are calculated, then the second, etc. ; eis a complex 
that represents in analogous fashion the matrix B; ¢::C. 


newteg ak +, BK +, yu +, ôK, eK, t&/ —, e/ (C) 
66 2107 
00.6 -¢:0-4 
Sl AcAb@®yor7T0a+d>d>¢ 
$2 Ad Oo 4aa — & 0 304 — Ela V (»— fs 
$3 AcAaQvy|526 
$4 Co =Œ Ó, O Ela V > AC 
§ Ad ^Aca9 y|]5 
$6 oa, ĝe o lbe &c, V (5 (61 
$87 cb => by = br. 


(3) Find the set R of all roots of the polynomial 


f(x) = ae + aye + ax? + +++ + anag! 


over the Galois field GF (2”). 

The sense of the external operands is as follows: a is the complex repre- 
senting the coefficients of the polynomial: a* = a, i = 0,1,...,n — 1; 
B is a complex that represents analogously the indexes of these coefficients 
as elements of the field GF (27) ; y is a variable indicating the nonzero co- 
efficients of the polynomial: y? = 1 a; ¥ 0; 6::|| {R} > GF(2”) ||. 


roogalpol ak +, BK +, yu +, ón/b, c/ 
67 75 4 (ya) 


oboó 
$1 AbOzo4dyaob 
$2 a X 3a Xb +B =a 9b —5b—2 
$3 b o—> lc V ô=ô—1 
§4 


(4) The program for Peterson’s decoding algorithm for Bose-Chaudhuri 
codes. 

The sense of the operands is as follows: [a] is the address to which exit 
is effected from the subroutine over the auxiliary terminal if an uncorrect- 
able error is found; )8¢ = f(x); [y] = t; 6 is the variable representing the 
result of decoding; e, £, n, 9, x, A, u are working complexes whose maximal 
cardinalities are 2t, 2t, (t + 1)t, (t + 1)t, t, t + 1, t + 1, respectively 
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pedecal (65, 66, 362, 67, 360) /au +, 
Gu +, yu +, ôN, e&, CE, nK, JK, KK, AK, 
ux/ €, j/ (8) | 

70 275 10 (8d) 


2X y= isyf 8eci//8 = êc o 1007 


8 2-c-jjv—j|520f5»|2524A7J 
$2  newteq e(jCcqOx/ / 
resogal q9«jjd (/) (6) Au// 
O aj be; > d o woo 1 +b 
= b, = b, 
§8 Aa@®bo-5A bia € uN € XN construetion of polyno- 
o 4c, V dd mial e (x) 
$44 ^. o—>3o Vd-d-3 
§ M Obca Vd=d 
$6 | roogalpol Aud 6//6 ® B= 6d ob 
$7 2-rbb-— i| 10 valpol bde//e 
Qc» (4 
$10 
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PROGRAM INDEX 


Certain programs do not have subroutine numbers. This primarily concerns parts of 
the LYaPAS operating system (SYS), the URAL-1 translator (UR1), and the external 
programs (EXT). However, programs given as examples and certain complete programs 
not registered as subroutines also have no numbers and are indicated by (—). In the 
case of synthrem it is cited as a subroutine in one program, but has neither number given 
nor text, as it has been previously published. For this case the corresponding reference 
has been given. Finally, in preparing the index it appeared that two subroutines had 
received two different English names, namely, covsecom for closetsom and covsecov for 
closetcov; this situation is also indicated in the index. In all there are 296 subroutines 
and system blocks listed here. 





Program Text 
Name No. page Brief description 

abker 76 278 Absorbed kernels, removal of 

abovin 211 237 Elements absorbed or overlapped by interval 

absin 25 205 Absorption of intervals 

adjin 205 235 Construct possible adjunctions in set of int. 

anop URI 145 Analysis and processing of operands 

ansigrac 15 218 Analyze simply connected graph 

ansigrac two 16 219 Analyze simply connected graph, 
2-connectivity 

approshco 10 191 Approximately shortest coverage 

assumab 260 345 Assumability, test for 

assval SYS 85 Assignment of value, construct addresses for 

bounds 265 318 Bounds on variables, find 

calltp URI 136 Call TP 

calminco 106 369 Calculate minimal coverage 

carcomva 56 45 Cartesian product of complex by variable 

carlowlim 54 44 Cartesian product of complexes, lower limit of 

carprel 72 289 Cartesian product of complex with its element 

cartes 52 43 Cartesian product of complexes 

cartred 53 44 Cartesian product of complexes with 
reduction 

caruplim 55 45 Cartesian product of complexes, upper 
limit of 

carvacom 57 45 Cartesian product of variable by complex 

chest 321 415 Chain of states 

chev 322 4106 Chain of states (variant) 

choice 246 325 Choice of elements to transfer 

cleanup 61 46 Cleanup complex (assignment of zero value) 

closetcom 277 425 Closed set of compatibles 

closetcov 300 425 Closed set of compatibles (variant) 

codelen 375 456 Code length, find 

cogenmat 335 442 Code generator matrix 

comat 274 418 Compatibility matrix 

comav 276 419 Compatibility matrix (variant) 
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462 


Name 


comeco 
comparabilit 
compiler 
compress 
com 
comp 
comtab 
concom 
condinf 
conjun 
consinew 
const 
const 
convol 
coplu 
COpoco 
corrector 
corrector 
cosmit 
covsecom 
covsecov 
culp 
cycle 
cycshift 
decodeboom 


dectabgrouco 
degminf 
deker 
delay 
denonel 
denonvar 
denum 
deob 
depinc 
desec 
diasym 
differ 
disjun 
dissym 
divgal 
divpol 
dnf 
element 
elimvar 


Program 


No. 


271 
233 
SYS 
43 
102 
245 
162 
50 
35 
135 
200 
SYS 
URI 
47 
URI 
202 
SYS 
URI 
214 


URI 
131 
SYS 
77 


343 
370 
160 
145 
165 
164 
253 

75 
201 
216 
326 

46 
134 

16 
351 
345 
142 
144 
264 


Text 
page 


410 
299 
101 

41 
367 
323 
269 

43 
206 
395 
228 

74 
144 

42 
162 
231 

62 
138 
241 


137 
397 

82 
246 


444 
454 
268 
397 
269 
269 
337 
277 
229 
240 
437 

42 
395 
245 
446 
445 
396 
396 
318 
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Brief description 


Code omega constants 

Comparability of Boolean functions 

Compiler L-program 

Compression of a complex 

Compress matrix 

Compare to threshold 

Compress table 

Convolution of complexes with compression 

Condense information 

Conjunction element, model of 

Construct set of intervals not intersecting 

Constants, sets up table of 

Constants, construct table of 

Convolution of complexes 

Call OPLU 

Construct possible coverages 

Corrector of L-program 

Corrector of L-program 

Construct set of maximal intervals 

Identical to closetcom 

Identical to closetcov 

Call LP 

Clock cycle, model of 

Cyclic shift operator <—, macroinstruction for 

Decomposability of Boolean function in 
matrix form 

Decoding table for group code 

Degree of minimal function 

Determine kernel 

Delay element, model of 

Determine nontagged elements 

Detect nonobligatory variables 

Dense enumeration of Boolean functions 

Determine obligatory literals 

Detect part of interval set not covered 

Delimit set of elements of complex 

Diagonal symmetrization 

Difference of complexes 

Disjunction element, model of 

Disjunctive symmetrization of Boolean func. 

Divide polynomials in GF 

Divide polynomials 

Disjunctive normal form, model of 

Element, generalized logical, model of 

Eliminate variable 
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Program Text 
Name No. page Brief description 
enunorg 152 400 Enumerate nodes of graph 
equout 272 415 Equivalence with respect to outputs 
eretag 163 269 Erase tags 
estimate 100 364 Estimate weight 
exceed 250 326 Complex exceeds complex element by element 
exch SYS 86 Exchange of values between operands, 
analysis 
expacon 242 310 Expand conjunctive form 
expansion 240 335 Expansion of a number in costs 
extin 210 236 Extension of an interval 
extrank 177 230 Find interval of extremal rank 
field 353 448 Galois field, representation of 
fiminco 12 186 Find minimal coverage 
fiminco' 105 368 The same 
fiminel 22 199 Find minimal element 
finexli 176 230 Find external set of literals (to set of intervals) 
finin 206 235 Find next interval 
fiseroo 361 450 Find set of roots 
fishco 11 184 Find set of shortest coverages 
fishort 14 184 Find set of shortest coverages 
fisirco 5 181 Find set of irredundant coverages 
flipflop 132 394 Flipflop, model of 
funel 325 416 Find unit element 
 galcount 954 449 Galois field counter 
galelval 357 449 Galois field element value 
galfield 352 448 Galois field, standard representation of 
Galrevcount 355 449 Galois field reverse counter 
gcd 373 455 GCD of whole numbers 
gcdpol 346 445 GCD of polynomial (Euclid's theorem) 
genadj 170 227 General adjunction 
gencomb 342 443 Generate combination 
genco 212 237 Generate combinations, preassigned 
number of 
gencombfw 7 202 Generate combinations, fixed weight 
genmatpoly 365 453 Generator matrix of polynomial 
genmatvec 337 442 Generator matrix from vector 
genpolyroot 372 455 Generator polynomial from roots 
homogeneity 230 296 Homogeneity of a Boolean function, test 
impast 317 417 ]mplieation by pair of states 
ampav 316 417 Implication by pair of states (variant) 
imsel 330 427 Implied sets of states 
imsev 331 428 Implied sets of states (variant) 
index 356 449 Index of element in GF 


infstared 312 414 Information criterion for state reduction 
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Program Text 





Name No. page Brief description 
inftran 323 429 Information criterion for state transformation 
init URI 141 Initialize translator 
inmir 174 229 Interval, minimum rank covering set of 
intervals 
input 146 398 Input node, model of 
inters 45 42 Intersection of complexes 
invert SYS 82 Invert order operator L, macroinstruction 
for 
inverter 130 393 Inverter, model of 
ircov 41 278 Irredundant coverage, obtaining 
irfaf EXT 281 Irredundant factored forms, construction of 
joinin 33 206 Join intervals 
lem 374 455 LCM of whole numbers 
linst 114 376 List information about structure 
lowal 234 301 Linear ordering of weights, construct 
lowlim 41 40 Lower limit of à complex 
major 137 395 Majority element, model of 
mast 244 323 Matrix to string, transform 
maxcom 310 421 Maximal compatible 
maxhof 266 350 Maximal homogeneous functions 
maxrow — 33 Maximal row of matrix (example) 
maxrow 6 191 Maximal row of matrix, find 
mazxstared 313 414 Maximal state reduction 
maf boof 203 231 Minimize interval form of Boolean function 
minas 311 413 Minimize asynchronous automaton 
mincodefin 213 237 Minimize incomplete Boolean functions 
mincol 2 188 Minimal column of matrix, find 
mincovin 20 205 Minimal covering interval 
minfgalel 371 455 Minimum function of GF element 
minpar 74 290 Minimal parentheses 
minst 305 412 Minimize number of states 
minva 306 413 Minimize number of states, variant 
modvecode 336 442 Modular vector of code 
motwo 136 395 Sum mod 2 element, model of 
multgal 347 446 Multiply polynomials in GF 
multmod 350 446 Multiply polynomials mod a polynomial 
multpol 344 445 Multiply polynomials 
natass SYS 91 Natural assignment operator <=, macro for 
newteq 66 459 Newton’s equations, construct 
nonsing SYS 80 Nonsingular phrases, analysis of 
op! § URI 149 Sentence operator 
op | URI 149 Transfer-to-machine language operator 
0p * URI 150 End of program and stop operator 


! The letters op followed by an operator symbol represent operator synthesis blocks. 
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op < 
op > 
op <— 
op V 
op > 
op X 
op + 
op — 
op V 
op ® 
optimel 
ord cdc 


orsenode 
oshco 
oswep 
output 
pack 
packva 
parcom 
pardi 
parmatpoly 
parmatroot 
parmaxwe 
parmdnf 
passinvec 


Program 


No. 


URI 


URI 
URI 
URI 


URI 
URI 
URI 
URI 
URI 
URI 
URI 
URI 
URI 
URI 
URI 
URI 
URI 
URI 
URI 
URI 
URI 
URI 
URI 
URI 
ORI 
URI 
URI 
263 
36 


140 


215 
156 
107 
30 
150 
243 
366 
377 
13 
EXT 
24 


Text 


page 


150 


150 
150 
151 


151 
152 
152 
153 
154 
155 
155 
155 
156 
156 
156 
156 
157 
157 
157 
157 
157 
157 
158 
158 
158 
159 
159 
317 
198 


395 
190 
239 
403 
370 
200 
399 
321 
453 
456 
290 
270 
195 
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Brief description 


Natural-assignment and assignment 
operators 

Positive increment-by-one operator 

Negative increment-by-one operator 

Null- and maximum-value assignment 
operators 

Interchange operator 

Enumeration-of-ones operator 

Unconditional transfer operator 

Exit and return operators 

Transfer-on-zero and -on-one operators 

Weighting operator 

Order inversion operator 

Normalization operator 

Leftmost 1 position-locating operator 

Componentwise inversion operator 

Input operator 

Print-one-element operator 

Unlimited shift operator 

Left shift operator 

Right shift operator 

Cyclic shift. operator 

Reflection operator 

Division operator 

Multiplication modulo operator 

Addition modulo operator 

Subtraction modulo operator 

Disjunction operator 

Exclusive disjunction operator 

Optimal elementary transformation 

Order cdc (conjunction of disjunctions of 
elementary conjunctions 

Order set of nodes of simulated elements 

One shortest coverage, find 

Order set of weights of elements and partition 

Output variable of simulated circuit 

Pack matrices 

Pack components of a variable 

Partition complex 

Partial ordering of differences 

Parity-check matrix of polynomial 

Parity-check matrix from roots 

Partition of maximal weight, finding 

Particular minimal dnf 

Pass from interval to vector form 
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Name 


pdnf 
pedecal 
perseq 
polyducode 
posifun 
precheck 
prepare 
prilp 
primp 
promp 
prop 
quine 
quinesub 
reco 

reco 
redcoin 
redechmat 
redminor 
redsim 
redsimel 
redu 
reduc 
reflect 
reman 
renumbering 
repeat 
rereal 
reslineq 
resogal 
restruc 
retab 
roogalpol 
roots cdc 
selco 
selco 
senode 


senoma 
sepic 
sequel 
sestep 
setin 
sevinex 
shiftmat 
shothnet 


Program 


No. 


143 
70 
153 
364 
232 
SYS 
154 
URI 
URI 
URI 
SYS 


SYS 
URI 
171 
333 
1 

40 
376 
252 
71 
SYS 
175 
235 
URI 
236 
363 
362 
147 
161 
67 
17 
URI 
SYS 
133 


257 
172 

26 
113 

21 
207 
334 


Text 
page 


396 
460 
401 
453 
296 

63 
401 
140 
161 
160 

7 

29 

32 

78 
143 
227 
440 
188 

40 
456 
312 
289 

82 
230 
301 
161 
302 
452 
451 
398 
268 
459 
198 
144 

73 
394 


343 
228 
197 
375 
205 
236 
441 
346 
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Brief description 


Perfect dnf, model of 

Peterson's decoding algorithm 

Permissible sequence 

Polynomial generating dual code 

Positive function, reduce to 

Prepares L-program for checkinf 

Preparatory operations for simulation 

Print LP 

Print MP 

Prepare output of MP 

Processor of operands 

Quine simplification (example) 

Quine with subroutines (example) 

Recognize code 

Recognize code 

Remove covered intervals 

Reduced-echelon form of matrix 

Reduce minor 

Reduce similar terms in a complex 

Reduce similar elements 

Reduce sets 

Reduce complex 

Reflection operator V , macroinstruction for 

Remove antikernel from set of intervals 

Renumbering of variables 

Repeat translation 

Renumbernig of variables in realization 

Resolve system of linear equations 

Resolve set of equations in GF 

Restructure information about circuit models 

Reduction of table 

Roots of Galois polynomial 

Roots of Boolean system in form CDC 

Select next code 

Select next code 

Set of nodes corresponding to simulated 
element 

Separate nodes of a graph and map 

Separate set of intervals by classes 

Seek equal element 

Select next step 

Set of intervals, find 

Set of variables for interval extension 

Shift matrix 

Shortest threshold element coverage network 
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Name 


simpliseq 
Sing 
Sinseq 
sisle 
sistramast 


solsin 
solsysche 
solsysgri 
sosinel 


strugraph 
swiciran 
swicirm 
syf 
syndrome 
synmac 
synter 
synthesis 
synthrel 
synthrem 
synth 
synth 
tape 

taval 
tecosin 
testidendisc 
testlindep 
testpolycode 
threlan 
threlans 
threshold 
tomof 


tracom 
tramast 
tramav 
tramout 
transclo 
transfer 
transform 
transformat 
transmat 
transmin 


Program 
No. 


Oo” 
SYS 
24 
62 
314 


255 
əl 
32 

262 


101 
157 
155 
65 
341 
115 
URI 
100 
256 
SYS 
URI 
URI 
103 
173 
13 
340 
367 
240 
241 
141 
261 


247 
302 
304 
301 
327 

60 
112 
111 
392 
110 


Text 
page 


202 

79 
204 
196 
433 


327 
200 
197 
319 


365 
404 
401 
458 
443 
376 
115 
279 
328 

84 
159 
162 
368 
229 
212 
443 
454 
307 
309 
396 
346 


325 
435 
437 
481 
428 

46 
373 
373 
438 
372 


467 


Brief description 


Simplify system of equations 

Singular phrases, analysis of 

Simplify interval form of system of equations 

Sift systems of logical equations 

Single-step transformation of matrix, 
next state 

Solve system of inequalities 

Solve Boolean system by Cherry’s method 

Solve Boolean system by Grigor’yan’s method 

Solve systems of inequalities by elimination 
of variables 

Structure of graph, determine 

Switching circuit analysis 

Switching circuit model 

Symmetric functions, calculate 

Syndrome, calculate 

Synthesize majority element circuit 

Syntactic error search algorithm 

Synthesis of factored form 

Synthesize threshold element 

Threshold element synthesis from matrix? 

Synthesize object program subsequence 

Synthesis of object program instructions 

Store MP on magnetic tape 

Table of values 

Test polynomial for membership in code 

Test identity to unity of normal form 

Test for linear dependence 

Test polynomial for membership in code 

Threshold element analysis 

Threshold element analysis, symmetrical 

Threshold element, model of 

Totally monotonic function in disjunctive 
form 

Transfer elements of complex- 

Transform matrix, next state 

Transform matrix, next state (variant) 

Transform matrix, output 

Transitive closure set 

Transfer value of complex 

Transform input complex to matrix 

Transform matrix 

Transpose of matrix 

Transpose minor 


? From the work of Bykova and Butakov [27], p. 351, this volume. 
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Program Text 

Name No. page Brief description 
a a ee 
trans SYS 89 Transfer instructions, construct 
transtamax 324 431 Transformation of state matrix, maximal 
traw 104 368 Transform by weights 
tree 3 189 Tree search 
twomontest 237 302 Two-monotonicity test 
union 44 41 Union of complexes 
unpack 27 200 Unpack components of a variable 
uplim 42 41 Upper limit of à complex 
valpol 360 450 Value of polynomial 
varep 151 399 Variables, representative 
vectin 23 203 Vector form of interval, find 
weight SYS 82 Weighting operator V, macroinstruction for 
weights 251 324 Weights, calculate 


write URI 159 Write machine instructions in core 


ERREUR ERREUR E — — —————— Pá— — —————— 
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Addition, 87 

logical, 154 

modulo, 2, 154, 171 

operator modulo, 14 
Address(es), 70 

absolute, 94 

undetermined, 81, 146 
Address-modification tags, 76 
Adjacency matrix, 344, 365, 410, 417, 418 
Adjunction(s), 235 

generalized, 227 

of intervals, 240 
ALGOL-60, 8, 116, 439 
Algorithms 

decomposition, 244, 258 

end of, 23 
Antikernel, 223-225, 229, 233 
Assembly mode, 98 
Assignment Operations, 81, 84, 86, 93 
Assignment operator, 17 

natural, 18, 74 
Asummability, 344, 345, 350 
Asummable, 303 
Automata 

asynchronous, 411-413 

completely defined, 431 

fully defined, 406 

partially defined, 406, 407, 412, 413 


B 


Backtracking, 210 
Berge, C., 217 
Bitwise comparison, 87 


Blake, —., 223 
Blokh, E. L., 447 
BLOSE, 123, 125 
Boolean cube, 247 
Boolean function, 173, 174, 193, 194, 208, 
226-272, 303, 309, 310 
completely defined, 244, 246 
decomposability of, 244, 246, 255, 257, 
258 
disjunctive symmetrization, 245 
elementary form of, 174 
homogeneous, 293-297, 305, 310 
incompletely defined, 233, 295, 354-356 
interval form of, 174 
limited vector form of, 194, 201 
matrix representation of, 295 
minimization of, 176 
negative, 294 
positive, 294, 300 
shortest form of, 234 
vector form of, 174 
weakly defined, 179, 242, 270, 353 
Boolean matrix, 175, 188 
Boolean space, 167, 172-179, 195-199, 241, 
242, 247, 248, 305, 342, 354, 355 
Boolean tree, 279 
Bose-Chaudhuri codes, 440, 447, 457, 459 
Bounds, 243 
lower, 318 
upper, 318 


C 


Cardinality, 9 
of complexes, 51, 96, 118 
Cartesian multiplication of sets, 171 
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Chain matrix, 415, 428, 429 
Check sum, 92 
Checkout, 48, 116 
automatic, 6 
mode, 52-53 
maximal, 119, 121, 128 
program, 7, 117 
Chernikov, S. N., 310 
Cherry, C., 199 
Circuits 
diode, see Diode circuits 
irredundant logical, 352 
simulated element, 391 
synthesis of logical, 282 
testing, 404 
Clock cycle, 385 
Codes 
cyclic, 447 
error-correction codes, 439 
group, see Group codes 
recognition of, 78, 143 
Coloring of vertices of cube, 249, 251, 
252 
Combinations, 237 
Comparability, 302 
Compatibility, 316, 416, 419, 420 
Compatibility matrix, 412, 417, 418, 420 
Compatible classes, internally, 356, 357, 
361, 362 
Compatible state, 430 
Compatible system, 304 
Compatibles, 407, 413, 422 
maximal sets of, 411, 413 
Compiler, 7, 35, 48-68, 96 
Complex(es), 5, 10, 34, 51, 97 
of cardinalities, 13, 156 
fixed, 52, 65, 76, 81, 97 
floating, 52, 65, 66, 85 
of initial addresses, 13 
of indexes, 13 
special, 13, 50, 67, 97 
standard, 11 
starts of, 51 
tagged, 97 
variable, 118 
of variables, 13 
working, 13, 49, 52, 82, 97 
Computation mode, 127 
fundamental, 121, 123 
Computers, general purpose, 405 


GENERAL INDEX 


Conditional transfer 

on-one operator, 20 

on-zero operators, 20 
Conjunction(s), 87, 171 

elementary, 271 

insufficient, 271-279 

of obligatory literals, 277 

pseudoinsufficient, 275 

of threshold functions, 348 
Conjunction operator, 14 
Conjunctive forms, see Forms 
Connectivity 

number, 217 

simple, 217 
Constants, 5, 34 

natural, 11, 12, 74, 76, 97, 144 

standard, 11, 13, 69, 74 

table of, 69, 71, 74 
Contact trees, 273 
Contradictory system, 326 
Control block, 57 
Control-transfer, 131, 147, 153 
Convolution, 312, 313, 316, 318, 319 

total, 313 
Correction mode, 54 
Corrections, 62 
Corrector, 47, 138 
Coverage, 225, 229, 231 

cost of, 176 

irredundant, 176, 180, 181 

minimal, 177 

optimal, 177 

optimization of, 176 

of set, 175, 358 

shortest, 177, 183-187, 346, 348 
Creeping, 65 

of working complex, 26 
Cut sets, 217, 357-359, 363, 374 

coordinates, 287 

operations, 286 


D 


Data-transfer 

from-external-complex operator, 23 

to-external-complex operator, 23 
De Morgan’s theorem, 341 
Decomposition 

functional, 352, 360 

problem, 257 
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Dense enumeration, 337 
Depth 

of operation, 99 

of program realization, 140, 153 
Depth counter, 88 
Derivation, logical, 208 
Differences 

maximal, 323 

minimal, 323 
Diode circuits, 282, 283 

multistage, 282 
Diode networks, 282 
Discriminator, 292 
Disjunction, 87, 171 

of elementary conjunctions, 173 

operator, 13 

exclusive, 14 

Division, 80, 83 

operator, 14 
dnf, 301, 310, 391 

reduced, 242, 294, 348, 349 
Dominance matrix, 321 
Double-computation mode, 128 
Drum, 92 


E 


Elementary theory of types, 167 
Elements 
composite, 34 
maximal, 240 
minimal, 240 
Elgot, C. C., 310 
Entry terminals, 36 
basic, 36 
Enumeration-of-ones operator, 21 
random, 22 
Equations, system of logical, 193 
Equivalance classes, 177, 338 
Equivalence matrix, 433 
Error signal, 101 
Errors, syntactic, 47, 104 
Exclusion, 168 
Executive, 61, 66, 67, 94 
Existence quantifier, 169 
Exit terminals, 35 
basic, 35 
Expansions 
canonical, 352 
of number, 334-337 
Expressions, 5 
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F 


Flipflop, 385 
Floating-point numbers, 82 
Flow tables, 404 
Forms 
conjunctive 
minimal, 310 
normal, 176 
direct, 37 
disjunctive, 283-286, 288 
minimal, 282, 300, 304, 307, 310 
normal, 176, 221, 223, 389 
perfect, 238 
shortest, 203 
factored, 273, 276-291 
optimal, 285 
irredundant, 241 
factored, 272, 276 
minimal, 225, 294 
factored, 284, 287, 288, 291 
normal 
reduced, 310 
Functions 
homogeneous, 344, 348, 350 
incomparability of reduced, 311 
incompletely defined, 242 
linearly separable, 293 
nonthreshold, 330 
objective, 316 
positive, 176, 296, 300, 301 
reduced, 298-311, 321-330 
representative, 338, 340 
threshold, 297, 298 
typical, 338 
totally monotonic, 341-348 
transform of, 354 


G 


Gavrilov, M. A., 272 
Gomory, —., 316 
Graph 
complete symmetrical, 363 
symmetrical, 217, 218, 357 
Grigor'yan, —., 196 
Group codes, 440 


Headers, 35, 99 
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Hybrid threshold device, 293 
Hyperplane, 293, 298 


Inclusion, 168 

strict, 168 
Incompatibility, 318, 321 

of intervals, 362 
Incompatible, 325 
Incompatible pairs, 429 
Incompatible system, 304 
INCOR, 54, 62, 137 
Index(es), 5, 11, 13, 33-58, 63, 73 

register, 39, 76-86 
Induction, 170 
Information criterion, 413 
Input, 6 

effect, 324 

language, 68, 94 

operator, 23 
Instruction addresses, 81 
Instruction counter, 69, 71, 87 

constructed, 78 
Instruction synthesis, 94 
Instructions 

synthesized, 142 

transfer, 87-90, 94, 159 

unconditional, 148 

Interpretive mode, 7 
Intersection, 168 
Intervals, 173, 222 

empty, 201 

extended, 222 

maximal, 222-226, 232-239 

minimal, covering, 204, 205 

mutually compatible, 362, 363 

rank of, 203, 222 
Iverson, K. E., 8 


Joining 
generalized, 222-225, 227 
of intervals, 204 


K 


Kernel, 180, 223, 259-279 
intervals, 224, 225 
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L-description, 135 
L-operators, 31, 32 
multiterminal, 35 
L-programs, 5, 25 
Left-shift operator, 15 
Leftmost 1 position-locating operator, 15 
Library 
external, 55, 67 
of subroutines, 66, 67 
working, 55, 56 
Linear inequalities, 319 
Linear orderability, 305 
Listing, 53 
LYaPAS 
first-level, 7, 24, 48, 68, 94 
second-level, 6 
symbols, 7 


M 


M-description, 135 
McCluskey, E. J., 238, 298 
Machine(s) 

fixed-point, 8 

single-address, 7 

three-address, 69 
Machine instruction counter, 94 
Machine instructions, 118 
Machine language, 68 
Machine program, 52-55, 66-71, 90, 94 
Macroinstructions, 68, 69, 131, 142-147 
Mantissa, 82 
Matrix, see specific types 
Matrix representation, 332 
Matrix transpose, 176 
Maximum-value-assignment operator, 19 
mdf; 324 
manf, 225, 271, 305 

contradictory, 275 

particular, 272-279 
insufficiently contradictory particular, 
272, 273, 276 

partial, 266 

varticular, 259-271, 275 
Memory allocation, 50 
Memory utilization, optimal, 134 
Method of boundary traversal, 180 
Minimal normal representation, 259 
Minimal terms, 273 
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Minimized integer realization, 304 
Monotonicity, total, 299, 303 
Multiplication, 83 
logical, 193 
operator 
modulo, 14 
with round-off, 14 
of sets, 171 


N 


n-dimensional cube, 293, 298 
Negations, 271 
Negative element-incrementation opera- 
tor, 18 

Network 

shortest, 341 

single-row threshold, 341 
Neuron, 293 
Next-state matrix, 408, 411, 412 
Next-state table, 403 
Nondecomposability, 255 
Nonobligatory values, 264, 266 
Normalization operations, 83 
Normalization operator, 15 
Novoselov, V. G., 183 
Null-value-assignment operator, 19 


O 


Obligatory component, 262 
Obligatory literal, 262, 263, 271-279 
Obligatory values, 263, 266, 267, 273 
Operands, 5, 11, 50, 53, 63 
complex, 65 
external, 52, 69, 97, 100 
internal, 33, 34 
processing of, 143 
Operation(s), 5 
binary, 6 
set-theoretical, 168 
Operator codes, 148 
Operators, 5, see also specific types 
assignment, 17 
binary, 29, 116, 168 
cyclic-shift, 16 
conjunction, see Conjunction operators 
disjunction, see Disjunction operators 
exchange, 79 
exit, 21 
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first-level, 6 
standard, 13 
interchange, 18 
inversion, componentwise, 15 
normalization, see Normalization 
operator 
prime, 65 
reflection, see Reflection operator 
return, 21 
right-shift, 16 
second-level, 7, 39 
standard order of, 20 
transfer, 74, 131, 144 
unconditional, 20 
unary, 29, 149, 168 
unlimited-shift, 24 
OPLU, 117, 122-128, 162 
Optimizer, 39, 68 
Oracle, 208 
Order inversion operator, 15 
Orthogonality, 209 
Output, 6, 92 
instructions, 91 
matrix, 408, 412 


P 


Parametrons, 293 
Partitions, 240-258, 332-338, 355 
Paull-McCluskey theorem, 298, 299, 309, 
311, 320 
Paull-Unger method, 406, 408, 411 
pdnf, 391, 392 
Permissible sequence, 393 
Phrases, 70 
analysis of, 131, 143 
nonsingular, 70, 72, 80 
nonstandard, 70 
singular, 70, 72, 79 
standard, 70 
transfer, 71, 72 
Position of leftmost 1, 83 
Positive element-incrementation 
operator, 18 
Preparatory mode, 98 
Print-one-element operator, 22 
Procedures, 6 
Program (s) 
external, 31, 33, 34, 36, 37, 48 
first-level, 97 
internal, 31 
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Programming 

errors, 100 

linear, 176, 309, 310 

system, 47, 61, 66, 68 

automatic, 384 

Pseudokernel, 275-277 
Pseudorandom numbers, 89 
Punch-one-element operator, 22 
Punched tape, 123 


Q 


Quasielement, 282 
Quine-McCluskey method, 238, 239, 242 
Quine simplification, 28 


R 


Random number generator, 11 
Random selection of 1’s, 89 
Reduced search, 180 
Redundant literals, 272 
Reflection operator, 16 
Register, 70 
Relations 

binary, 26 

dominance, 322 
Relays, multiwinding, 293 
Repeated-translation mode, 133, 161 
Root node, 400 
Russell, B., 167 


S 


Scalar product, 176, 305 
Scale of shifts, 73 
Sentence numbers, 98 
Sentences, 20 
bad, 73, 74 
good, 74 
Set(s) 
auxiliary, 11, 33 
bound of, 170 
lower, 170, 176 
upper, 70 
of compatibles, 407 
complement of, 168 
contradictory, 287 
convex, 179, 180 
cut set, 287 
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difference of, 168 

empty, 168 

finite, 167 

internally stable, 343, 344, 349 

irredundant, 226 

partially ordered, 320 

reference, 9 

reduced, 307, 308 

summation of, 168 
Set theory, 8 
Sifting, 183, 187, 196, 199, 204 

operators, 6 
Simplex method, 309, 310 
Simulation, 384 
State-minimization, 406, 407 
Stirling's formula, 179 
Strings, 5 
Subroutines, 32-40, 55, 88, 97-100 
Subset(s) 

irredundant, 224 

minimal, 224 
Subtraction, 87 

operator modulo, 14 
Summable, 303 
Summable pair, 345 
Superpositions, 195, 282, 341, 355 
Switching-circuit theory, 244 
Syntax 

errors, 58 

of first-level LYaPAS, 24 

table, 105, 106, 114 
Synthesis, automated, 3 


T 


Test programs, 404 

Theory of types, 167 

Threshold element, 292, 293, 389 

realization, 346 

Threshold function, see Functions, 
threshold 

TRALU, 123-130, 162 

Transfer, unconditional, 88 

Transfer-to-machine-language operator, 
21 

Transformation, elementary, 316 

Transitive closure, 422 

Translation, single pass, 131 

Translator, 7, 39, 47-89 

Tunnel diodes, 293 
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U 


Union, 168, 169 

Universal quantifier, 169 
Unknowns, elimination of, 325 
Upper minimal value, 313 
URAL-1, 61, 117-148 


V 


Values, exchange of, 85 

Variables, 5, 10, 33, 34, 63 
auxiliary, 13 
binary, 207 
complex, 30, 48 
compound, 5, 6, 29, 30, 51, 52, 65 
essential, 227, 235, 237 
external, 222 
implicit, 19, 25, 70, 76, 82-86 
inessential, 295, 320, 322 
internal, 36, 222, 240 
nonobligatory, 260, 264, 274, 275 
obligatory, 260, 262, 263 
primed, 34, 67, 100 
random, 81, 83 
rank of, 168 


415 


set-theoretical, 107 
simple, 10, 13, 49-53 
standard, 5 
transfer by, 148 
Vaswani, P. K., 199 
Vectors 
characteristic, 274, 279, 339-342 
singular, 264, 265 


W 


Weight, 239 
ordered, 301 
of partition, 289, 290 
vectors, 326 
Weighting operator, 16 
Winder, 310 
Word code, 49 
Words, 5 
Working file, 120 
Working store, 51 
Wozencraft-Reiffen method, 439 


Z 


Zakrevskii, A. D., 282, 407 
Zero depth, 88 
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polynomial p(x) of degree m. The operation of addition over the elements 
of this field, as in general, over the elements of any polynomial algebra, is 
equivalent to the operation of addition mod 2 over the LYaPAS operands 
representing these elements. The operations of multiplication and division 
have a more complicated character, and are carried out by program. 


(5) Multiplication in a Galois field: a(x)-b(x) = c(x) mod p(x). For 
a description of the algorithm, see [2, p. 108]. 

ja = a(x); )B( = b(x); v = p(x); [6] is the degree of p(x). The 
product is assigned to variableo. — 


muligal on, Gu, yu +, óu + / 
347 72 3 


a>l>a 
$1 B@ao-sB>1l>=BAco-2708B>8B 
$22 ax<leaAaqo-ly@axa-l 
$39 a<l>a. 


(6) An algorithm suitable for the multiplication in any algebra of poly- 
nomials modulo a polynomial p(x) is considered in [2, p. 111 ]; the program 
realization has the form: 


multmod ou +, Bn +, yn +, ôn, eu + /—,a / 
350 603 


O dé >a 
$1 ao-3s3fAau AB om 2a => 
$2 6>1>6Aac0-ly@s6>6-1 
§3 


Here a and 6 are factors, 6 is the result of multiplication, )y( = p(x), and 
[e] is the degree of p(x). 


(7) Division in Galois field: a(z) :b(x) = c(x) mod p(z). 
dat = a(x); )8( = b(x); yyl = p(x); [6] is the degree of p(x). The re- 
sult of the division is assigned to the variable a. 


divgal an, Gu, yn +, óu + / 

351 603 
$81 B@®aqo-2>1>BAao-27e@8sg—>8 
$22 ar->lpeaAao-ly@axra-?2 
§3 
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we say that £ represents the polynomial a(x), and we shall write this fact 
concisely by »£( = a(x). 


(1) Multiplication of polynomials: a(x) -b(x) = c(z). 
)a( = a(x); )8( = b(z); yy( = c(x); [6] is the degree of a(x); Le] is 
the degree of b(x); LE] is the degree of c(z). | 


multpol om +, Bu +, yu, óu +, eu +, &u/a, a/(aBy) 
344 43 2 (aa) 


Ovyasad Le E 
$1 aX2aB>a@yror-l 
$2 


(2) Division of polynomials. 


ya{ = a(x) is the dividend; [e] is the degree of a(x); 
)8( = b(z) is the divisor; [£] is the degree of b(z); 
\y( = c(z) is the quotient; [n] is the degree of c(x); 
5( = d(x) is the remainder; [4] is the degree of d (x). 


divpol ou +, 8n +, yu, ôn, eu +, £u +, nu, 9u/, aa/(aBys) 
345 102 3 (oa) 


Oyoóowq«ova-ae—t£o2-1 
$1 >da Vy y8»a0a-ao—3 T +l Aah —£|»51 
$2 -FE—»a-6 
§3 


(3) Finding the greatest common divisor d(x) of two polynomials a(x) 
and b(x) by Euclid’s theorem. 


)a( = a(x), [6] is the degree of a(x); 
)8( = b(x), [e] is the degree of b(x); 
yy( = d(x), [£] is the degree of d (x). 


gcdpol (345) al +, gn +, YI, ou Ty eH Ta n/d, d/ (aBy) / 
346 66 2 (abcd) 
œa => b8 => y ô > be => 
§1 divpol bycdb t cd//d o— 2 
y —^bd—y£—bd—t-1 
$2 


(4) It is well known [2] that the Galois field GF (27) of 2” elements 
is formed as a field of polynomials over GF (2) modulo a certain irreducible 
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(10) Construction of a decoding table for an (n, k) group code given 
by its generator matrix G. 

This table consists of two columns, representing two sets—the set F of 
the representatives of cosets of the code and the set S of syndromes cor- 
responding to these cosets. The elements of the set F are found by the 
following proposition: 


fE Fe (JL e X) A CI OT) = LG) 4, 


where L(G) is a vector that is linearly expressed in terms of the rows of G. 

In a number of practical cases it is expedient not to use the corrective 
capacity of the code fully, but only partially; i.e., not to correct all cor- 
rectable errors, but only those whose multiplicity does not exceed a certain 
preseribed number. In the program offered below this number is prescribed 
by the index y. Further a::G; [8] = n; à is the representative complex; 
e is the complex of syndromes of the code cosets; £ is a working complex; 


c(£) = n — o(a). 


dectabgroucode (333, 334, 342, 340, 341) ak +, Bu +, yu +, ÔK, ek, £n, 
/e, d/ (ad) (e£) / 
343 143 5 (ad) (ce) 
] = c o ĉo o ey redechmat a// shiftmat ag£// gencomb 
18yd// — 4 
$1 od 
$2 AdGco3u0d-b 
testlindep 4ab// — 2 
$3 d= 6, syndrome d£e//e = « Ac 
$4 — gencomb 2 
$5 c= bs => b. 


3. POLYNOMIAL-ALGEBRA AND GALOIS-FIELD 
CALCULATIONS 


Let us adopt the following natural method of representing polynomials 
in LYaPAS. 
If £ = (89 £, ---, £7), the LYaPAS variable is simple or complex, and 


a(x) = do + ax -+ eee -+ Q, 1x1 
is a certain polynomial with coefficients in GF (2), where p > n and 


£ 
£ 


a; €i € (0,1,...,"» — 1], 
0e:22n, 
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(7) Investigation of the vector v for its linear dependence on a given 
set A of vectors (all vectors have the same dimensions and binary com- 
ponents). 

The set of vectors A is considered as a matrix that is first reduced to 
the reduced-echelon form B, after which it is realized by the following 
operator: 


testlindep aa +, BK +, yu/a, a/ (By) / 
340 47 3 (ya) 


Y>a 
§1 aX 2a — b| 20, O y —^y 51 
§2 y|53-a 


§3 


Here 8::5, and y is a variable initially representing the tested vector v; 
after processing by the program y is assigned the value of the vector that 
is the difference between the vector v and a certain vector linearly gen- 
erated by A. If this value is zero (v depends on A), exit is realized over the 
auxiliary terminal to an address represented by the operand a. 


(8) Caleulation of the syndrome s of à vector v from the transposed 
parity-check matrix H7 of a group code. 
Here 8:: H7; the variables a and y are the vectors v and s, respectively. 


syndrome om, BK +, yu/ —, a/ (a) (By)/ 


341 26 2 
o Y 
$1 oaX2a0, 09 y y—1 
$2 
(9) Generating combinations of n taken ? at a time for alli = 1,2, ...,m: 


The program is (2, 2)-terminal, exit from which takes place over the 
auxiliary terminal to the address [a] when the current combination, repre- 
sented by the variable à, has been obtained. Return to the subroutine to 
calculate the next combination is carried out over the auxiliary input sen- 
tence 2. [8] = n; [vy] = m. 


gencomb aa +, 6u +, yu +, ón /c, b/ (6)/ 
342 116 3 (éabc) 


oaoócg«l-c 

$1 a®yorposAayn Vb>bi-a 

$22 ó--cA^Aó-—ao—lódc-ceoócl-crcb 
a—-c@at-=>bb<b@®c>i-a 

§3 


